MA 511, Session 2

Matrices

A rectangular array of numbers with m horizon-
tal lines and n vertical lines is called a m x n matrix.

The horizontal lines of the array are called the rows
and the vertical ones the columns.

Notation:
aii ai9 ... A1n
a21 Q22 ... Q2qn
aAm1 aAm2 ... Amn

a;; = coeflicient in the ¢-th row and j-th column.

Matrices with m = 1 or n = 1 are called, respec-
tively, row vectors and column vectors:

()

(al,ag,...,an)

\a,,/



Addition: component-wise (matrices must be of the
same dimensions)

Example:
1 2 3 n I -1 2\ (2 1 5
4 5 6 -2 0 3) \2 5 9

Multiplication by Scalar: component-wise
Example:
2(1 2 3):(2 4 6)
4 5 6 8§ 10 12

Inner Product (dot product) of Vectors: com-
ponentwise, then add

b1
"
(al,ag,...,an)- :a1b1—|—a2b2—|—---—|—anbn

s,/

Example:




Multiplication of mxn matrix times n-component
column vector: done row-by-row as a dot product

Rl Rl - w
I T e
: .
\ R,, ) \ R, -w )
R4, ..., R,, are n-component row vectors

w is a n-component column vector

Example: “row-at-a-time”

1 2 3 . 1(1) 4+ 2(0) + 3(—1) —2
45 6| ) _[40)+50)+6(-1) | _| -2
78 9|\ 7(1) + 8(0) + 9(—1) 9
2 1 0 2(1) + 1(0) + 0(—1) 2



“Column-at-a-time” Multiplication:

)

(Cl Coy ... Cn> . — w1C1+wCo+- - -+w,,C,
\w,/

C4,...,C,, are m-component column vectors

wi,...,w, are the components of column vector w

In the previous example:
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Multiplication of m X n matrix times n X p ma-
trix: done row-by-row times column-by-column as
a dot product

()

(C1 Cy ... C,) =

\ 1./

R1°Cl Rl‘CQ R1°Cp

RQ'Cl RQ'CQ RQ'Cp

Ry-Ci Rnm-Cy ... Rn-C,
R4, ..., R,, are n-component row vectors
C1,...,C)p are n-component column vectors
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Formal Rule:

aii ce A1n bll ce blp
a1 c o aosn b21 c o bgp o
a/ml e o o a/mn bnl e o o bnp
C11 C1ip
C21 Cop
Cm1 Cmp
where
n
Cij — a'ik:bk:]
k=1

Properties of Matrix Multiplication: If the di-

mensions are appropriate so that the operations are
defined,

(1) (AB)C = A(BC)
(i) A(B+C) = AB+ AC
(iii) (A+ B)C = AC+ BC

Usually AB # BA




Be careful with the dimensions when multiplying matrices.

Example:
—1
(123) 0 | =2
1
—1 -1 -2 -3
0 |(123)=1] 0 0 0



Definition: the n x n identity matrix is (I,):;; = ;5

(65 = { ! lfz :J: is the Kronecker symbol.)

0if¢# 3
1 0
1
I=1I, = 0
0 0 1

It functions like the number 1: If A is a m Xn matrix,
then
Al, =1,A=A



Elementary Matrices (3 x 3 case):

1. P;; obtained by interchanging the -th and j-th
rows in I

Ex: Pip =

number c in [

1 0

3. E;;(c) matrix formed by replacing ¢-th row by
itself plus ¢ times the j-th row in I
1 0 0

&Z E21(4): 4 1 0
0 0 1



Each row operation in the Gaussian elimination
process on an arbitrary matrix can be accomplished
by multiplying the matrix on the left by the corre-
sponding elementary matrix:

Example: Multiplication on the left by Fs1(4) re-
places the second row by itself plus 4 times the first

row
1 0 0 -1 0 0 2 -1 0 0 2
4 1 0 1 2 3 4)=1-3 2 3 12
0 0 1 6 7 8 9 6 7 8 9

Multliplication on the left by P»3 interchanges the
second and third rows of the matrix



