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§1. INTRODUCTION

Compact Lie groups appear frequently in algebraic topology, but they are relatively rigid
analytic objects, and partially for that reason are a challenge to understand homotopically.
Since H. Hopf (and H-spaces) topologists have aspired to escape the analytic straitjacket
by finding some homotopy theoretic concept which would capture enough of the idea of
“compact Lie group” to lead to rich and interesting structure theorems. In [12] we came
up with our own candidate, the notion of p-compact group, and studied these objects
to the extent of constructing maximal tori, Weyl groups, etc. In this paper we continue
the study by looking at the idea of the “center” of a p-compact group and showing that
two very different ways of defining the center are equivalent. This leads for instance to
a reproof and generalization of a theorem from [15] about the identity component of the
space of self homotopy equivalences of BG (G compact Lie). Along the way we find various
familiar-looking elements of internal structure in a p-compact group X', enumerate the X’s
which are abelian in the appropriate sense, and construct what might be called the “adjoint
form” of X.

Before describing in more detail the main results we are aiming at, we have to introduce
some ideas from [12]. A loop space X is by definition a triple (X', BX, e) in which X is a
space, BX is a connected pointed space (called the classifying space of X), and e : X —
QBX is a homotopy equivalence from X to the space 2BX of based loops in BX. A
p-compact group is a loop space X such that

(1) X is F,-finite (in the sense that H*(X'; F)) is finite dimensional),

(2) meX is a finite p-group, and

(3) mX (i > 1) is a finitely generated module over the ring Z, of p-adic integers.
A homomorphism f : X — ) between loop spaces is a pointed map Bf : BX — BY; if X
and ) are p-compact groups the homomorphism f is said to be a monomorphism if the ho-
motopy fibre Y/ f(X) of Bf is F,-finite (in this case, if the homomorphism f is understood,
we will refer to X' as a subgroup of ). If f: X — Y is a homomorphism of loop spaces,
the centralizer of f(X) in ), denoted Cy(f(&X)), is the loop space QMap(BX,BY)g;.
Here Map(BX,BY)g is the component containing Bf of the space of (unpointed) maps
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from BX to BY. There is a natural loop space homomorphism Cy (f(X)) — Y, induced
by evaluation of maps at the basepoint of BX.

A p-compact group X is said to be abelian if Cx(id(X)) — X is an equivalence, where
id : X — X is the identity homomorphism. One of the first things we prove in the paper
is

1.1 Theorem. Any abelian p-compact group is equivalent to the product of a finite
abelian p-group and a p-compact torus.

Note that a p-compact torus is just the F,-completion of an ordinary torus.
A homomorphism f : X — ) of p-compact groups is said to be central if the homomor-
phism Cy (f(X)) — Y is an equivalence.

1.2 Theorem. Let X be a p-compact group. Then any central subgroup of X is abelian.
Moreover, X has (in an appropriate sense) a unique maximal central subgroup, denoted
Ce(X). If X is connected, then C°(X) is a subgroup of the maximal torus of X and can
be described explicitly in terms of the normalizer of the torus.

The above maximal central subgroup C¢(X) is called the p-compact center of X. It
is possible to form a quotient p-compact group X' /C¢(X), and it turns out that if X is
connected this quotient has a trivial p-compact center. The quotient X' /C¢(X) is what we
call the adjoint form of X.

For a p-compact group X, C°(X) is one candidate for the “center” of X. There is
another candidate, already mentioned above. This is the loop space Cx (id(X)), which is
denoted CP(X) of X and called the homotopy center of X. We will prove the following
theorem (see [11, §5] for what is in retrospect a special case).

1.3 Theorem. Let X be a p-compact group. Then the evident (§11) loop space homo-
morphism C¢(X) — C"(X) is an equivalence.

This gives a generalization to non-simple groups of a fact which was proved for G =
SO(3) in [9] and for general simple groups G in [15, Theorem 3].

1.4 Theorem. Let G be a compact connected Lie group. Then the natural map
B Center(G) — Map(BG,BG);q

induces an isomorphism on homology with any finite coefficients.

1.5 Organization of the paper. Section 2 gives some general properties of p-compact groups,
including a recognition principle (2.15) for maximal tori, and §3 describes the sense in which
certain p-compact groups have discrete approximations. Section 4 defines the notion of
maximal rank subgroup and gives an “infinitesimal” criterion (4.7) for the inclusion of
such a subgroup to be an isomorphism. Section 5 contains the proof of 1.1, while §6
contains a construction of the p-compact center and a study of the adjoint form. In §7
there is an explicit calculation of the center of a connected p-compact group in terms of
the normalizer of a maximal torus; most of the interest here is at the prime 2, where the
same complications arise for p-compact groups as for compact Lie groups. Section 7 also
gives the Weyl group structure of the centralizer of a subgroup of the torus (7.6). Section 8
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shows that the homology decomposition theorem of Jackowski and McClure [14] can be
extended to p-compact groups, and §9 illustrates how to use this decomposition theorem to
construct inductive proofs; the actual statement proved in §9 is a generalization of Miller’s
Theorem [17]. There are a few technical results in §10, including a key splitting theorem
(10.7). Finally, §11 has the proof of 1.3 and §12 the proof of 1.4.

1.6 Notation and terminology. In this paper p denotes a fixed prime number, F,, the field
with p elements, Z,, the ring of p-adic integers, and Q,, the field Q ® Z,,.

For a space X the symbol H*X denotes the mod p cohomology ring H*(X,F,) and
Hq,(X) the ring Q ® H"(X,Z,). The space X is F,-finite if H* X is finite dimensional,
and f : X — Y is an Fj-equivalence if it induces an isomorphism H*Y = H*X. If X
is Fp-finite then the Euler characteristic of X is the sum »_,(—1)"rkp, H'X; it turns out
that this is the same as )_;(—1)"rkq, Hﬁép(z’\f ). The ring Hg (&) serves as a replacement
for rational cohomology in cases in which the actual rational cohomology ring may be too
large to be useful [12, §4].

We assume that any space in this paper has the homotopy type of a CW-complex; if not,
the space can be replaced by the geometric realization of its singular complex. The word
“equivalence” stands for “homotopy equivalence”. We will use Compr () to denote the
homotopical Fp-completion functor constructed in [3] (see [12, §11] for a list of some of the
properties of this functor); a space X" is Fp,-complete if the natural map X — Compr(X )
is an equivalence.

1.7 Remark. Some of the results in this paper, including Theorem 1.1 and the first part
of Theorem 1.2, have been obtained independently by Moller and Notbohm in [18].

§2. LOOP SPACES AND p-COMPACT GROUPS

In this section we will summarize a few basic facts about loop spaces and p-compact
groups. Note that any topological group G is a loop space in a natural way: the space BG
is the usual classifying space of G. For example, any discrete group is a loop space. One
way to motivate some of the definitions below is to look at what they specialize to in the
case of discrete groups [12, §3].

2.1 Loop spaces. If X and ) are loop spaces, a homomorphism f : X — ) is by
definition a pointed map Bf : BA — B)); the space of homomorphisms X — ) is the
space Map, (BX,B)) of pointed maps BX — BY. An outer homomorphism X — Y is a
map BX — BY which does not necessarily preserve the basepoints. Two homomorphisms
f and g are homotopic if Bf and Bg are homotopic as pointed maps; the homomorphisms
are conjugate if they are homotopic as outer homomorphisms, i.e., if Bf and Bg are freely
homotopic. A homomorphism f is trivial if Bf is the constant map, and an equivalence if
Bf is an equivalence. A short exact sequence

(2.2) moxbytzom

Bf Bg
of loop spaces is by definition a fibration sequence BA — BY — BZ.
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If f: X — Y is a homomorphism of loop spaces, the homogeneous space Y/ f(X) is
defined to be the homotopy fibre of Bf over the basepoint of B)); this space is denoted
Y/X if f is understood. The centralizer of f(X) in ), denoted Cy(f(X)) (or Cy(X) if f
is understood) is the loop space of the mapping space component Map(BX,BY)gs. (The
map Bf is used as a basepoint in forming this loop space.) Evaluation at the basepoint of
BY gives a loop space homomorphism Cy(X) — ), and the homomorphism f : X — )
is said to be central if the map Cy(&X') — ) is an equivalence.

2.3 p-compact groups. A p-compact group is a loop space X’ such that X is F,-finite
and BX is Fp-complete, or equivalently [12, §2] a loop space X which satisfies the three
conditions listed in §1. If X is a p-compact group and H C myX a subgroup, the inverse
image Xy in X of H is a p-compact group with B(Xy) an appropriate covering space
of BX; for instance, the identity component X1 = X1y of X' is a p-compact group. If
f X — Y is a homomorphism of p-compact groups, then f is said to be a monomorphism
if Y/X is Fp-finite and an epimorphism if /X = BZ for a p-compact group Z. In the
first case X is said to be a subgroup of ).

2.4 Proposition. [12, 2.3, 9.11] For any p-compact group X the cohomology ring H*BX
is noetherian. If f : X — ) is a homomorphism of p-compact groups, then f is a
monomorphism if and only if under (Bf)* the ring H*BX is finitely generated as a module
over H*B) .

Note that a composite of monomorphisms is a monomorphism. In a short exact sequence
as in 2.2 of p-compact groups, the homomorphism f is a monomorphism and ¢ is an
epimorphism.

If G is a compact Lie group such that moG is a p-group, we will let G denote the p-
compact group with B(G) = Compg (BG) [12, §11]; as a space G is just Compg G. A
p-compact torus is a p-compact group of the form T, where T = SO(2)" is an ordinary
torus; more generally, a p-compact toral group G is a p-compact group such that the
identity component (; is a p-compact torus. We will work extensively with p-compact
toral groups because they have good technical properties, some of which are listed in the
next two propositions.

2.5 Proposition. [12, §6] Suppose that f : G — X is a homomorphism of p-compact
groups, where G is a p-compact toral group. Then

(1) Cx(G) is a p-compact group, and
(2) the map Cx(G) — X is a monomorphism.

2.6 Proposition. [12, 8.6] Suppose that f : G — X is a homomorphism of p-compact
groups, where GG is a p-compact toral group. Then f is central if and only if there exists a
homomorphism G x X — X which is homotopic to f on G x {1} and to idy on {1} x X.

Remark. In saying that a homomorphism h : G x X — X is “homotopic to f on G x {1}”,
for instance, we mean that the restriction of Bh to BG = BG x * C BG x BX' is homotopic
to Bf. Proposition 2.6 is true without the assumption that G is a p-compact toral group
(10.2), but we do not know how to give a similar generalization of 2.5.
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A loop space X is said to be abelian if the identity map of X is central. Any p-compact
torus is abelian, as is more generally the product of a p-compact torus and a finite abelian
p-group. (In 5.2 we will show that any abelian p-compact group is of this second form.)

2.7 Proposition. [12, 8.2] Let f : G — X be a homomorphism of p-compact groups,
where G is an abelian p-compact toral group. Then f lifts naturally up to homotopy to a
central homomorphism G — Cx(G).

2.8 Proposition. [12, 8.3] Suppose that f : G — X is a central monomorphism of p-
compact groups, where G is an abelian p-compact toral group. Then there is a p-compact
group structure on the homogeneous space X /G and a natural short exact sequence

{1} - G—-X - X/G — {1}.

Maximal tori and Weyl groups. If X is a p-compact group, a homomorphism f : T —
X with T a p-compact torus is said to be a maximal torus for X if the map ' — Cx(T) of
2.7 gives an equivalence between 7" and the identity component Cx(7"); of its centralizer.
Sometimes for brevity we will simply say that 7" is a maximal torus for X'. For a maximal
torus f : T'— X the Weyl space W x ¢ of T' is defined to be the space of self-equivalences
of BT over BX (constructed after replacing Bf : BI' — BX by an equivalent fibration).

2.9 Theorem. [12,9.5] Any p-compact group X has a maximal torus f : T — X, unique
up to conjugacy. If T' is such a maximal torus, then the space Wy r is homotopically
discrete and moW x ¢ is a finite group (under composition). The order of 1yW x ¢ is equal
to the Euler characteristic x(X /T).

If f:T — X is a maximal torus for X, the Weyl group Wy ¢ is defined to be the group
moW x,f; this is sometimes denoted Wx 7 or Wy and called the Weyl group of X. The
normalizer N(T') of T is the loop space whose classifying space is the Borel construction
of the action of Wy s on BT'. It is clear that BN(T') is up to homotopy a fibration over
BWx with fibre BT, so that N(T') is not a p-compact group in general unless Wy is a
p-group. However, the loop space N, (1) obtained as the union of components of N(T')
corresponding to a Sylow p-subgroup of Wy is always a p-compact group. The p-compact
group N, (T) is called a “p-normalizer” of T'. By construction, the homomorphism 7" — X
factors as a composite

(2.9) T — N,(T) > N(T) = X.

2.10 Proposition. [12, 9.9] If X is a p-compact group with maximal torus T, then
the above homomorphism N,(T') — X is a monomorphism, and the Euler characteris-
tic x(X /N, (T)) is relatively prime to p.

2.11 Remark. The loop space homomorphism N(7') — X in 2.9 induces a group homo-
morphism f : Wy = moN(T') — mpX. By definition the kernel of f is the Weyl group of
the identity component X; of X. The map f is onto; this comes down to showing that if
is any component of X' /T then the homotopy fixed point set "7 is nonempty [12, proof
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of 9.5], which is proved as in [12, proof of 8.11] by observing that x () # 0. Since 7y X is
a finite p-group, it follows that the map moIN,(T") — m X is also onto.

Recall that an element of finite order in GL(r, Q,) or GL(r, Z,,) is said to be a reflection
(or sometimes a pseudoreflection) if it pointwise fixes a codimension 1 subspace of (Q,)".
The rank of a p-compact torus T is the number 7 such that T = G with G = SO(2)"; this
equals the rank over Z, of the free module H*(BT, Z,).

2.12 Proposition. [12,9.7] Let X be a connected p-compact group with maximal torus T,
and let r be the rank of T. Then the natural action of the Weyl group Wx on H*(BT, Z,) is
faithful and and represents Wy as a finite subgroup of GL(r,Z,) generated by reflections.

2.13 Remark. The number r is 2.12 is called the rank of X’; it is also the number of
generators in the polynomial algebra H*QPBX [12, 9.7]. Since H?*(BT, Z,) is the Z,-dual
of moBT, it follows that the natural action of Wy on mBT is also faithful and represents
W as a group generated by reflections.

Euler characteristics. Here we extract two useful properties of Euler characteristics
from [12].

2.14 Proposition. Let f : X — ) be a monomorphism of p-compact groups, G a p-
compact toral group, and g : G — ) a homomorphism of loop spaces. Suppose that one
of the following conditions holds.

(1) G is a p-compact toral group and x()/X) is not divisible by p.
(2) G is a p-compact torus and x()/X) is not zero.

Then g lifts up to conjugacy to a homomorphism g : G — X.

Sketch of proof. According to [12, 3.3] this is a question of proving that in the given cases
the homotopy fixed point set (/X)" is nonempty. Case (2) then follows from combining
[12, 4.7, 5.7, 6.7] (see also the proof of [12, 8.11]). Case (1) is proved in essentially the
same way, but using [12, 4.6] and the inductive argument in the proof of [12, 4.7] instead
of using [12, 4.7] itself. O

2.15 Proposition. Suppose X is a p-compact group, T' is a p-compact torus, and i : T —
X is a monomorphism. Then i is a maximal torus for X if and only if x(X /T) # 0.

Proof. If i is a maximal torus, then x(X/T") # 0 by 2.9. Suppose then that x(X/T") # 0.
Let j : T" — X be a maximal torus for X’; note that j is also a monomorphism. According
to 2.14, there are homomorphisms f : T — T” and g : T’ — T such that j - f is conjugate
to 7 and 7- f’ is conjugate to j, and a simple argument using 2.4 shows that the composites
f-gand g - f are also monomorphisms. It is elementary to prove using 2.4 that any
monomorphism 7" — T or T" — T’ is an equivalence; for instance, this applies to f - ¢ and
g - f. It follows that f and g are equivalences, and hence that T is conjugate in X to the
maximal torus 77. [

2.16 Remark. Let G be a compact Lie group with 719G a p-group, and T" — G a Lie-
theoretic maximal torus; it is a classical result that the Euler characteristic x(G/T) is
nonzero. An easy argument with the fibre lemma (cf. [12, proof of 5.7]) shows that G/T
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is Fp-good and that G/T is equivalent to the F,-completion of G/T. Tt follows that
x(G/T) # 0 and thus by 2.15 that 7' is a maximal torus for G.

§3. DISCRETE APPROXIMATIONS

Surprisingly, some questions about p-compact groups can be reduced to questions about
discrete groups. This stems mostly from the fact that there is an effective way of construct-
ing “discrete approximations” for p-compact toral groups.

Let Z/p> denote the group Z[1/p|/Z = U, Z/p™. By definition, a p-discrete torus is a
discrete group A which is isomorphic to (Z/p>)" for some r. A p-discrete toral group is
a discrete group G with a normal subgroup A such that A is a p-discrete torus and G/A
is a finite p-group. The p-discrete torus A is then the maximal divisible subgroup of G.
Any p-discrete toral group G can be expressed as an increasing union of finite p-groups
[12, 6.19].

The closure G of a p-discrete toral group G is defined to be the loop space € CompFP (BG).
The completion map BG — Compr(BG) is an isomorphism on mod p cohomology [12,

6.9] and gives a homomorphism G — G.

3.1 Proposition. If G is a p-discrete toral group, then G is a p-compact toral group
and the homogeneous space G /G is an Eilenberg-MacLane space of type K (V, 1) for some
rational vector space V.

Proof. All except the last statement is proven in [12, proof of 6.9]. By the arguments
there, and the fact that the completion functor Compg, (—) preserves products [3, I, §7], it

is enough to show that if G = Z/p> then the homotopy fibre of the map ¢ : BG — BG is
of the indicated type. There is a short exact sequence

{1} =2y, = Qp = Z/p™ — {1}

of abelian groups, which gives rise to a fibration f : K(Z/p>,1) — K(Z,,2) with fibre
K(Qp,1). The target of the map f is F,-complete, and f induces an isomorphism on
mod p homology because the fibre of f has the mod p homology of a point. This implies
that map f is in fact equivalent to the completion map € and gives the required calculation
of the homotopy fibre of e. [

It is also possible to reverse the closure construction. A discrete approximation for
a p-compact toral group G is defined to be a p-discrete toral group G together with a
homomorphism « : G — G which induces an isomorphism H*BG — H*BG.

3.2 Proposition. Any p-compact toral group G has a discrete approximation G — G.
If G and H are p-compact toral groups with discrete approximations G and H , then
any homomorphism f : G — H lifts uniquely to a homomorphism f : G — H. The
homomorphism f is central if and only if its lift f is central, which is the case if and only
if f(@) is contained in the center of H.

Sketch of proof. The fact that discrete approximations exist is proven in [12, 6.8]. Suppose
that a : G — G is a discrete approximation. The map Ba : BG — BG induces an
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isomorphism on mod p homology and the target of Ba is F,-complete; this implies that
Ba is equivalent to the F,-completion map BG — Compr(Bé) and thus (3.1) that the
homotopy fibre of Ba is a space of type K (V, 1) for a rational vector space V. The required
lifting result now comes from obstruction theory. The final statement comes out of the
observation that f is central if and only if there is a suitable homomorphism G x H — H
(2.6), whereas the map f of K (m,1)’s s visibly central if and only if there is a corresponding
homomorphism G x H — H; one type of homomorphism can be obtained from the other
by an appropriate closure/discrete approximation construction. [

3.3 Remark. Note that by 3.2 any two discrete approximations of a p-compact toral group
G are canonically isomorphic (as groups). If G — G is a discrete approximation, then by
[12, 6.8] there is a short exact sequence

{1} = (mG) QZ/p>®° — G — mG — {1}.

The previous two propositions allow us to shift back and forth easily between p-compact
toral groups and their discrete approximations. Because of the following proposition, which
we think of as expressing the density in G of a discrete approximation, this shifting process
is usually innocuous.

3.4 Proposition. (Density) [12, 6.7] Let G be a p-compact toral group, « : G —Ga
discrete approximation, and U an F,-complete space (e.g., U = BX for a p-compact group
X). Then Ba induces equivalences Map(BG,U) — Map(BG,U) and Map, (BG,U) —
Map, (BG,U).

Remark. For example, if G is a p-discrete toral group and f : G — X is a homomor-
phism with X a p-compact group, then “passing to the closure” (i.e. applying the functor
Compg (-) to Bf : BG — BX) gives a homomorphism f: G — X.

Kernels and exact sequences. One of the most useful features of a p-discrete toral
group is that it has concrete elements, so that it is possible to describe kernels (or later on
in §7 centers) as explicit subgroups.

Let G be a p-discrete toral group , € G an element and f : G — X a homomorphism
of loop spaces. We will say that f(x) is trivial if the restriction of f to the cyclic subgroup
of G generated by z is trivial (2.1). The kernel of f, denoted ker(f) is the subset of G
given by {z | f(z) is trivial}. The kernel of f is said to be trivial if it contains only the
identity element of G.

3.5 Proposition. [12, §7]. Suppose that G is a p-discrete toral group, X a p-compact
group, and f : G — X a homomorphism. Then
(1) ker(f) is a normal subgroup of G,
(2) up to homotopy there is a unique homomorphism f’ : G/ker(f) — X which
extends f,
(3) ker(f') is trivial, and
(4) the induced homomorphism Cx(G/ ker(f)) — Cx(G) is an equivalence.

The next proposition provides a simple way to recognize monomorphisms.



CENTER OF A p—-COMPACT GROUP 9

3.6 Proposition. [12, 7.3] Suppose that G is a p-compact toral group, and f : G — X is
a homomorphism of p-compact groups. Let o : G — G be a discrete approximation. Then
f is a monomorphism if and only if ker(f - a) is trivial.

It is also useful to be able to recognize exact sequences.

3.7 Proposition. Consider a commutative diagram of loop spaces and homomorphisms

b
G » H » K

in which the lower row is a sequence of p-compact toral groups and the upper row is the
corresponding (3.2) sequence of their discrete approximations. Then the lower sequence is
exact if and only if the upper one is.

Proof. Suppose that the upper sequence is exact; in this case the problem is to show
that the induced fibre sequence of classifying spaces remains a fibre sequence after F-
completion. By the fibre lemma [12, 11.7] this will be the case if the fundamental group
of the base, namely K, acts nilpotently on the mod p homology of the fibre. Since the
mod p homology groups of the fibre are finite dimensional in each dimension [12, §12], the
action of K on these homology groups must factor through the finite p-group obtained by
dividing K by its maximal divisible subgroup. This implies that the action is nilpotent
[12, 11.6].

Suppose on the other hand that the lower sequence is exact. The map H — K is onto
by the description of discrete approximations given in 3.3: clearly mgH — moK is onto,
and, since the cokernel of mH — m K is a finite abelian p-group, (mH) ® Z/p>® —
(7‘(‘1K ) ® Z/p> is onto. Let G’ be the kernel of H — K. Elementary algebra shows that
G’ is a p—dlscrete toral group, and by the unlqueness provision of 3.2 the map G — H lifts
to a map 7 : G — G'. Let G’ be the closure of G. The argument in the paragraph above
shows that G’ — H — K is an exact sequence of p-compact toral groups, so by uniqueness
of homotopy fibres the map G — G’ induced by the closure of i is an equivalence, and
hence (3.3) the map ¢ is an isomorphism. [J

3.8 Remark. One consequence of 3.7 is the following: if G — T — K is a short exact
sequence of p-compact toral groups in which T is a p-compact torus, then G is abelian
and K is a p-compact torus. The proof of this amounts to inspecting the corresponding
exact sequence of discrete approximations and noticing that any subgroup of (Z/p)" is
abelian, and any quotient group of (Z/p>)" is (Z/p>°)® for some s.

3.9 One parameter subgroups. The p-discrete torus Z/p™ and its closure function like
“one-parameter subgroups” of p-compact groups.

If f: X — ) is a homomorphism of loop spaces, we will write f(X) C ) (and say that
f(X) lies in the identity component of V) if f lifts to a homomorphism X — ).
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3.10 Proposition. Suppose that f : Z/p" — X is a homomorphism, where X is a
p-compact group . Then f(Z/p™) C X, if and only if f extends to a homomorphism
fliZ/p>™ — X.

Proof. First suppose that the extension f’ exists, and let A be the closure of Z/p>. Then
A is connected (proof of 3.1) and the fact that f(Z/p™) C &} follows from the fact that
passing to closure gives an extension of f to a homomorphism A — X. If f(Z/p™) C X,
then the required extension f’ exists by an inductive argument using [12, 5.5]. O

3.11 Proposition. Suppose that X' is a p-compact group. Then X is connected if and
only if every homomorphism f : Z/p™ — X (n > 1) extends to a homomorphism f' :
Z/p>™ — X.

Proof. If X is connected, the desired extensions exist by 3.10. Suppose conversely that
X is not connected, and let N,(T') be a discrete approximation to a p-normalizer (2.10)
of a maximal torus T for X. By 2.11 the map N,(T) = mN,(T) — 7o is surjec-
tive. Since NP(T) is a union of finite p-groups, this implies that there exists a composite
homomorphism f : Z/p™ — N,(T) — X such that f(Z/p") € X;. O

3.12 A slight generalization. At some points in this paper it will be convenient for us
to have a notion of discrete approximation somewhat more general than the one above.

Definition. A loop space G is an extended p-compact torus if oG is finite and the identity
component (G is a p-compact torus. A discrete group G is an extended p-discrete torus if
GG has a normal subgroup 7T of finite index such that T is a p-discrete torus.

Note that if G is an extended p-discrete torus there is a unique normal p-discrete torus
T in G such that G/T is finite; in fact T' is the maximal divisible subgroup of G. We will
denote this unique p-discrete torus by G(;). If f : G — & is a homomorphism of loop
spaces and mo &’ is a finite group, then f induces a homomorphism G//G (1) — mo&" and the
restriction of f to G(y) lifts uniquely to a homomorphism G ;) — X1.

Definition. A discrete approx1mat1on for an extended p-compact torus G is a homomor-
phism f: G — G, where G is an extended p-discrete torus and f induces

(1) an isomorphism G/G(l) — moG, and
(2) an isomorphism H*BG; — H*Bé(l) .

It is not hard to see that the above notion specializes to the previous notion of discrete
approximation (3.2) if G is a p-compact toral group (i.e., if moG is a p-group). The following
proposition is proved in exactly the same way as 3.2 (cf. [12, 6.8]).

3.13 Proposition. Any extended p-compact torus G has a discrete approximation G —
G. If G and H are extended p-compact tori with discrete approximations G and H, then
any homomorphism f : G — H lifts uniquely to a homomorphism f : G — H.

In particular, any two discrete approximations for an extended p-compact torus are
canonically isomorphic (as ordinary discrete groups).
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§4. MONOMORPHISMS OF MAXIMAL RANK

In this section we will work out some points connected with maximal rank subgroups
of a p-compact group. The conclusion is a theorem which can be interpreted as giving
an “infinitesimal” criterion for a homomorphism of connected p-compact groups to be an
equivalence (4.7).

4.1 Definition. A homomorphism f : X — ) of p-compact groups is said to be of maximal
rank if f is a monomorphism and there is a maximal torus ¢ : 7' — X" for X such that f -4
is a maximal torus for V.

4.2 Remark. It follows from the uniqueness of maximal tori (2.9) that if f : X — ) is
of maximal rank then any maximal torus for X gives a maximal torus for ). Similarly,
if f is a monomorphism then f is of maximal rank if and only if some maximal torus
T — Y for Y lifts to a torus 7' — X; such a lift is necessarily a maximal torus for X’ (to
see this, combine 2.15 with the multiplicativity of the Euler characteristic in the fibration
X/T —Y/T — X/Y, eg. 10.6).

There is one simple way to construct homomorphisms of maximal rank.

4.3 Propositions. Let X be a p-compact group with maximal torus T' — X, suppose
that A is a p-compact toral group, and let j : A — T be a monomorphism. Then the
natural monomorphism Cx(A) — X is of maximal rank.

Proof. There is a commutative diagram

! l !

T — T s X

in which the left vertical arrow is an equivalence because T is abelian. This provides a lift
of T up to conjugacy to Cy(A). O

4.4 Lemma. Suppose that f: X — Y is of maximal rank, i : T — X is a maximal torus
for X, and f -1 :T — Y the corresponding maximal torus for Y. Then there is a natural
monomorphism of Weyl groups Wx ; — Wy ¢;.

Remark. The above monomorphism Wy ; — Wy ¢; depends only up to inner automor-
phism on the choice of a torus T — X for X. Sometimes for brevity we will say that f
induces a monomorphism Wy — Wy.

Proof of 4.4. By definition, the Weyl group Wx ; is oWy ;, where Wy ; is the space
of self-maps over BX of a fibration v : U — BAX equivalent to ¢ : BI' — BX. Sim-
ilarly, Wy ri = moWy y; where Wy, ¢; is the space of self-maps over BY of a fibration
v : V — BY equivalent to fi : BT' — B). We can assume without loss of generality
that f: BX — BY is a fibration and choose v = f - u; in this case there is essentially an
inclusion Wy ; — Wy, ¢; of topological monoids and it is not hard to check that the in-
duced component homomorphism Wy ; — Wy ¢; does not depend on the fibration choices
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involved. This gives the required map Wx ; — W4y ;; it remains to show that the map is
a monomorphism.

As in [12, 9.5] the group Wy ; is isomorphic to the set of components of the homotopi-
cally discrete space (X /T)"", and Wy #i to the set of components of (V/T)" (see [12, §10]
for a discussion of these homotopy fixed point sets). The map between these groups can
be produced on the level of sets by applying the functor (-)** to the map X /T — /T
induced by f. Let C be the component of (¥/X)" corresponding to i : T — X [12,
3.3]. Applying (-)" to the fibration X/T — Y/T — Y/X [12, 10.6] shows that the
map (X/T)"" — (¥/T)"" is an injection on m if and only if the natural action of 1 C
on (X /T)"" is trivial. To prove this action is trivial, we will prove that C is sim-
ply connected. Applying (-)" to the fibration /X — BX — BY (with T “acting”
[12, 10.8] trivially on base and total space) shows that C' is the basepoint component of
Cy(T)/Cx(T). This last homogeneous space is in fact homotopically discrete because
Cx(T) — Cy(T) is a homomorphism of p-compact groups which is an equivalence on
identity components, both identity components being equivalent to 7' (2.9). O

If & is a space let cdp, & denote the largest integer n such that H"&" # 0. Similarly,
let cdq, X denote the largest integer n such that ngX # 0.

4.5 Lemma. If X is a p-compact group then cdp, X = cdq, X.

Proof. This follows from the Bockstein spectral sequence arguments in [4]. The arguments
depend only on the fact that X is an F-finite H-space. [

4.6 Lemma. Suppose that f: X — ) is a monomorphism of p-compact groups. Then
(1) Cde Yy = Cde X+ Cde y/X,
(2) cdr, Y = cdr, X if and only if the map f gives an equivalence between X and a

union of components of ), and
(3) If X is connected then cdq, Y = cdq, X +cdq, V/X.

Proof. The statements involving cdg, ) are from [12, 6.14]. The equality in (3) follows
along the lines of [12, proof of 6.14] from an examination of the Serre spectral sequence of
the fibration X — ) — Y /X. Note that in this fibration the fundamental group of the
base acts trivially on the (co)-homology of the fibre, since the fibration is pulled back from
the path fibration over the simply connected space BX. [J

4.7 Theorem. A monomorphism f : X — ) between connected p-compact groups is an
equivalence if and only if f is of maximal rank and induces (4.4) a Weyl group isomorphism
Wy — Wy.

Proof. 1t is only necessary to show that if f is of maximal rank and induces a Weyl group
isomorphism then f is an equivalence. Let T be a maximal torus for X, let W denote
Waxr = Wy r, and let R denote the ring of invariants (H*QPBT)W. Write S for the ring
Q, ®r Hg BT. According to [12, 9.7], Hg (X/T) and Hg (Y/T) are both isomorphic
to S. By 4.6(3), cdq, & = cdq, Y and hence cdp, X = cdr, Y by 4.5. The result now
follows from 4.6(2). O
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§5. ABELIAN p-COMPACT GROUPS AND CENTRAL MONOMORPHISMS

The main goal of this section is to prove the following theorem.

5.1 Theorem. If f : X — ) is a central monomorphism of p-compact groups, the X is
equivalent to the product of a p-compact torus and a finite abelian p-group.

This is analogous to the theorem that if f : G — H is a monomorphism of compact Lie
groups with f(G) contained in the center of H, then G is isomorphic to the product of a
torus with a finite abelian group. Applying 5.1 to the identity map of a p-compact group
X gives the following corollary (the “if” part of which is essentially obvious).

5.2 Corollary. A p-compact group X is abelian if and only if X is equivalent to the
product of a p-compact torus and a finite abelian p-group.

Remark. A beautiful result of Bousfield [2, 6.9] implies that if X is a loop space which
is abelian in the sense of §2 then BX is equivalent to a product of Eilenberg-MacLane
spaces. Given this result, it is possible to prove 5.2 by just enumerating the products of
Eilenberg-MacLane spaces which can be classifying spaces of p-compact groups. We will
use a different approach.

The proof of 5.1 depends on a few lemmas.

5.3 Lemma. Suppose that f : X — Z and g : Y — Z are homomorphisms of loop
spaces and that g is central. Then there is up to conjugacy a unique homomorphism
u(f,g) : X x Y — Z which is conjugate to f on X x {1} and to g on on {1} x Y. The
homomorphism p(f,g) is central if f is.

Proof. This follows from the equivalence
Map(BX x BY,BZ) = Map(BX', Map(BY,BZ)).
The assumption that g is central gives Map(BY,BZ)g, = BZ. O

5.4 Lemma. Let G be a p-discrete toral group, X a p-compact group, and f : G — X
a homomorphism. Suppose that A is a cyclic p-group with generator a and i,j : A — G
two homomorphisms such i(a) commutes with j(a), f - i is conjugate to f - j, and f -i is
central. Then i(a)~'j(a) € ker(f).

Proof. Let s : A x A — G be given by s(z) = i(x)j(z). By the uniqueness provision of
5.3, the composite f - s is equal to the composite of f -7 with the sum map A x A — A.
This implies directly that s(a=!,a) € ker(f). O

5.5 Lemma. Let g : G — H be a homomorphism of p-discrete toral groups and h : H —
X a homomorphism with ker(h) = {1}, where X' is a p-compact group. Suppose that h - g
is central. Then g is central.

Proof. Since h- g is central there is by 5.3 a homomorphism G x X — X which is conjugate
toh-gon G x {1} and to idy on {1} x X. This can be restricted to give a homomorphism
f:Gx H — X which is conjugate to h- g on G x {1} and to h on {1} x H. By 5.4,
for each x € G the element (z,g(x)™') in G x H lies in ker(f). Since ker(f) is a normal
subgroup of G x H which intersects {1} x H only in the identity element, it follows from
elementary algebra that g(G) must lie in the center of H. [J
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5.6 Lemma. Suppose that P is a p-compact toral group, X is a p-compact group, and
f: P — X is a central monomorphism. Then P is equivalent to the product of a p-compact
torus and a finite abelian p-group.

Proof. Let P be a discrete approximation (3.2) for P, and f the composite of f with the
map P — P. Since ker(f) is trivial (3.6), it follows from 5.5 that P is abelian and hence
for algebraic reasons isomorphic to the product of a finite abelian p-group and a group of
the form (Z/p>)". This implies that P, which is equivalent to the closure (3.1) of P, has
the desired form. [

Proof of 5. 1 Let ¢« : T — X be a maximal torus for X with discrete approximation
T — T. Let i be the composite of 7 with T — T. The composites f -7 and f -7 are central
by 2.6. Suppose that the action of the Weyl group W of the identity component AX; of
X on H*(BT; Z,) is nontrivial. In this case there must be a self homotopy equivalence
Bw : BT — BT, not homotopic to the identity, such that B¢ - Bw is homotopic to Bi. Such
a w hfts uniquely (3.2) to an automorphism w : T — T, not equal to the identity, such
that 7 - @ is conjugate to i. Since w is not the identity, there must be some element = € T
such that w(z) # z. By 5.4, then, (z~'w(x)) # 1 belongs to ker(f - ), which is impossible
(3.6) because f -4 is a monomorphism. This shows that W acts trivially on H*(BT}; Z,)
and hence, since this action is faithful [12, 9.7], that W itself is trivial. By 4.7 (applied to
T — Xi), the p-compact group &j is a torus. Since X is thus a p-compact toral group,
the desired result is given by 5.6. [

§6. p-COMPACT CENTERS AND ADJOINT FORMS.

Let f: C — X be a central monomorphism of p-compact groups. The map f is said
to be a p-compact center for X (or more informally C' is said to be a p-compact center
for X) if for any central monomorphism g : A — X of p-compact groups there exists
up to homotopy a unique homomorphism h : A — C such that f - A is homotopic to
g. This signifies that up to homotopy f is a terminal object in the category of central
monomorphisms A — X.

6.1 Theorem. Any p-compact group X has a p-compact center f : C' — X. Suppose
that f is such a p-compact center and that g : A — X is a central homomorphism in which
A is a p-compact toral group; let L(g, f) be the space of all homomorphisms h : A — C
such that f-h = g. Then L(g, f) is contractible.

Remark. Note above that if A — X is a central monomorphism, then A is necessarily a
p-compact toral group (5.1).

6.2 Remark. Let (Bf)f : (BC)" — BX be a pointed fibration equivalent to Bf. By the
above phrase the space of all homomorphisms h : A — C' such that f - h = g we mean the
space of all basepoint preserving maps Bh : BA — (BC)fi® such that (Bf)%" . Bh = Bg.

Theorem 6.1 implies that p-compact centers are homotopically unique in a very strong
sense. For this reason we will sometimes speak of the p-compact center of X and denote
it by C°(X). According to 2.8 there is a natural p-compact group structure on X /C¢(X).
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6.3 Theorem. IfX isa connected p-compact group then the p-compact center of X /C(X)
is trivial.

Remark. If X is a connected p-compact group, the quotient X' /C°(X) is called the adjoint
form X,q of X. Note that if X is not connected then X' /C¢(X) may have a nontrivial
p-compact center; consider, for instance, a nonabelian finite p-group or the Lie group

0(2).

Let X be a p-compact group, C' a p-discrete toral group, and f : C' — X a central
homomorphism such that ker(f) = {1}. We will say that f is a p-discrete center for X if
the induced map f : C — X is a p-compact center for X. Such a p-discrete center is just a
discrete approximation to C°(X’) and has very similar uniqueness properties. In the course
of proving 6.1 we will give the following description of the p-discrete center of a p-compact
group X’; for connected X a more explicit description appears in §7.

6.4 Theorem. Let X' be a p-compact group, T a maximal torus for X, N, (T') the inverse
image in the normalizer of T of a p-Sylow subgroup of the Weyl group of X, and Np(T)
a discrete approximation for N,(T). Let C C N,(T) be the set of elements z € N,(T)

such that (x) — X is central. Then C' is a subgroup of N,(T) and C' — X is a p-discrete
center for X.

6.5 Lemma. Let G be a p-compact toral group and g : G — X a monomorphism of
p-compact groups. Suppose that that H is a p-compact toral group, and that h : H — X
is a central homomorphism. Then if h lifts to any homomorphism h:H — G it lifts to
exactly one, in the sense that the space (cf. 6.2) of all such lifts h is contractible.

Proof. Suppose that h lifts to a homomorphism h:H — G. Let i : H— H be a discrete
approximation, and let K C H be the kernel (3.5) of h-i. It is clear from 3.6 that K is
also the kernel of h -, since otherwise, after (3.2) lifting h - i to a map H — G for some
discrete approximation G of G, we would find a nontrivial element in the kernel of the
composite G — G — X. Let H' be the closure (3.1) of H/K. By naturality of the closure
construction there is a homomorphism H — H’. The map h extends (3.5, 3.4) to a central
monomorphism A’ : H' — X. Similarly, h extends to a monomorphism 7’ : H' — G which
is a lift of A’. An argument using 5.5 and discrete approximations shows that R is central.
Consider the diagram (2.8)

BG —— B(G/W(H"))

7| l

BH — BX — B(X/I(H"))

in which the right hand square is a homotopy fibre square and the composite of the two
lower arrows is null homotopic. Let £ be the homotopy pullback of BG — BX over Bh.
It follows that there is a homotopy equivalence over BH between £ and BH x (X /G),
and so the space of lifts up to conjugacy of h into G (i.e. the homotopy fibre over Bh
of Map(BH,BG) — Map(BH,BX)) is equivalent to Map(BH, X /G). This last space is
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equivalent by evaluation at the basepoint of BH to X /G itself [12, 6.1 and 5.3]. There is
now a 3 X 3 square

F — X/G — 5 X/G

! ! l

Map, (BH,BG)(gny — Map(BH,BG)gry —— BG

! ! l

Map, (BH,BX)g, —— Map(BH,BX)s, —— BX

in which the rows and columns are fibration sequences; a subscript “{Bh}” denotes restrict-
ing to the components of the indicated mapping space that cover Bh up to homotopy. The
space F is the desired space of lifts h, and is clearly contractible. [

6.6 Lemma. Let X be a p-compact group, P a p-discrete toral group, and f : P — X a
monomorphism. Let C' C P be the set of all elements © € P such that f((z)) is central.
Then C' is a subgroup of P and f(C) is central.

Proof. By 5.5, C' is contained in the center of P. It is enough to show that if {C,},ecs is
a countable collection of subgroups of the center of P such that f(C,) is central for each
o € S, then the subgroup of the center of P generated by the C, is central. For this,
observe first that if C; and Cy are two subgroups of the center of P such that f(Cy) and
f(Cy) are central, then C; + C5 is central; this is a consequence of 5.3 and 3.5. Secondly,
apply a homotopy limit argument [12, 6.20] to show that if Cy € C; C Cy--- is an
increasing chain of subgroups of the center of P such that f(C;) is central for each 4, then
f(U;C;) is central. [

Proof of 6.1 and 6.4. We will use the notation of 6.4. By 6.6 the group Cisa subgroup of
the center of N,(T) and f(C) is central. Let C' — X be the closure of C; by density the
map C' — X is central and by 3.6 it is a monomorphism (cf. 2.10). Suppose that f : A — X
is a central homomorphism in which A is a p-compact toral group; for instance, f might
be a central monomorphism (5.1). Since x(X/N,(T)) is relatively prime to p (2.10), the
map f lifts by 2.14 to a central (5.5) homomorphism g : A — N,(T). Let A — A be a
discrete approximation. By 3.2 the composite A — A — N, (T) lifts to a homomorphism
g : A — N,(T) such that, by 2.6 and the definition of C, f(A) C C. Passing to closures
gives a lift A — C of the homomorphism f. This proves in particular that C' is a p-compact
center for X. The statement about L(g, f) follows from 6.5. [

6.7 Remark. The subgroup C of NP(T ) considered in the above proof is contained in
the center of N,(T") (5.5). Let T be the maximal divisible subgroup of N, (T, so that
T is a discrete approximation to the maximal torus 7. If X is connected the quotient
group N,(T)/T C Wy acts faithfully on 7T (2.13) and hence faithfully by conjugation
on T = mT ® Z/p>® (3.3). It follows that if X is connected the group C is contained
in T and so, after passing to closures, that the map C¢(X) — X lifts to a unique (6.5)
homomorphism C¢(X) — T.
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6.8 Lemma. Suppose that

{1}—>Ai>2(—>y—>{1}

is a short exact sequence of p-compact groups in which A is an abelian p-compact toral
group and ) is connected. Then the monomorphism 1 is central.

Proof. Since A is abelian the identity component Map(BA, BA);q of the space of self ho-
motopy equivalences of BA is equivalent to BA. This implies that any fibration over a
simply connected base with fibre BA is principal. In particular the fibration of classifying
spaces corresponding to the above short exact sequence is principal, and the corresponding
action map BAxBX — BX has the properties required to show that i is central (2.6). O

Proof of 6.3. Let T be a maximal torus for X'. As remarked above (6.7), the homomorphism
C¢(X) — X lifts to a homomorphism C¢(X’) — T'; this lift is a central (5.5) monomor-
phism (3.6). Let X’ denote X'/C°(X) and let 7" denote T'/C°(X) (see 2.8). By 3.8 the
p-compact group 1" is a p-compact torus. Consider the map of short exact sequences

1} —— Co(x) . T s T {1}
1 — Cco(x) . X s X s {1

Taking vertical fibres in the induced diagram of classifying spaces shows that X' /T = X' /T",
so that 77 — &’ is a maximal torus for A’ (2.15). Suppose that C' — X’ is a p-compact
center and let C — X be the “inverse image” of C’ in X, i.e., let BC' be given by the
homotopy fibre square

BC —— BX

(6.9) l l

BC" —— BX’

It is clear from a homotopy group calculation that C' is a p-compact toral group. Since X’
is connected, the map C' — X’ lifts to a monomorphism C’ — T” as above, and so the
map C — X lifts to a monomorphism C' — T (the fact C' — T is a monomorphism follows
from the fact that 7/C' is equivalent to 77/C"). By 3.8, then, C is abelian. There is an
evident short exact sequence C' — X — X'/C’, and applying 6.8 to it shows that the map
C — X is central. As a consequence, the homomorphism C' — X lifts to a homomorphism
C — C¢(X) and so the composite C — X — X’ is trivial. An argument with discrete
approximations, for instance, now shows that C’ — X is trivial and thus that C is trivial
(3.7,3.6). O

§7. COMPUTING p-COMPACT CENTERS

In this section we will give an explicit way to compute the p-compact center of a p-
compact group X in terms of the normalizer of a maximal torus for X'. Suppose that X is
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a p-compact group of rank r (2.13), 7" is a maximal torus for X', and W = Wy is the Weyl
group of X. Let N(T) be the normalizer of T', N(T') — N(T) a discrete approximation in
the sense of §3.12, and T the maximal divisible subgroup N(T )y of N(T), so that T is a
discrete approximation in the usual sense for N(T'); = T.

The Weyl group W acts on T by conjugation in the group extension

(7.1) {1} =T - N(T) - W — {1}
and on BT by monodromy in the fibration
(7.2) BT — BN(T) — BW.

The fibration 7.2 is obtained from the exact sequence 7.1 by passing to classifying spaces
and taking fibrewise F,-completion; under this construction the two actions correspond.
Let s € W be a reflection (2.12). The order ord(s) of s must divide the order of the
multiplicative group of roots of unity in Q,", so that ord(s) = 2 if p = 2 and ord(s)
divides (p — 1) if p is odd. Since H*(BT,Z,) is the dual over Z, of mBT = (Z,)", a
nonidentity element s € W is a reflection if and only if the fixed point set of the action
of s on myBT = m;T contains a subgroup isomorphic to (Zp)“l, or equivalently if and

only if the action of s on T = mT ® Z/p™ (see 3.3) contains a subgroup isomorphic to
(Z/poo)r—I.
7.8 Definition. If s € W is a reflection,

(1) the fixed point set F(s) of s is the fixed point set of the action of = on T by
conjugation,

(2) the singular hyperplane H(s) of s is the maximal divisible subgroup of F'(s) (so
that H(s) = (Z/p>)"""),

(3) the singular coset K (s) of s is the subset of T’ given by elements of the form z°rd(s),

as x runs through elements of N(T) which project to s in W, and
(4) the singular set o(s) of s is the union o(s) = H(s) U K(s).

7.4 Remark. The singular coset K (s) is genuinely a coset of H(s) in 7. On the one hand,
suppose that x and 2’ are two elements of N(T) which project to s. Then z = 2’a for
some a € T', and it is easy to calculate directly that 2°'4(9) = (2/)°"4(*)y(a), where v is the
endomorphism of 7' which sends a to the product of the elements sia, 1 < i < ord(s). The
image of v is a divisible subgroup of T which is pointwise fixed by s and thus contained
in H(s). It follows that z°™(*) and (2/)°"4(*) are in the same coset of H(s). Conversely, if
y = 2°"4) € K(s) and a € H(s), it is possible (because H (s) is divisible) to find b € H(s)
with °'4(8) = q. Then ay = (bz)°r().

Our main theorem in this section is the following one.

7.5 Theorem. Let X be a connected p-compact group, T a maximal torus for X, and
T — T a discrete approximation for T'. Define C C T by

C =nNso(s)
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where the intersection is indexed by reflections s € W. Then C' — X is a p-discrete center
(6.4) for X.

This is actually a corollary of a more general calculation. Suppose that A C T is a
subgroup. Let Wx(A) denote the Weyl group of Cx(A), and Wx(A); the Weyl group of
the identity component Cxy(A); of Cx(A). There are inclusions Wx (A); C Wy (A) C W,
where the last follows from §4.

7.6 Theorem. Let X be a connected p-compact group with maximal torus T' and Weyl
group W. Suppose that A C T is a subgroup. Then
(1) Wx(A) is the subgroup of W consisting of the elements which, under the conju-
gation action of W on T, pointwise fix the subgroup A, and
(2) Wx(A); is the subgroup of Wx(A) generated by those elements s € Wx(A) such
that s € W is a reflection and A C o(s).

7.7 Remark. The above theorems raise some natural questions about the structure of o(s).
By definition there are inclusions

H(s) Co(s)=H(s)UK(s) C F(s),

and K(s) is a coset of H(s). If p is odd, then s acts on T/H(s) = Z/p> with only the
identity as a fixed point (this follows from the fact that at an odd prime a p-adic root of
unity has a nontrivial reduction mod p), and so the above chain of inclusions collapses to
H(s) = o(s) = F(s). If p = 2 the situation is more complex. In this case the reflection s is
of order 2 and acts on T'/H(s) = Z/2°° by inversion; the fixed subgroup here is of order 2,
and this potentially allows H(s) to be of index 2 in F(s). There are three possibilities
(we list with each one an example of a compact Lie group G such that the possibility is
realized in G):

(1) H(s) G o(s) = F(s): SU(2).
(2) H(s)=0(s) & F(s): SO@).
(3) H(s)=o(s) = F(s): U(2)

Note that in all cases o(s) is a subgroup of 7.

Remark. The above description of o(s) shows that if p is odd, then

(1) the p-discrete center C of X ( 7.5) is the center of N(T') (i.e. the subgroup of T
which is fixed by the conjugation action of W), and

(2) the group Wy (A);, of 7.6 is the subgroup of Wx(A) generated by the reflections
contained in Wy (A).

If p = 2 then the p-discrete center of X is contained in the center of N(T') but is not
necessarily equal to it, unless of course the center of N(T) is trivial. This last possibility
actually comes up if & is the 2-compact group DI(4) from [11]; in this case X is of rank 3 and
it is possible to verify that the action of the Weyl group W on the elements of exponent 2
in T gives an epimorphism W — GL(3,F5) (see [11, §4] for instance). This implies that
the center of N(T) is trivial, hence that the p-discrete center C' of X is trivial and that
the p-compact center C°(X) is trivial.
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Proof of 7.5 (given 7.6). Let A be a subgroup of T. By 7.6 and 4.7 the map A — X
is central if and only if A C o(s) for each reflection s in the Weyl group W of X (recall
that W is generated by such reflections). The result follows from the description of the
p-discrete center of X' provided by 6.4, and the fact (6.7) that since X' is connected the
p-discrete center is contained in T. O

7.8 Lemma. Suppose that X is a connected p-compact group, A is a p-discrete torus and
i: A — X is a homomorphism. Then Cx(i(A)) is connected.

Proof. 1t is enough (3.11) to show that any homomorphism Z/p® — Cx(A) (n > 0)
extends to a homomorphism Z/p>* — Cx(A) or equivalently that any homomorphism
Z/p"™ x A — X extends to a homomorphism Z/p> x A — X. This is easily seen to be true
if X' is a p-compact torus. For the general case, then, it is enough to choose a maximal
torus T — X and show that any homomorphism f: Z/p" x A — X lifts up to conjugacy
to a homomorphism f : Z /p" x A — T. To simplify notation, let C' denote Z/p™. Such a
lift f exists if and only if the homotopy fixed point set

(X /T)MD = ((x/T)hC)hA

is nonempty (see [12, 3.3, 10.5]). The “left translation action” of C' via f on X' /T (see [12,
3.3]) extends to an action of the connected loop space X and so is homotopically trivial,
i.e., each element of C' acts by a self-map of X'/T which is homotopic to the identity.
This implies that the Lefschetz number of the action of C on X/T is equal to the Euler
characteristic of X' /T and so in particular is nonzero (2.9). This Lefschetz number is equal
to the Euler characteristic (X /T)"C [12, 4.5, 5.7], and so x((X/T)"“) is nonzero. By [12,
4.7, 5.7, the space ((X/T)P“)P4 is not empty. [

7.9 Proof of 7.6(1). Let W’ C W be the group of elements which, under the conjugation
action of W on T', pointwise fix the subgroup A, and let C' denote the centralizer of A in
N(T). By calculation there is an exact sequence (of discrete groups)

{1} 5T —-C—-W —{1}.

The homomorphism N(T') — X induces a homomorphism C' — Cx (A) which immediately
gives the inclusion W’ C Wx (A). Conversely, if Wy (A) is not contained in W', then there
are elements a € A and w € Wx(A) such that w-a # a. Let C C A be the cyclic
subgroup generated by a, let ¢ : C — T be the inclusion homomorphism, and 5 : C — T
the composite of ¢ with the conjugation action of w. Clearly ¢ and j become conjugate
when composed with the homomorphism 7° — Cx(A), and so it follows from 5.4 that
a(w - a)~! belongs to the kernel of T — Cx(A). This is impossible, since the composite
T — Cx(A) — X has a trivial kernel. [

7.10 Lemma. Let X be a p-compact group, A an abelian p-discrete toral group, and
f: A — X a homomorphism. Let U and V be two subgroups of A and U -V C A the
subgroup generated by both. Then there is a natural map

(7.11) Cx(U-V) = Ccrv)(U)
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which is an equivalence.

Proof. Multiplication gives a surjective homomorphism U x V' — U -V, an induced map
BU x BV — B(U - V), and hence a map

Map(B(U - V), BX) — Map(BU x BV, BX) = Map(BU, Map(BV, BX)).

Restricting to appropriate components provides the required natural map 7.11. Since all
of the elements in the kernel of the map U x V' — U -V are also in the kernel of the
composite U x V — U -V — X, the fact that the map 7.11 is an equivalence follows from
3.5. O

7.12 Lemma. In the situation of 7.6, let s € W be a reflection. Then s € Wx(A); if and
only if s € WCX(H(s))(A)l-

Proof. The maximal rank map Cc, (m(s))(4) — Cx(A) clearly carries W, (m(s)) (4)1
into Wy (A)1; this gives one of the implications. Suppose then that s € Wx(A);. Let Z be
the centralizer of H(s) in Cx(A);. Then s € Wz, because s € Wz by 7.9 and Wz, = Wz
because Z is connected (7.8). However, by 7.10 the p-compact group Z; equals the identity
component of Cc, (f(s))(4), and so it follows that s € We, (m(s))(4)1. O

Proof of 7.6(2). By [12, 9.7] the subgroup Wx (A); of W is generated by the reflections it
contains, so proving (2) comes down to showing that a reflection s € W belongs to Wx(A);
if and only if A C o(s).

Suppose first that A C o(s). To show that s € Wx(A); is enough to show that
s € Wx(o(s))1, and it is this second inclusion that we will prove. By 7.12, we can assume
that H(s) — X is central. If H(s) = o(s), then Wy (o(s))1 = Wx(H(s))1 = Wy, = Wy,
so s € Wx(o(s))1 for trivial reasons and we are done. If H(s) # o(s), then p = 2 and
o(s) = H(s) x Z/2 (see 7.7). Choose t € K(s) C o(s) to generate the second factor of
o(s) = H(s)xZ/2, and let € N(T) be an clement, with image s € Wi, such that 2% = ¢.
There is a commutative diagram of loop spaces and homomorphisms

Z/2 —— Z/4 —— Z)2%
| | /|
T —— N(T) —— X

in which the map f is obtained from 3.10 by using the connectivity of X. Taking centralizers
of (t) everywhere in this diagram and using 7.10 for the equivalence Cx((t)) = Cx(0o(s))
gives another commutative diagram

Z/2 —— Z/4 —  Z/)2*
tl xl fl
T —— Cxp({t)) —— Cx(o(s))

This shows that z, which represents s € Wxy(o(s)), lies in the identity component of
Cx(o(s)) (3.10).
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Conversely, suppose that A is not contained in o(s). If A is not contained in F'(s) then
s ¢ Wx(A) by 7.6(1), and the result we want, that s ¢ Wxy(A)1, certainly follows. If
A C F(s) but A ¢ o(s), then p = 2, H(s) = o(s), and F(s) = H(s) x Z/2 (see 7.7). By
7.12, in showing s ¢ Wx(A)1, we can replace X by Cx(H(s)) or, equivalently, assume
that H(s) — X is central. By 7.10, then, Cyx(A) is equivalent to Cx(F(s)). Choose
z € N(T) so that the image of z in W is s and such that 22 = 1; this is possible because
K(s) = H(s) in the current situation and so 1 € K(s). If s € Wx(A); then z lies in
the identity component of Cxy(F(s)) and so the homomorphism f : Z/2 — Cx(F(s))
representing x lifts to a homomorphism Z/2 — Cxy(F(s));. Since the Euler characteristic
X(Cx(F(s))1/T) is non-zero (2.9), f lifts further (2.14) to a homomorphism Z/2 — T
and even (3.2) to an actual group homomorphism Z/2 — 7. This implies that f(Z/2) is
central in Cx(F(s)) , since every element of order 2 in 7" is contained in F(s) and so is
central in Cy(F'(s)). However it is impossible for f to be central in this way, since x acts
nontrivially by conjugation on T and so z is not in the center of the evident subgroup of
N(T)) which is a discrete approximation to the 2-normalizer of the torus in Cx (F(s)) (see
5.5). This contradiction establishes that A is contained in o(s). O

§8. A HOMOLOGY DECOMPOSITION THEOREM

Suppose that X' is a p-compact group. Let Ay denote the category whose objects are
the pairs (V, f), where V' is a nontrivial elementary abelian p-group and f : V — X is a
conjugacy class of monomorphisms. A morphism (V, f) — (V’, f’) in this category is a
injection ¢ : V' — V’ such that f’-i is conjugate to f. There is a functor ax : AY —
(Spaces) given by

Ox;y(V, f) = Map(BV, BX)Bf .

By definition, ax(V, f) is equivalent to BCx(g(V)) for any g : V' — X contained in the
conjugacy class f.
Evaluation at the basepoint of BV gives a map

Oéx(v, f) — BX
which is natural in (V] f) [10, §6]; together these induce a map
ay : hocolimay — BX .

In this section we will prove the following theorem.

8.1 Theorem. For any p-compact group X the map ay : hocolimay — BAX induces an
isomorphism on mod p cohomology.

Remark. This is called a homology decomposition theorem because it shows how to express
BX up to mod p homology in terms of classifying spaces of other p-compact groups; if X
has trivial p-compact center, these other p-compact groups will be strictly smaller than
X (cf. proof of 9.10). A decomposition theorem like this was first proved for classifying
spaces of compact Lie groups in [14]. We will follow the more algebraic treatment from
[10].
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Proof of 8.1. Let R denote the object H'BX of the category K of unstable algebras over
the mod p Steenrod algebra, and let A r be the category whose objects are the pairs (V, g),
where V' is a nontrivial elementary abelian p-group and g : R — H*BV is a map in C which
makes H*BV into a finitely generated R-module. A morphism (V,g) — (V',¢’) in this
category is an injection i : V' — V' such that (Bi)*-¢’ = g. Let TV : K — K be the functor
which is left adjoint to tensor product with H*BV'; this functor is studied by Lannes in [16] .
There is a functor ar : Agp — K which assigns to (V, g) the object T'(V, R),, also denoted
Ty (R), which is the summand or “component” of TV (R) corresponding to the map g
[10, §3]. Let T — X be a maximal torus, and let S = H*BN,(7"). The monomorphism
(2.10) N,(T') — & induces a map i : R — S. Since X'/N,(T') is Fp-finite and has Euler
characteristic prime to p, the Becker-Gottlieb transfer construction (as generalized in [5])
provides a left inverse ¢ : S — R for ¢, such that ¢ is both a map of R-modules and a map
of modules over the mod p Steenrod algebra. Moreover, the object S € K has a nontrivial
“center” in the sense of [10, §4] because any discrete approximation N,(T') to N, (T) has a
nontrivial group theoretic center [10, 1.4]. By [10, 1.2], then, the natural map R — limap
is an isomorphism, and the higher limits lim® ag vanish for 7 > 0. (Note that these higher
limits are calculated in the category of graded mod p vector spaces.)

For any elementary abelian p-group V there is a map ® from the set of conjugacy classes
of homomorphisms f : V — X to the set of K-maps g : H'BV — R; the map ® assigns
to f the cohomology map (Bf)* induced by Bf. According to [16, 3.1.4] the map ® is a
bijection. Since a homomorphism f : V' — X is a monomorphism if and only if ®( f) makes
H*BV into a finitely generated module over R (2.4), it follows that ® gives an isomorphism
of categories ® : Ay — Ap.

If V is an elementary abelian p-group and f : V — X is a homomorphism, then
the mapping space component Map(BV,BX)gy is the classifying space of a p-compact
group and so in particular it is F,-complete and has finite dimensional mod p cohomology
groups. By [16] then, the natural map Ay : T(V, R)g(y) — H" Map(BV,B&X)p; is an
isomorphism; here Ay is adjoint to the map on cohomology induced by the evaluation map
BV x Map(BV,BX)g; — BX. These isomorphisms combine to give a natural equivalence
from the functor ag to the composite H* (ax) - @. It follows then from the remarks above
about a g that lim’ H*(ay) = 0 for i > 0 and that the natural map lim H* (ax) — H*(BX)
is an isomorphism. The theorem can now be derived by a straightforward application of
the spectral sequence of [3, XII, 5.8]; recall that this is a first quadrant spectral converging
to H* (hocolim ax) which at E? contains the groups lim* H*(ay). O

The above proof of 8.1 reveals a few properties of Ay which we will use later on.

8.2 Proposition. If X is a p-compact group, then the nerve (or underlying space [3, XI,
§2]) Nerve(A x) of the category A x has the mod p (co-)homology of a point.

Proof. An inspection of [3, XI, §6] shows that H’ Nerve(A y) is isomorphic to lim" 3, where
 is the constant functor on A%’ with value F,. Since ( is naturally equivalent to the

functor H®(avy), this proposition follows from the vanishing result referred to in the proof
of 8.1. [



24 W. DWYER AND C. WILKERSON

8.3 Proposition. If X is a p-compact group, then A y is equivalent to a category with a
finite number of objects and a finite number of morphisms between any two objects.

Proof. By definition the set of morphisms between any two objects of A y is finite, so it is
enough to show that up to isomorphism A y has only a finite number of objects. As in the
proof of 8.1, such objects correspond to pairs (V,g), where V is a nontrivial elementary
abelian p-group and g : H'BX — H*BV makes H*BV a finitely generated module over
H*BX. Since H*BAX is a finitely generated, i.e. noetherian, algebra over F,, an elementary
Poincaré series argument shows that any such pair (V, g) must have the Krull dimension
of H* BV (which equals rkg, V') less than or equal to the Krull dimension of H"BX’; in
particular, up to isomorphism there are only a finite number of possible V. For any given
V, a K-map g : HHBX — H*BV is determined by the images under g of some finite set
of algebra generators for H*BX'; since H*'BV is finite in each dimension, there are only a
finite number of choices for these images. [

§9. AN INDUCTIVE PRINCIPLE AND THE “SULLIVAN CONJECTURE”

In this section we will describe an inductive principle which can sometimes be used in
conjunction with 8.1 to prove statements about p-compact groups. We then show that the
principle leads to a proof for p-compact groups of an analogue of Miller’s Theorem (the
“Sullivan Conjecture”) [17].

9.1 Definition. A class Cl of p-compact groups is said to be saturated if it satisfies the
following five conditions.

(1) Clis closed under equivalences, in the sense that if f : X — ) is a homomorphism
of p-compact groups which is an equivalence, then X € Cl if and only if ) € Cl.

) The trivial p-compact group belongs to CL

) If the identity component X; of X is in Cl, then X € CL.

) If X is connected and X' /C¢(X) € Cl, then X € CL

) If X is connected, C°(X) is trivial, and Y € Cl for all p-compact groups Y such
that cdp, YV < cdp, &, then X € CL

9.2 Theorem. Any saturated class Cl contains all p-compact groups.

Proof. We will work by induction on cdg, X to show that X € Cl. If cdp, X = 0 then
X1 is contractible and X € Cl by the first three conditions. Suppose that cdg, & > 0 and
that Y € Cl for all Y with cdr, YV < cdr, X. Let C be the p-compact center of X;. Then
X;/C € Cl by (5), X1 € Cl by (4), and hence X € Cl by (3). O

9.3 Theorem. (Sullivan conjecture for p-compact groups) Let X be a p-compact group
and U a space which is Fj,-complete and F,-finite. Then inclusion of constant maps gives
an equivalence U — Map(BX,U).

Before proving 9.3 we will list a few lemmas. If X and U are spaces, write “X 1L U” if
inclusion of constant maps gives an equivalence Y — Map(X',U). The first three lemmas
are relatively elementary.

9.4 Lemma. [2, §2-3] Let F — & — B be a fibration. If ¥ L U and B L. U then &€ L U.
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9.5 Lemma. Let C be a category and F' : C — (Spaces) a functor. If Nerve(C) L U and
F(c) LU for each object ¢ of C, then hocolim F' | U.

Proof. See [3, XII, §4] and observe that the homotopy limit of a constant functor on C
with value U is the space Map(Nerve(C),U). O

9.6 Lemma. [12, 11.13] If U is an Fj,-complete space and X — ) is an F,-equivalence,
then X | U if and only if Y L U.

9.7 Lemma. If X is a p-compact toral group and U is a space which is F,-complete and
F-finite, then BX 1 U.

Proof. By density (3.4) we can assume instead that X" is a p-discrete toral group. In this
case X is an increasing union of finite p-groups [12, 6.19], and BX is equivalent to the
corresponding sequential homotopy colimit of classifying spaces of finite p-groups [3, XII,
3.6]. Since BG L U for any finite p-group G by Miller’s Theorem, the lemma follows from
95. O

Let CI be the class of all p-compact groups X such that BX 1 U for each space U
which is F,-complete and F,-finite. It is clear that Cl satisfies (1) and (2) of 9.1. In order
to complete the proof of 9.3, i.e., to show that Cl is the class of all p-compact groups, it is
enough by 9.2 to prove the following three propositions. In each of them X is a p-compact
group and U is a space which is Fj,-complete and F,-finite.

9.8 Proposition. If B(X;) L U, then BX L U.

Proof. There is a fibration sequence BA; — BX — BmpX'. Since BmoX L U by [17], the
proposition follows from 9.4. [J

9.9 Proposition. Suppose that X is connected and that Z = X /C¢(X). If BZ 1 Y,
then BX 1 ).

Proof. There is a fibration sequence BC°(X) — BX — B). Since BC°(X) L Y by 9.7,
the proposition follows from 9.4. [J

9.10 Proposition. If X is connected, C°(X) is trivial, and BY 1 U for all Y such that
Cde V< Cde X, then BX 1 U.

Proof. Let f : V — X be a monomorphism with V' a nontrivial elementary abelian p-
group. Since C°(X) is trivial the homomorphism f cannot be central, and so (by 4.6)
cdr, Cx(f(V)) < cdr, X. It follows that ax(V, f) L U for each object (V, f) of Ax, and
so hocolimay L U by 8.2 and 9.5. By 9.6, BX L U/. [

§10. A FEW TECHNICAL RESULTS

In this section we begin by proving a collection of results which are more or less imme-
diate corollaries of 9.3. Some of these are interesting because they are generalizations for
arbitrary p-compact groups of results that were previously known only for p-compact toral
groups. We finish by giving a splitting result (10.7) for extensions of a p-compact torus by
a connected p-compact group in adjoint form; this will be used in the proof of 11.7.
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10.1 Proposition. (cf. [12,6.1and 5.3]) If f : X — Y is a trivial homomorphism between
p-compact groups, then f is central.

Proof. Let f : BA — B) be the constant map. The proposition follows from the fact that
the loop space 2 Map(BX,BY); is equivalent to Map(BX', ), which, by 9.3, is in turn
equivalent to ). [

10.2 Proposition. (cf. 2.6) A homomorphism f : X — ) between p-compact groups is
central if and only if there is a homomorphism p : X x )Y — Y which restricts to f on
X x {1} and to the identity on {1} x ).

Proof. This is the same as the proof of [12, 8.6]. If f is central then an evaluation map

gives the required homomorphism p. If p exists, then it induces an equivalence between
Cy(f(X)) and Cy(g(X)), where g : X — )Y is the trivial homomorphism. This second
centralizer is equivalent to ) by 10.1. [

10.3 Lemma. (cf. 3.5) Let

moxlhyszom

be a short exact sequence of p-compact groups and g : ) — U a homomorphism such that
g- f is a trivial homomorphism. Then up to homotopy there is a unique homomorphism g’ :
Z — U which extends g, and the natural map Cy(g'(Z)) — Cy(g())) is an equivalence.

Proof. This is the same as the proof of [12, 7.5]. Let h : X — U be the trivial homomor-
phism. The idea is to express the space of maps BY — BU which up to homotopy are
trivial on BX" as the space of sections of a fibration over BZ with fibre Map(BX, BU)gp,
and then to use 10.1 to identify this fibration as the product BZ x BUU — BZ. [

10.4 Proposition. Suppose that

{1}—>X—>yi>Z—>{1}

is a short exact sequence of p-compact groups, and that g : U4 — Y is a central homomor-
phism of p-compact groups. Then the composite f -g:U — Z is also central.

Proof. By 10.2 it is enough to construct an appropriate homomorphism p: U x Z2 — Z.
Consider the corresponding homomorphism &/ x ) — ) which expresses the fact that
g is central. The adjoint of the associated map of classifying spaces is a map BU —
Map(BY, BY);q which induces (by composing points in the target with Bf) a map BU —
Map(BY,BZ)gs. By 10.3, however, Map(BY,BZ)gs is equivalent via precomposition
with Bf to Map(BZ,BZ);q, and it is easy to check that the adjoint of the resulting map
BU — Map(BZ,BZ);q gives the required homomorphism p. O

10.5 Proposition. Let
f
{1} - X =Y — Z — {1}
be a short exact sequence of p-compact groups, U a p-compact group, and g : U4 — X a
homomorphism. Then
(1) if f - g is central then g is central, and
(2) if g is central and Z is connected then f - g is central
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Proof. Let h : U — Z denote the trivial homomorphism. Evaluation at the basepoint of
BU gives a map of fibration sequences

F ——— Map(BU,BY)p(f.q) — Map(BU,BZ)px

| d g
BX — BY — BZ

where F denotes the space of maps from BU to BA which after composition with Bf are
homotopic to B(f - g). Note that if F is connected then F = Map(BU,BX')g,. By 10.1
the map c is an equivalence. It follows that if b is an equivalence if and only if a is an
equivalence. If f - g is central then b is an equivalence, so that a is an equivalence, F is
connected, and g is central. This gives (1). If Z is connected then F is connected by the
long exact homotopy sequence of the upper fibration; thus if ¢ is central, the map a is an
equivalence, so b is an equivalence too and f - g is central. This gives (2). O

10.6 Lemma. Suppose that X — Y — Z is a fibration sequence of F,-finite spaces, such
that Z is connected and the action of m1Z on H, X is nilpotent. Then x()) = x(X)x(Z2).

Proof. Tt follows from [12, 4.13] that the desired multiplicativity holds in E? of the fibration

Serre spectral sequence, and a standard inductive argument shows that this persists to
E>~. O

Remark. Lemma 10.6 does not necessarily hold for a general fibration sequence of F,-finite
spaces. For example, let p be odd and consider the fibration

S? - RP? — RP™
The mod p cohomology Euler characteristics of base and total space are 1, while that of
the fibre is 2.
10.7 Proposition. Suppose that

{1} - X —=>Y - A— {1}

is a short exact sequence of connected p-compact groups, where X has a trivial p-compact
center and A is a p-compact torus. Then the sequence is equivalent to the product sequence

{1} 2 X X xA— A—{1}.

Proof. Let T be a maximal torus for Y and 7' — T a discrete approximation. Let f be the
composite T — Y — A, and denote ker(f) by K and T/K by Q. Let K and Q denote the
closures of K and Q respectively. Observe that Q, as a quotient of T, is a p-discrete torus
and hence that ) is a p-compact torus. There is a commutative diagram of loop spaces
and homomorphisms (3.5)

< — N
D;%@(

K
X
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which on passing to closures gives a map of short exact sequences

{1} K > T Q » {1}
(10.8) l l l
{1} X r Y A » {1}

By construction the map () — A has trivial kernel, and so Q — A is a monomorphism
(3.6). The composite K — X — ) has trivial kernel (since T — ) is a monomorphism)
and so K — X has trivial kernel and K — X is a monomorphism. Taking vertical
homotopy fibres in the diagram of classifying spaces induced by 10.8 gives a fibre sequence

X/K —=Y/T — A/Q

in which all three spaces are F-finite and in which it is straightforward to verify that the
fundamental group of the base, which is a quotient of 71 A, acts nilpotently on the homology
of the fibre. By multiplicativity of Euler characteristic (10.6), x(V/T) = x(X/K)x(A/Q).
Since x(Y/T) # 0, it follows that x(X/K) # 0 # x(A/Q) and hence (2.15) that @ is
a maximal torus for A and (use in addition 10.6) that the identity component K; is a
maximal torus for X. Since A is itself a p-compact torus, the uniqueness property of
maximal tori implies that the map Q — A is an equivalence. As in 3.8, K is a product of
a p-compact torus and a finite abelian p-group; since X’ is connected and a maximal torus
in a connected p-compact group is self-centralizing [12, 9.1|, we conclude that the finite
abelian p-group factor is trivial, K is connected, and K itself is a maximal torus for X.

Let C — T be the p-discrete center of Y (6.7). By 7.5, C' = N,o(s), where s runs
through all reflections in the Weyl group W of ). By 10.5 the intersection C' NK is trivial,
since X has a trivial p—dlscrete center. Let 7% be the fixed point set of the conjugation
action of W on T and T, nrm the image of the norm map T — T which sends an element
of T to the sum of its W- conjugates. Then anm C TW, C C TW, the quotient ™ / anm
is finite because it is annihilated by |[W/|, and T% /C is finite by 7.7. The quotient 7' — Q
is clearly equivariant with respect to the conjugation action of W on T and the trivial
action of W on Q Under this trivial action of W on Q, the norm map Q — Q is just
multlphcatlon by |W| and so is surjective, because Q is divisible. As a consequence, the
composite Toern — T — Q is surJectlve Since Q has no proper subgroups of finite index, it
follows that the maps TW — @ and C — Q are surjective too, this last map in fact being
an isomorphism because as mentioned above the intersection C'N K is trivial. Passing to
closures shows that the homomorphism ) — A induces an equivalence C°())) — A. The
composite homomorphism C¢()) x X — C¢()) x ¥ — ) (where the second map comes
from 2.6) is the required equivalence of ) with C°(Y) x & 2 A x X. It is easy to check
that this equivalence is compatible with the original short exact sequence. [J

§11. HOMOTOPY CENTERS

In this section we will prove 1.3. Let X be a p-compact group. The multiplication
homomorphism (2.6):
pe : CH(X) x X — X
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gives a classifying space map Bpu. : BC°(X) x BX — BX. The adjoint of By, is a map
BC¢(X) — Map(BX,BX);q4, or equivalently a loop space homomorphism jy : C°(X) —
CP(X). This is the homomorphism which will turn out to be an equivalence.

11.1 Remark. Let X be a p-compact group. The construction in [12, proof of 8.3] shows
that the fibration sequence BC°(X) — BX — BX,q extends one step further to the right
to give a fibration sequence

(11.2) BX — BX,q — B?C%(X).
It follows directly from Theorem 1.3 that 11.2 is equivalent to the universal fibration
BX — & — B(Aut(BX)ia)

with fibre BX over a simply connected space; in particular, the total space of this universal
bundle is BX, 4.

The next proposition shows that in order to prove that jy is an equivalence it is enough
to prove that C%(X) is a p-compact group.

11.3 Proposition. Suppose that X is a p-compact group and that C*(X) is a p-compact
group. Then the map jx : C°(X) — CP(X) is an equivalence.

Proof. The composition operation on Map(BX,BX)iq gives a homomorphism C!(X) x
CR(X) — CP®(X) which shows (10.2) that C?(X) is abelian and hence (5.2) that C*(X
is a p-compact toral group. Consider the evaluation map

By, : BCP(X) x BX = Map(BX,BX);q x BX — BX.
This induces a homomorphism p;, : C*(X) x X — X whose restriction to C*(X) x {1}

is a central homomorphism C®(X) — X (2.6). By 6.1 this central homomorphism lifts
uniquely to a homomorphism ky : C*(X) — C°¢(X). The homomorphism diagrams

Chx)xx 1y x CX)x X — s X
k‘xXidJ{ idJ/ jxXid idJ/
CoX)x X —— s X ChX)x X s x

commute up to homotopy, the first by the uniqueness provision of 5.3 and the second
by construction. It follows directly that jx - kxy : C*(X) — CP(X) is homotopic to the
identity, and from the uniqueness provision of 6.1 that ky - jx is also homotopic to the
identity. [

The above proof also gives a slightly more specialized result which we will use later on.
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11.4 Proposition. Suppose that X is a p-compact group, and that the identity com-
ponent CP(X); is a p-compact torus. Then the restriction of jx : C°(X) — CMX) to
identity components gives an equivalence C¢(X); — C®(X);.

Let Cl be the class consisting of all p-compact groups X such that Ch(X ) is a p-compact
group. By 11.3, Theorem 1.3 is equivalent to the statement that Cl contains all p-compact
groups. It is clear that Cl satisfies (1) and (2) of 9.1. By 9.2, then, in order to prove 1.3 it
is enough to prove the following three propositions. In each one, X is a p-compact group.

11.5 Proposition. If C%(X}) is a p-compact group, then so is C*(X).

11.6 Proposition. Suppose that X is connected, and let C = C(X). If C*(X/C) is a
p-compact group, then so is CP(X).

11.7 Proposition. Suppose that X is connected, and that C¢(X) is trivial. If C*(Y) is
a p-compact group for each p-compact group Y with cdg, Y < cdp, X, then Ch(X) is a
p-compact group.

The proofs of 11.5 and 11.6 amount to fairly standard homotopy theoretic calculations;
in order to organize these calculations we set up some notation.

If U is a space, let Aut(U) denote the space of (unpointed) self homotopy equivalences
of U; this is a loop space, and B Aut(i/) is the classifying space for fibrations with fibre
equivalent to Y. If f : & — B is a fibration, let Aut(f) denote the space of commutative
diagrams

E — €&
(11.8) fl fl

B —— B

in which both of the horizontal arrows are equivalences. Let Autg(f) denote the subspace
of Aut(f) consisting of diagrams as above in which the map B — B is the identity. The
spaces Aut(f) and Autg(f) are loop spaces such that B Aut(f) and B Autg(f) classify
certain types of iterated fibrations [7].

If X and Y are spaces let [X, )] denote mo Map(&X',)). Suppose that B is a connected
space and that f : £ — B is a fibration with fibre . We will denote by ¢(f) the element of
[B,B Aut(F)] consisting of classifying maps for f, and by C(f) the subset of [B,B Aut(F)]
obtained by taking the orbit of ¢(f) under the precomposition action of w9 Aut(B) on
(B, B Aut(F)].

11.9 Proposition. [7] Let f : £ — B be a fibration with fibre F over the connected space
B. Then there is a fibration sequence

Map(B, B Aut(F))c(s) — BAut(f) — BAut(B).

Remark. The above fibration sequence is associated to the composition action of Aut(B5)
on Map(B, B Aut(F)c(s).-

If X and U are spaces with U connected, let Map(X,U)o denote the subspace of
Map(X,U) consisting of maps which are homotopic to constant maps. Write X 1o U
if inclusion of constant maps gives an equivalence U — Map(X, U)o (cf. §9).
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11.10 Proposition. Suppose that B is a connected space, that f : £ — B is a fibration
with fibre F, and that F 1o B. Then the forgetful map u : Aut(f)iq — Aut(€)iq (cf. 11.8)

is an equivalence.

Proof. Let Autp(f)fida.y denote the subspace of Auts(f) consisting of maps of £ over
B which as maps of £ are homotopic to the identity, and let Aut(f)(iq, iz} denote the
subspace of Aut(f) consisting of commutative diagrams 11.8 in which the upper arrow is
homotopic to the identity map of £ and the lower one to the identity map of B. Consider
the map of fibration sequences

i

Auts(f) ey — AW(f){ide,idgy — Aut(B)ia

Auts(f) ey ——  Aut(€)a  —— Map(E, B);

in which v’ like u is a forgetful map and the maps v and w are given by composition with f
(on the left and right, respectively). Since F Lo B, the argument used in the proof of 10.3
shows that v is an equivalence. The fibration sequence then shows that u is an equivalence
and also that the domain of u, being connected, is the identity component Aut(f)iq of

Aut(f). O

The next two lemmas are proved by direct homotopy group calculation, and depend on
the following observation.

11.11 Remark. A connected space U is the classifying space BG of a p-compact toral group
G if and only if

(1) mU is a finite p-group,

(2) moU is a finitely generated free module over Z, (since Z, is a principal ideal
domain, this is equivalent to the condition that molf be a finitely generated torsion
free module over Z,) and

(3) m(U) = {0} for i > 2.

If U is both a loop space and the classifying space of a p-compact toral group then U is
the classifying space of an abelian p-compact toral group (2.6).

11.12 Lemma. Suppose that Y is a connected space with H'Y finite for i = 1,2 and
H! (V,Z,) = 0. Let U be connected space such that QU is the classifying space of a p-
compact toral group and let f : Y — U be a map. Then each component of Q Map(),U) ¢
is the classifying space of a p-compact toral group.

11.18 Remark. The above lemma applies if ) = BX for a p-compact group X.

11.14 Lemma. If G is a p-compact toral group, then Aut(BG)iq = BC"(G) is the clas-
sifying space of a p-compact toral group.

Proof of 11.5. By 11.3, C"(X}) is a p-compact toral group. The fibration

f
B(X;) — BX = BmpX
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satisfies the conditions of 11.10, so the map
Aut(f)iq — Aut(BX)jq = BC"(X)

is an equivalence. Looping down the fibration sequence from 11.9 then gives a fibration
sequence for BC®(X) in which the fibre is a disjoint union of classifying spaces of p-compact
toral groups (11.12) and the base is Aut(BmgX)iq = BC, where C' is the center of moX. It
follows from the long exact homotopy sequence of a fibration (cf. 11.11) that BC*(X) is
the classifying space of a p-compact toral group. [

Proof of 11.6. The fibration

f
BC°(X) — BX — B(X/C°(X))
satisfies the conditions of 11.10 (see 10.1), so the map
Aut(f)iq — Aut(BX)jq = BC"(X)

is an equivalence. Looping down the fibration sequence from 11.9 then gives a fibration
sequence for BC"(X) in which the base is contractible (6.3, 11.3) and the fibre is the clas-
sifying space of a p-compact toral group (11.12, 11.13). This gives the desired result. [

To prove the final proposition we will need a concept from [6]. A map f: X — Y
of spaces is said to be centric if composition with f induces an equivalence Aut(X)iq —
Map(X,));.

11.15 Lemma. Let X be a p-compact group, V an elementary abelian group, f : V — X
a monomorphism, and i : Cx(V) — X the induced monomorphism. Then the map
Bi:BCx (V) — BX is centric.

Proof. This is the same as the proof of [6, 4.2]. The rough idea is that, since V is cen-
tral in Cx(V), the centralizer of Cx (V) in X is the same as the centralizer of Cx (V)
in the centralizer of V' in X. Encoding this in mapping space terms gives the stated
equivalence. [

The following is clear from the complex given in [3, XI, §6] for computing higher derived
functors of the inverse limit.

11.16 Lemma. Let A be a category, R a noetherian ring and a : A — (R-modules) a
functor. Suppose that A is equivalent to a category with a finite number of objects and a
finite number of morphisms between any two objects, and that «a(z) is a finitely generated
R-module for any object x of A. Then lim" o is a finitely generated R-module for each
1> 0.

Proof of 11.7. The Fp-equivalence ax of 8.1 gives an equivalence [12, 11.3]

aﬁ : Map(BX', BX) — Map(hocolim ay, BX) .



CENTER OF A p—-COMPACT GROUP 33

As explained in [3, XII, §4] the target of this equivalence is the same as holim Sy, where
Bx : Ax — (Spaces) sends (V, f) to Map(ax(V, f), BX). For each object (V, f) of Ay let

ev,f - Oéx(v, f) = Map(BV, BX)Bf — BX

be given by evaluation at the basepoint of BV. The definition of ay implies that aﬁ carries
the component Aut(BX')iq of Map(BX,BX) to the basepoint component of holim g,
where for each object (V, f) of Ay, 5% (V, F) is the pointed space given by

ﬁi\f(va F) = Map(aX(V7 f)7 BX)

ev,f

Since C°(X) is trivial, each space ax(V, f) is the classifying space of some p-compact
group Y with cdr, YV < cdr, & (cf. proof of 9.10). Consequently, by 11.3 and the given
hypotheses, Aut(ax(V, f))ia is the classifying space of a p-compact toral group, in fact,
of an abelian p-compact toral group (11.11). By 11.15, each space (% (V, f) is also the
classifying space of an abelian p-compact toral group. There is a second quadrant homotopy
spectral sequence [3, XI, §7] [1]

Eiz’j = llmil Wjﬁlx = Tj—q hohmﬂ'X = Tj—4 Aut(BX)id = Wj,iBCh(X)

The E2-term of the spectral sequence has these properties:
(1) E}; =0 for j > 3, because ;8% (V, f) = 0 for all (V, f) and all j > 3.
(2) E§, = limmyBh C v p) m2B%(V; f) is a torsion-free module over Z,, because
m2B% (V, f) is a torsion-free module over Z, for each (V, f).

(3) E?, is a finitely generated module over Z, for j = 1,2 and all i < 0, by 8.3 and
11.16.

It follows from these observations and the structure of the spectral sequence that 7; Aut(BX )iq =
0 for i > 3, that m Aut(BX)iq is a finitely generated torsion-free (equivalently, free) mod-
ule over Z,, and that m; Aut(BX);q is a finitely generated module over Z,. (Note that
this fundamental group is necessarily abelian, because Aut(BX) is a loop space.) We will
be done if we can show that m; Aut(BX)iq is finite, since then Aut(BX)iq = BCP(X)
will be the classifying space of a p-compact toral group. It is clear in any case that the
identity component C®(X); is a p-compact torus, since the nonzero homotopy of this com-
ponent consists at most of a single finitely generated free module over Z, in dimension 1.
Since C¢(X) is trivial by assumption, it follows from 11.4 that C®(X); is contractible, and
hence that Aut(BX),q is of type K (M, 1) for some finitely generated module M over Z,.
Therefore B(Aut(BX);q) is of type K(M,2). We will prove directly that M = 0, which is
certainly enough to show that M is finite. Pick a homomorphism Z, — M and consider
the fibration sequence
BX — & — K(Z,,2)

obtained from the induced map K(Z,,2) — K (M, 2) by pulling back the universal fibration
over K(M,2) = B(Aut(BX);q). This gives a short exact sequence of p-compact groups
which by 10.7 is a product sequence. This implies that the above fibration is a product
fibration and, by the meaning of universality, that the homomorphism Z, — M is trivial.
Since this is true for any homomorphism Z, — M, M itself is trivial. O
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§12. RELATIONSHIP TO LIE GROUPS

In this section we will prove 1.4; this gives one explicit connection between the theory
described in this paper and the homotopy theory of compact Lie groups.

Let G be a compact Lie group and C?(G) the algebraic center of G, so that C*(G) is a
compact abelian Lie group. The multiplication homomorphism C?(G) x G — G induces
a map on classifying spaces whose adjoint is a map e; : BC*(G) — Map(BG, BG)iq (cf.
[15, §4]). This is the natural map referred to in the statement of 1.4.

Recall from §2 that if G is compact Lie group with moG a p-group, G denotes the p-
compact group obtained from G by F,-completion. There is a natural homomorphism

0:G— G.

12.1 Lemma. Let G be a connected compact Lie group, A a p-discrete toral group, and
f: A — G a homomorphism. Then the maps

h ~
Map(BG, BG)id — Map(BG, BG)35
k ~
Map(BA, BG)Bf — Map(BA, BG)B((;.f)

induced by composition with § are Fj-equivalences.

Proof. We will only treat the map h; the case of the map k is similar but simpler. Let
Comp};p (BG) denote the product [],,, Compg (BG). By [15, 3.1], the completion map

e: BG — Comp'Fp (BG) combines with Bd to give an F,-equivalence
Map(BG, BG)iq — Map(BG,BG) ps x Map(BG, Compp (BG)).
To finish the proof it is enough to show that the space

(12.2) Map(BG, Compg (BG)): = | [ Map(BG, Compg, (BG)),
qF#p

has the mod p homology of a point, where ¢, : BG — Compy_ (BG) is the F,-completion
map. However, as described in [12, 11.10] each completion map ¢, induces an equivalence

Map(Compg, (BG), Compg (BG))ia — Map(BG, Compg, (BG))

€q

whose domain, by 1.3, is the classifying space of an abelian ¢g-compact group. It follows
that the space in 12.2 is a nilpotent (even simple) space with uniquely p-divisible homotopy
groups, and thus has the desired acyclicity property. [

12.3 Lemma. Suppose that GG is a connected compact Lie group and K a subgroup
of G such that mgK is a p-group and the inclusion K — G induces an isomorphism
H*BG — H*BK. Then K = G.

Proof. It follows from application of the Eilenberg-Moore spectral sequence or the fibre
lemma [12, 11.7] to appropriate path fibrations that the map K — G is an Fj,-equivalence.
Since K and G are both orientable manifolds, this implies that K and G have the same
dimension; the fact that G is connected now easily gives K = G. [
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12.4 Lemma. (15, A.4] Suppose that G is a connected compact Lie group, K a subgroup
of G which is a finite p-group, and C' the centralizer of K in G. Then wyC' is a finite
p-group.

12.5 Theorem. Suppose that G is a connected compact Lie group and i : K C G a
subgroup of G which is a finite p-group. Then K lies in the center of G if and only if the
composite K — G — G is central.

Proof. If K lies in the center of G, then applying the F,-completion functor to the map of
Cla,ss1fy1ng spaces induced by the multiplication map K x G—G gives the homomorphism
K xG — G required for showing that K — G is central (2.6). If K — G is central, consider
the square

Map(BK, BG)p; —— Map(BK, BG)gs.i)

! l

BG — BG

where the vertical maps are induced by evaluation at the basepoint of BK. Here the
two horizontal maps are Fp-equivalences (the upper one by 12.3) and the right hand map
is an equivalence by assumption. It follows that the map Map(BK,BG)p; — BG is an
isomorphism on homology. Let H be the centralizer of K in G. The main result of [13]
implies that the natural map BH — Map(BK, BG)g; is an Fj-equivalence, and it follows
that the inclusion H — G induces an F,-equivalence BH — BG. By 12.4 and 12.5, then,
H=G. O

12.6 Lemma. Let G be a connected compact Lie group and C' the subgroup of C*(QG)
given by elements whose order is a power of p. ( We are treating C as a discrete group).
Then the composite homomorphism C — G — G is a p-discrete center for G.

Proof. Let T' — G be a Lie-theoretic maximal torus for G; as in 2.16, the induced homo-
morphism 7' — @G is a maximal torus for G. Let T be the subgroup of T' given by elements
with order a power of p. The composite of the inclusion T — T with the completion map
§ : T — T is a discrete approximation for 7. By ordinary Lie group theory, C*(G) is
contained in T and so C is the set of elements & € T such that z lies in the center of G. By
12.5 this is the same as the set of elements 2 € T such that the composite (x)y — T — G
is central; by 6.4 and 6.7, this set is the p-discrete center of G. O

Proof of 1.4. It is enough to show that for each prime p the map e; : BC*(G) —
Map(BG, BG)iq is an Fp-equivalence. Fix p as usual, and let C' C C*(G) be the group of
elements of order a power of p. There are maps

u el h ~ = ~ ~
BC — BC?*(G) — Map(BG, BG)iq — Map(BG, BG) gs +— Map(BG, BG)iq

where u is induced by the inclusion C' — C?(G), h is given by composition with B, and
the last equivalence is also induced by composition (on the other side) with Bj. A straight-
forward argument using 1.3 and 12.6 shows that the composite BC' — Map(BG, B@) Bs 18
an F)-equivalence. By inspection the map u is an F,-equivalence (recall that C*(G) is the
product of a torus and a finite abelian group), and by 12.1 the map h is an F,-equivalence
too. It follows that e; is an Fp-equivalence. [
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