Math 265, Spring 2002

Solution for Practice Exam of First Midterm

1.(6 points)

(8 Therank is3. The number of columnsis 3. Therefore, the nullity of Ais3 — 3 = 0.

(b) Theleading onesin rref(AT") are contained in the first row, the second one and the third one. We can pick them
upasabasis;ie, {[1 2 0], [3 6 —1], [5 9 6]}
(c) Thedimension of row spaceis 3. Therefore, it spansthewhole R 3. Any vector isin its row space.

2.(6 points) The augmented matrix is

1 2 —a2 @ 1 1 2 —a2 1 1 1 —a2 1
1 1 =5 al|l =0 -1 «2-=5 a—1l =10 1 —a?+5 —a+1
01 1 -1 0 1 1 -1 0 0 a?2—14 a—2

Look at the last equation.

(& If a # 2, -2, wecan solve xs, then 2o, x1. The solution isunique. Therefore, when a # 2, —2, the system has
the unique solution.

(b) If a = —2, then the third equation becomes

0=-4
Therefore, the system has no solution.
(c) If a = 2, then the system becomes
xr1 + a9 = 2
xo +4x3= 1
0= 0
There are infinitely many solutions.
3.(3 points) Theaugmented matrix is
1 -1 1 —1 1 -1 1 -1 1 -1 1 -1
2 =3 1 —4 0o -1 -1 -2 0o -1 -1 —2
= = = t=10
3 -5 1 -7 0 -2 -2 —4 0 0 0 0
-2 6 2 t 0 4 4 t—2 0 O 0 t — 10



4.(4 points) The column matrix is

N W N~

The columns containing leading ones are the first and the second. Therefore, one of basesfor W is

5.(6 points)
(@) (2poaints)

(b) (4 points)

-1 -2 -3
2 5 6
1 3 3

Thelast equationis

=

-2 1
-4 3
-6 -1
-4 4

Hence, there is no solution.

6.(4 points)

1 2 3
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7.(4 points)
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(@ (2points)

1-2 —1
1 2 2
r(B)) =124 =8
1+1 2
(b) (2 points)
Solvethe system in variables a; and as
a; — 2a9 1
2&2 _ 0
a1 —as | |1
aj + as 0
The augmented matrix for this systemis
1 -2 1 1 -2 1 1 -2 1 1 -2 1
0 2 0 0 2 0 1 0 0 1 0
1 -1 1 0 1 0 0 1 0 0 O 0
1 1 0 0 3 —1 0 3 —1 0 0 -1
Thelast equationis0 = —1. Therefore, thereis no solution.
8.(4 points)
10 0 1 0 0 1 0 O
r_ |-1 2 3 0o 2 3 0 1 3/2 _
A _9 _9 _3 0 -2 3= 1o 0 ol|= row rank = 2.
2 4 6 0 4 6 0 0 O
9.(4 points)
1 -2 01 0 -3 1 0 0 1 0 O0f|-1 0 Of]—-1 -2 =3 1 0 0
0O 1 0]]0 1 O O 1 O0ff-2 1 00 1 02 5 6|=1]0 10
0O 0 1j1]0 0 1 -1 0 1 0 0 1 0 0 1 1 2 4 0 0 1
Therefore,
1 -2 0 (1 0 -3 1 0 0 1 o] (-1 0 O
A'=10 1 o||0 1 o0 1 o/|-2 1 0[]0 10
0O 0 1j1]0 0 1 -1 0 1 0 1 0 0 1
10.(3 paints)
2 3 5 0 1 1 5 2 5 01 1112 3 5 12 0 9
AB=1|5 -2 9 0 0 1|l=19 5 3{,BA=1|0 0 1| |5 =2 9| =|7 2 0
7 2 0 1 00 0 7 9 1 0 0f[|7 2 O 2 35

Hence, AB # BA.



11.(6 points)

(& (1 points) True.
(b) (1 points) True.
(¢) (1 points) True.
(d) (1points) True.
(e) (1 points) True.
(f) (1 points) True.

12.(4 points)

(@ (1 points) False. The vectorsin the set do not belongsto R 3.

(b) (1 points) True.

(¢) (1 points) False. The number of vectorsin the set is more than the dimension.
(d) (1points) True.

13.(6 points)

(&) (1 points) True. It isclosed under +, -.
(b) (1 points) False. It isnot closed under +, -.
(¢) (1 points) False. It isnot closed under +, -.
(d) (1 points) False. It isnot closed under +, -.
(e) (1 points) True. Itisclosed under +, -.
(f) (1 points) True. It is closed under +, -.

14.(6 points) First of al, the null space W' is

The dimension of W is 2.

(@) (1 points) False. The number of elements of abasisis 2.
(b) (1points) True.
—4

(©) (1points) False. The vector does not belongs to the null space.

6
0
—1

(d) (1points) True. Thefirst vector is ascalar multiple of the first vector in (b).

(e) (1 points) True. Both vectors belongs to the null space. They are linearly independent, too. Hence, it is a
maximal linearly independent;i.e., abasis.

(f) (1 points) False. The vectors do not belong to R*.

15.(2 points) True. They has the same dimension (3).

16.(8 points)
1 0 1 1 : 1 1 0 1 1 : 1 101 1 : 1
2 1 2 1 1/=]o 1 0 -1 : —=1/=10 10 -1 : —1
-1 -1 1 -2 : 2 0 -1 2 -1 : 3 0 0 2 -2 : 2



101 1 : 1 100 -2 1 0 T = 224
=101 0 -1 : —-1|=l01 0 -1 : —1|=7%2= za—1L
: : 3= 1.

001 -1+ 1 001 -1 + 1 Tg= Tat

where x4 is arbitrary.

17.(8 points)
(& (3points)

1 -1 =2 1 -1 -2 1 -1 -2
-2 2 4 0 0 0 0 1 1
AT=11 -2 -3 =10 -1 —-1|l=10 0 o0
0 -1 -1 0 —1 -1 0 0 0
2 -3 -5 0 —1 -1 0 0 0

The leading ones are contained in the first and the second. Therefore,
{[1 -2 1 0 2], [—1 2 -2 -1 —3]}
isabasis.
(b) (3 points) The solution for the homogeneous system is

r3 = —X4 — ITs.

{xl = 29+ x4+ 5.

Thenull spaceof A is

1 2x9 4+ x4 + T5 2o X4 Ts 2 1
T2 T2 To 0 0 1 0
r3| = —T4 — Ty = 0 + |—24| + |—25| =22 |0 +24- |—1| +25 -
T4 Ty 0 Ty 0 0 1
T Ts 0 0 x5 0 0
Therefore,
2 1 1
1 0 0
o, [-1|, |-1
0 1 0
0 0 1
isabasis of the null space of A.
(©) (2points)
1 -2 1 0 2 1 -2 1 0 2 1 -2 1 0 2
-1 2 -2 -1 -3]=—=1]|0 0 -1 -1 —-1|l=10 0 1 1 1
-2 4 -3 -1 -5 o 0 -1 -1 -1 0O 0 0 0 O

A basis for the column spaceis

(1)



18.(8 points)
(@ (2 points) Consider the homogeneous system
ar(—t3 12—t —1) +ag(t® —t* +2t — 1)+ az(~t> +t* +t —5) =0.

The augmented matrix is

-1 1 -1 0 -1 1 -1 0 1 -1 1 0

1 -1 1 0 0 0 0 0 0 1 2 0
— —

-1 2 1 0 0 1 2 0 0 0 O 0

-1 -1 -5 0 0o -2 -4 0 0O 0 O 0

The system has non-trivial solution. Hence, they are not linearly independent.
(b) (4 points) The leading ones are contained in the first column and the second one. Hence,

(342 —t—1,83 -2+ 2t -1}
isabasis.
(©) (2 points) Since the number of elements of abasisis 2, the dimension of span S is 2. It isimpossible to span
the whole P since the dimension of Ps is4.

19.(8 points)
1 0 1
(@ (2 points) Letv; = |0]|, vo = [1|, v3 = |1]|. Consider the system a1v1 + asva + agvy = v. The
1 2 1

augmented matrix is
[Vlv Va2, V3|V] ;

i.e., v attached to the column matrix [vi, vz, vs]. Then

101 : 1 101 : 1 1o 1 : 1 100 : 1/2
01 1 :1/=10o11:1=f0o1 0 : 1|=f010: 1
121 : 2 020 :1 00 -2 : -1 00 1 : 1/2

Hence, the column matrix is row equivalent to . It isabasis for R3.
(b) (4 points) Aswejust did above,
1/2
[V]s =11

1/2

(¢) (2 points) The row rank of the matrix is the same as the column rank, which is 3.



