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Abstract

An inequality of the first author involving circular means of clas-
sical Green’s functions is extended to fine Green’s functions on fine
domains. The inequality leads to a more natural proof of the longest
arc relation recently proved by the authors.
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1 Introduction

Let D be an open set in the plane. We define the Green’s function of D with
pole at ( € D as follows. Express D as the disjoint union of its countably
many components D;. Let g;(z, () be the Green’s function of D;, extending g
to be zero if either argument lies outside D;. We define G(z,¢) = ¥ gi(z, ()
and note that at most one summand in the sum is not zero. For a fixed (,
G(z, () is subharmonic in the plane except at the point ¢, in a neighborhood
of which it is superharmonic.

We will say that the open set D does not contain arcs of opening greater
than 2[ if for every r > 0 the intersections

Dn{z: |z| =1}, r >0,

do not contain arcs of angular opening greater than 2I.
In [11] the first author proved
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Theorem 1.1 Let D be an open set which does not contain arcs of opening
greater than 2l and let Dy be the angle {z : |argz| < [}. Denote by G(z,¢)
and Go(z,&) their respective Green’s functions. Then

2 . 2m .
(1.1) / G(z,Re“)dtg/ Goll2], Re't) dt
0 0
and
(1.2) mtaXG(z, Re™) < m?XG0(|z|,Reit).

Recently [12] the authors applied Theorem 1.1 on components of the
open set where u > 0 to prove the longest arc relation for continuous ¢-
subharmonic functions u. The discontinuous case was handled by an ad-
hoc modification [12, Theorem 1.2]. Since the set where a discontinuous
d-subharmonic function is positive is finely open, it became apparent that
to deal effectively with such problems, it would be advantageous to have
Theorem 1.1 in the generality of the fine topology. In this paper we shall
give such a version of Theorem 1.1 and use it to give a more natural proof
of the aforementioned longest arc relation.

The authors are deeply indebted to Bent Fuglede who pointed out useful
references concerning the fine topology and gently guided us in the right
direction.

2 Fine Potential Theory - Preliminaries

We give some background material on the fine topology. The reader may wish
to consult the paper of Eremenko, Fuglede and Sodin [8]. Their notation and
use of fine potential theory parallels our own. For a detailed account of the
fine topology, we refer the reader to [6, Part 1,Chapter 11]. Much of what
follows comes from this source.

The fine topology of classical potential theory in C is defined as the coars-
est topology on C making every superharmonic function continuous. A set
open in this topology is called finely open. It follows that a fine neighborhood
base about a point ( is the class of sets of the form

(Yn € B:u; <c},
1



CIRCULAR MEANS 3

where B is a ball containing ¢, u; is an upper-bounded superharmonic func-
tion on B vanishing at ¢ and ¢; is a strictly positive constant. Thus a point
( is a fine limit point of a set A if and only if it is a Euclidean limit point of
A and if each superharmonic function u defined on an open neighborhood D
of A has u(¢) as a cluster value at ¢ along A. Since u is superharmonic, we
already have that u(¢) = liminfps, ¢ u(n). Thus ( is a fine limit point of A
if and only if this limit inferior is attained through values of A.

A set A is said to be thin at a point ( if  is not a fine limit point of A.
It is fairly easy to prove the following thinness criterion [6, p.168]

Proposition 2.1 If a set A has a finite (Euclidean) limit point , then A
s thin at ¢ if and only if there is a superharmonic function u defined on an
open neighborhood of  such that

lim inf u(n) > u(().

Let us fix a Euclidean open set 2 in the complex plane. We consider
all topological and potential theoretic notions relative to 2. For £ C 0, we
define the base b(FE) as the set of all fine limit points of £ in Q. (This is
written as E7 in [6].) This set is finely closed relative to Q. The classical
definition of a set E being polaris equivalent to b(E) being empty, i.e. a polar
set consists only of finely isolated points. Also two subsets of €2, which differ
by a polar set, have the same base. As is known [6, p.177], b(E) is a perfect
(i.e. b(b(E)) = b(FE)) Euclidean Gs-set with the property that E \ b(E) is
polar.

To generalize Theorem 1.1 to finely open sets, we need a generalization of
the classical Green’s function. We assume that the open set 2 has a (classical)
Green’s function, G(+,-). Let s(z) > 0 be a superharmonic function on Q and
E C Q be an arbitrary set. The function R” defined for z € ) as

RE(2) = inf{u(2) : u> s on E;u > 0 and superharmonic on 2}

is called the reduced function of s and its lower semicontinuous reqularization
RY called the swept-out function of s.
Let 4 > 0 be a measure on {2 and G be its Green’s potential, that is

(2.1) Gu(z) = [ G(z,€) du(€)
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The swept-out function ﬁgu is then the Green’s potential of a measure
uE 6, p.52, p.155]. The measure uZ is called the swept-out measure of p
on E (relative to Q). Let ¢, be the probability measure supported at ¢ €
(namely the Dirac measure). For £ C Q, and ¢ € , the swept-out measure
of e, will be denoted by 5?. Classically ([6, p.157]) if E is relatively closed in
Q, ef(F) coincides with the harmonic measure of Borel subsets F' of QNOE,
evaluated at ¢, with respect to the domain Q\ E. Hence if E is finely closed,
we can think of 5? as a generalized harmonic measure. We have the following
identity [6, p.160] for any measure p > 0 on 2 and any subsets F and B in
), B Borel:

(2.2) WE(B) = [ <E(B)du(Q).

We are now in a position to define the generalized Green’s function. (See
[8] and [9].) If D C Q is a finely open set and E = Q\ D, then the generalized
Green’s function for D with pole at ( is defined as

(2.3) GP(2,0) = G(2,0) — Gef(2) = Gee(2) — R (2).

The function GP(-, () is non-negative, subharmonic on Q\ {¢} and its Riesz
measure on 2\ {¢} is the (harmonic) measure ef supported on b(E) N Q2 [6,
p.183]. We have GP(-,() = 0 quasi-everywhere on E, that is except on a
polar set, and everywhere on E if E = b(E) (that is if £/ contains no finely
isolated points) [6, p 70]. Moreover if D is relatively compact in €, then by
[6, p.186] and the fact that E is finely closed, 5? is supported on the fine
boundary of D denoted &/ D. This parallels exactly the classical situation.

If 11 is a measure for which Gy is superharmonic (i.e. G is not identically
zero on any component of {2, then we may define the generalized Green’s
potential GP i by replacing e on the right hand side of (2.3) by the measure
L.

It follows from (2.1) that

(2.4) GPul(z) = [ GP(z€) du(<)

and GPp(z) = 0 on b(E).

One should note, that this fine Green’s potential (and the fine Green’s
function) when extended to be 0 outside b(F), is a d-subharmonic function
on the whole complex plane.
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Recall that a function u(z) defined in an open subset G of the complex
plane is called J-subharmonic if it may be represented as a difference of two
subharmonic functions

u(z) =uy(z) —u_(z2).

This representation is not unique, but among all such representations, there
exist representations where v, and u_ have no common Riesz mass. In what
follows, these representations will be called canonical. It is evident that the
canonical representations are uniquely defined up to a harmonic summand.
Note that u is well defined except on the set where both u™ and u~ are 4ooc.
This set is polar and hence the set £ = {z € Q: u(z) = 0} differs by a polar
set from its fine closure F', that is b(F') = b(E).

3 The fine version of Theorem 1.1

Theorem 3.1 Theorem 1.1 is true for D a finely open set and G=GP.

We have extended the definition of the fine Green’s function and the fine
Green’s potentials to the whole complex plane. Note however that these def-
initions seemingly depend on the superset €2. It can be proved that this is
not the case. Alternatively, our longest arc hypothesis on the finely open set
D in Theorem 3.1 ensures that the complement of D is non-polar. In fact
the capacity of the complement of D in the circle of radius R centered at
the origin is comparable to R. Hence the theory of Choquet capacitability
[13, Chapter 5] guarantees the existence of a classical open set Q D D which
possesses a classical Green’s function and whose complement is asymptoti-
cally as large as that of D. We keep this set € fixed throughout this section
and extend our fine Green’s functions and potentials to the whole plane by
setting them to be zero outside (2 \ D).

Define

2 .
uy(2) :/0 GP(z, Re™) d),

and
UZ(z) = GD(27 1)7

and extend them as before to be d-subharmonic in the plane.
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Both these functions are nonnegative and J-subharmonic in the whole
complex plane and vanish on b(E), where E = Q\ D. Since D does not
contain arcs of angular opening greater that 2/ (I < ), we claim that

: 0y _
(3.1) esgellnfu(re )=0

for any » > 0 and any interval I of length 21.

To see this note that u;(z) = wuy(z) — u_(z) may be also represented
as a monotonically increasing limit of upper semicontinuous d-subharmonic
functions

ua(z) = ur(z) = (u-)a(z), @ l0,
where (u_),(z) is continuous, (u_)a(z) > u_(z) and (u_)a(2) ¢ u_(2).
Since u; vanishes in b(E) and u, < u;, we have by upper semicontinuity that

(3.2) ua(2) <0 z €N,

where N is a neighborhood of b(E). Clearly (3.2) implies that if |z| = r does
not intersect E \ b(E) then

- i0
. <
(3.3) es@sellnfua(re ) <0

But £\ b(E) is a polar set and (3.2) holds in a neighborhood of b(£). Thus
(3.3) holds for every r > 0. Letting « go to zero, gives (3.1).

Let us begin by recalling the method of [11]. For a d-subharmonic function
u defined in an annulus {z : |z| € (r1,r2)}, let

(3.4) u(z) = uy(2) —v(2)

be one of its representations as a difference of two subharmonic functions
which may have common Riesz mass. Let

S;={z=re"’:0¢c(0,1)}
and let u; be defined in the sector by
(3.5) uy(re?) = sup{/ u(re’®)de : E € T'(0,1)}.
E

Here I'(6,1) is the family of measurable sets of the real axis satisfying the
conditions
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(i) [E] =26,

(i) diam(FE) < 21,
where (ii) means that there exists an arc I such that |I| =2l and £ C I. We
remark that the supremum in the definition of v} is attained [11].

Proof of Theorem 3.1: Let us first prove (1.1). In (3.4) we may take

(3.6) v(z) = /7r log |z — Re"|dt.
We shall then define
. ) 0 .
(3.7) T (re uy) = (uy)}(re®) + /Gv(re”)dt

which is subharmonic is S; and continuous in its closure [11, p. 513]. We
define T} (re?, Gy) similarly, where Gy is as in the statement of Theorem 1.1.
Now let ¥(2) = T} (z,u1) — T}*(2, Go). Then, as in [11], we observe that
U (z) is subharmonic in S; and vanishes on the positive real axis.
By (3.1),
DT} (2, ) (re®)
(3.8) i
for 6 = [ and every r. A calculation shows that the same is true for W.
Now extend the function ¥(z) onto the domain Sy = {2z : 0 < argz < 2}
setting

=0

U(z) = U(2")

where 2z* is symmetric to z relative to the ray argz = [. The extended
function is obviously subharmonic due to the relation (3.8) and vanishes on
the edges of the sector Sy;.

Thus,

(3.9) U<0

in Sl-

Since both sides of (3.9) are 0 when 6 = 0, the inequality is preserved
when one differentiates with respect to # and evaluates the derivative at
6 = 0. As in [12] we obtain (1.1).

The proof of (1.2) involves a similar analysis on us.
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4 The longest arc relation

Let u be a d-subharmonic function in the complex plane. To simplify our
further considerations we can assume that v, (0) = u_(0) = 0. Nevanlinna’s
functions N(r,u), m(r,u) and T(r,u) are defined by

1 2 .
N(r,u) = %/0 u_(re?)dy ,

1 2

m(r,u) = — max(u, 0)(re’?) dy ,
2m Jo
1 2r A
T(r,u) = — max(uy,u_)(re’) dp .
2m Jo

Since the representation u(z) = u,(z) — u_(z) is unique up to a harmonic
summand, then the characteristic T'(r, u) may be defined as

T(r,u) = m(r,u) + N(r,u)

as well.
The lower order p of the function u(z) is defined by

log T
» = liminf 287
r—00 logr

Nevanlinna’s deficiency of infinity is defined as

— — T m(r,u)_ . N(r,u)
d = (o0, u) = lim inf Tru) 1 —llariil}p T(r.u)

If f(z) is a meromorphic function defined in the whole complex plane,
then the function u(z) = log|f(z)| is d-subharmonic and the conventional
Nevanlinna characteristic of f(z) coincides with that given above for w.

The celebrated spread relation of A. Baernstein [4] states that if f is a
meromorphic function of finite order p and positive Nevanlinna deficiency
d = 0(00), then

(4.1) limsup |E(r)| > min (27, 4p~ ! arcsin 5/2) .

T—00
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Here, A
(4.2) E(r)={0:|f(re”)| > 1},

and |E(r)| refers to the angular Lebesgue measure.

In [5], Baernstein proved that if f is entire and we denote the longest arc
in the set E(r) by L(r), then (4.1) is true with |E(r)| replaced by |L(r)| (See
also [2]).

In [12] we proved the analogue of (4.1) with E(r) replaced by L(r) for
d—subharmonic functions. Namely, we proved

Theorem 4.1 Let u be a §—subharmonic function of order p. If
L(r) = longest arc of {z: u(z) >0} N{z: |z| =7},

then

(4.3) hlfls;%p |L(r)| > min <27T, 4p~ " arcsin \/%) .

In the next section, using Theorem 3.1 and the notion of limit functions,
we will prove Theorem 4.1, replacing the definition of L(r) by

(4.4) L(r) = longest arc of{z : u(z) > e(2)T(|z|,u)} N{z: |z| =1},

where £(z) is an arbitrary positive function approaching zero as |z| ap-
proaches oo.

5 Proof of Theorem 4.1-Preliminaries

We prove this theorem by contradiction. So let [ be such that

(5.1) limsup |L(r)| < 2l < min <27T,4p_1 arcsin 5/2>
r—00

We may assume that
(5.2) u >0,

since replacing u by u™ = max(u,0) we preserve the left-hand side of in-
equality (4.3) and by a lemma of Grishin [7] (see also [10]), which says that a
nonnegative 6-subharmonic function v has no negative measure on any subset
of the level set {v = 0}, we do not reduce its right-hand side.
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It is possible to further reduce the theorem to its so-called limit version.
Let {r;} be a Pdlya peak sequence of order p of the characteristic T'(r,u)
(c.f. [14]). Consider a sequence of J-subharmonic functions defined by

u(rgz)

wi(2) = T(rg,u)

= Uk — Ug—

Due to the properties of Polya peaks, the sequences of subharmonic functions
ug+ and u,_ have a common majorant on any compact subset of the complex
plane and are bounded from below at the origin. So we can find a subsequence
of {r} which we continue to call {7} such that both uy, and wu_ converge
to subharmonic functions ug, and ug_ respectively in the distributional sense
(cf. [3]).

It is well known that this weak convergence of subharmonic functions
provides a uniform convergence of the corresponding characteristics T'(r, uy),
m(r,ur) and N(r,ux) on any closed interval. [3]. We represent the limit
function of the uy as ug = ug— —ug,, a possibly non-canonical representation
of ug, since the summands may have common Riesz masses. In what follows
there is no loss of generality in considering such a non-canonical representa-
tion of a d-subharmonic function since defining the Nevanlinna deficiency in
terms of the ratio m(r,u)/T(r,u) as before, the resulting “deficiency” is no
greater than the correct deficiency.

Thus the limit function g of the sequence {uy} satisfies the following
properties:

a) up(z) >0, T(r,ug) <rf, and T(1,up) =1;
b) m(r,uo)/T(r,up) > ¢ for some positive 6 and every r > 0;

c) the essential infimum of the function ug(z) is zero on any arc of opening
at least 2] on |z| = r.

Properties a) and b) follow from (5.2) and the continuity of the char-
acteristics T'(r,-), m(r,-), N(r,-) and the function 7;*(z,-) with respect to
convergence in the distributional sense of the uy.

To prove c) we note that there exists an Ry such that ess infug(z) = 0 on
any arc of opening at least 2{ on any circle |z| = r, r > Ry/rg. (The analysis
is similar to that used in obtaining (3.1).)
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We first prove that the essential infimum of the limit function on |z| = r
is zero. To prove this we recall the definition of the star function T*(re')
introduced by A. Baernstein [5]. Let u(z) = uy(z) —u_(2) be a difference of
two subharmonic functions. The star function 7™ is defined by

T*(re u) = u*(re) + /7T u_(re)dy, 0¢€(0,7),

*

where u* := wf. In [5] it is proven as well that 7%(z,u) is a continuous
subharmonic function and if ug, and ug_ converge weakly to a pair ug, and
ug_ then the corresponding 7™ functions converge uniformly on any compact
set contained in the upper half-plane.

According to the definition we have
OT*(re, uy)

00
Hence, the function 7*(z,uy) initially defined on the upper half-plane may
be extended by symmetry to be subharmonic on the entire complex plane

minus the segment [—Ro/rg,0]. It is not difficult to see that the function
T*(z,ug) is subharmonic and symmetric in the whole plane. Thus

OT*(re® ug)
00

and hence, the essential infimum of the limit function ug is equal to zero on
z| =r.
. To finish the proof of property c¢), apply the latter argument to the func-
tions uy(2) + Br(z) where By(z) = r?h;(6). Here hr(0) is a smooth function
vanishing on an interval I of opening 2/ and positive outside I. The functions
ug(z) + By(z) defined this way are obviously d-subharmonic.

=0, O=m, r>Ry/ri.

=0, =m, r>0,

Remark. We have just shown that it suffices to prove Theorem 4.1 for
delta-subharmonic functions u satisfying properties a)-c).

We need the following theorem involving representations of fine Green’s
potentials, which may be of interest in its own right.

Theorem 5.1 Let u(z) be a nonnegative §-subharmonic function in the plane
of order p and let D be the finely open set where w > 0. If D contains no
arcs of length 1 and 21 < w/p then

(5.3) u(z) = — [ Gp(z,€) dv(¢)
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where v is the signed Riesz measure of the function u in the plane.

Proof. We first note that the integral on the right hand side of (5.3)
converges, since u is of finite order p and hence,

[ lav©l =067, 7.
le|<r
By Theorem 3.1 and a simple calculation

Gp(z,€) < Go(|2l,1€]) = O] ™).

Denote by @ the function defined by the right hand side of (5.3). Both w
and @ vanish on b(C'\ Q) and the difference v — @ has no Riesz mass in the
complement of b(C' \ Q). By Grishin’s Lemma a nonnegative J-subharmonic
function can have no negative mass on any set where the function is zero.
Therefore, the function v = (u — @)" is subharmonic on C.

For quasi-every r, the set {z : v(z) > 0, |z| = r} does not contain arcs of
length 2/. Then by the arguments used in Section 3, we find that v;(z) =0
on the ray # = 0 and its normal derivative vanishes everywhere on 6 = I.
Thus we may extend v/ by symmetry to the sector {z : arg(z) < 2} with
v (z) = 0 on § = 2[. The hypothesis that 2l < 7/p and the Phragmén -
Lindelof principle then imply that v(z) = 0 in {z : arg(z) < 2l}. Thus
v(z) = 0 in the whole complex plane.

Applying the same arguments to the function 4 — u, we have that u — @
vanishes identically. The Theorem is proved.

6 Proof of Theorem 4.1-completion

As mentioned before we may assume that our function u satisfies properties
a)-c) in section 4. Let D be the set where u > 0 and let the Riesz measure
v of u have Jordan decomposition v = v, — v_ and let the fine Green’s
functions Gp and Gy be as in Theorem 3.1.

By Theorem 5.1

(6.1) u(z) = —/GD(z,f)dV,

and thus
(6.2) u(z) < /GD(z,aci)dV_.
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Consider the function u, defined by

uolz) = [ Goz,lél) dv-(€) = [ Golz,€) duo(¢),
where 1 is supported on the positive ray and defined by
v{E} =v_{z:|z| € E}, E e RY,

Clearly
N(r,u) = N(r,up) .

It follows from Theorem 3.1, (6.1), and (6.2) that
m(r, ug) > m(r,u).

Hence,

(6.3) m(r,ug) _ m(r,u)

T(ryug) — T(r,u)

J.

v

So the function uy satisfies properties b) and c)with the same ¢ and .
The order of the function does not exceed p, since its negative Riesz mass
lies on the positive z-axis and ug vanishes outside the angle {z : arg z| < [}.

Without loss of generality we may suppose that the function u, satisfies
the condition a) as well, otherwise we may replace it with an appropriate
limit function of the sequence wugy(rxz) /T (rk, ug) preserving all the properties
of the original function ug listed above.

We now define the function

Va(2) = 1(1a) / ©olt2) g ,

where

a T(t,UO)
](a) :‘é—l tpTdt .
A simple calculation shows that passing to the limit along some suitable
subsequence aj — 0o gives us a new function v(z) which is p-homogeneous,
i.e., satisfies the relation

(6.4) v(rz) = rfv(z)
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for any r > 0. Indeed, first note that the function I(a) is a function of slow
growth, i.e., it satisfies the relation

=1

. I(ra)
(6.5) Jm 1(a)

for any positive r. (This follows easily from property a)). This relation
implies immediately that the sequence v,, a — oo, has a weakly convergent
subsequence since all the functions are bounded from below at a common
point (say the origin) and the corresponding sequence of the Nevanlinna
characteristics are bounded from above on any compact set (see for example
[1]). Let a — oo be a sequence for which v, tends to some limit function.
Note from (6.5) that the sequence v,, has the same limit. Note now that
Urq(z) differs from rv,(z/r) only by a multiplier which tends to 1 as a — o0;
thus (6.4) is true.

One should note that the limit function v(z) # 0 is harmonic inside the
angles argz € (—[,0) and argz € (0,1) and vanishes outside these angles.
Hence, it may be represented as

v(re?) = Agr?sin |pf — pl|, 0] < L.

By (6.3) the deficiency dp of the limit function v is greater or equal to J, but
a calculation easily gives that

§ < 8y = 2sin’ (g)

)
[ > min (7?, 2p*1 arcsin \/;) .

The theorem is proven.

Thus,

References

[1] J.M. Anderson and A. Baernstein, The size of the set on which a mero-
morphic function is large, Proc. London Math. Soc. (3), 36 (1978), 518
939.



CIRCULAR MEANS 15

2]

3]

[9]

[10]

[11]

[12]

[13]

[14]

K. Arima, On the maximum modulus of integral functions J. Math. Soc.
Japan, 4 (1952) 62-66.

V.S.Azarin , On the asymptotic behaviour of subharmonic functions of
finite order, Math. USSR Sbornic (AMS Translations) 36(1980), 135—
154.

A. Baernstein, A proof of Edrei’s spread relation, Proc. London Math.
Soc. 3 26 (1973), 418-434.

A. Baernstein, Integral means, univalent functions and circular sym-
metrization, Acta mathematica. 133(1974), 139-169.

J.L. Doob, Classical Potential Theory and Its Probabilistic Counterpart,
Springer-Verlag, Berlin, 1984.

A F. Grishin, Sets of reqular growth of entire functions , Teor. Funktsii.
Funktsional. Anal. i Prilozh., (Kharkov) 40 (1983), 36-47, (in Russian).

A. Eremenko, B. Fuglede, M. Sodin, On the Riesz Charge of the Lower
Envelope of §-subharmonic functions, Potential Analysis, 1 (1992), 191-
204.

B. Fuglede, Sur la fonction de Green pour un domaine fin, Ann. Inst
Fourier (Grenoble), 24 (3-4) (1975), 201-206.

B. Fuglede, Some properties of the Riesz charges associated with 6-
subharmonic functions, Potential Analysis, 1 (1992), 355-371.

A. Fryntov, Extremal Properties of Green’s Functions and A. Weitsman
conjecture, Transaction of AMS, 345 (2) (1994), 511-525.

A. Fryntov, J. Rossi, A. Weitsman, On the longest arc relation for §-
subharmonic functions. Complex Variables (to appear).

W. K. Hayman, P. Kennedy, Subharmonic Functions 1, Academic Press,
London (1976).

W.K. Hayman, Subharmonic Functions 2, Academic Press, London
(1989).



16 A. FRYNTOV, J. ROSSI, AND A. WEITSMAN

Department of Mathematics, Institute for Low Temperature and Engineer-
ing, Kharkov 310164, Ukraine.

Department of Mathematics, Virginia Polytechnic Institute and State Uni-
versity, Blacksburg, Virginia 24061-0123, USA

Department of Mathematics Purdue University West Lafayette, IN 47907,
USA



