Math 265, Spring 2002

Solution for First Midterm

1.(6 points)

(8 Therank is2. The number of columnsis 5. Therefore, the nullity of Aisb5 —2 = 3.
(b) The leading ones are contained in the first column and the third column. We can pick them up as abasis; i.e.,

1 1
{131, |2]|}
(c) Consider the augmented matrix

1 1 : 0 1 1 : 0 11 : 0

1 1: 0
3 2 1|=10 -1 : 1|=1]0o1: —=1|=1]0 1 : —1
-1 5 —6 0 6 : —6 0 6 : —6 00 : 0

It is solvable. Therefore, the vector isin the column space of A.
2.(6 points) The augmented matrix is

11 0 2 11 0o 2 11 0 : 2

1 0 -5 ¢ a| = |0 -1 a*-5 a—2 =10 1 —a’+5 : —a+2

01 4 1 o 1 4 1 00 a2—1 : a-—1

Look at the last equation.

@ If a #1,—1,wecan solve x3, then zo, x1. The solution isunique. Therefore, when a # 1, —1, the system has
the unique solution.

(b) If a = —1, then the third equation becomes

0=-2
Therefore, the system has no solution.
(¢) If a = 1, then the system becomes
xr1 + a9 = 2
To+4r3 = 1
0= 0

There are infinitely many solutions.



3.(3 points) The augmented matrix is

-1 2 3 0 1 -2 -3 0 1 -2 -3 0
3 -5 -8 +1/=o 1 1 :1|/=]o 1 1 : 1 |=>s=16
5 6 1 s 0 16 16 s 0 0 0 5s—16

4.(4 points) The column matrix is

1 -3 2 2 1 1 -3 2 2 1 1 -3 2 2 1
4 12 -8 -7 -3 00 0 1 1 0 0 01 1
3 9 6 5 2|—1lo 0 0 -1 -1|—"1Jo 0 00 0
2 —6 4 1 -1 0 0 0 —3 -3 00 000

The columns containing leading ones are the first and the fourth. Therefore, one of bases for W is

1 2
—4 -7
3’ 5 ’
2 1
5.(6 points)
(@) (3 points)
Ty 4 Ty + T3 + T4 = 1, 111 17 |™ 1 1111
T1+ 272+ 303+ 4o = 0, = [1 2 3 4 iz =l0|l=A4=1[1 2 3 4
2r1 + 3xg + 4x3 4+ 524 = 0. 2.3 4 5] 0 2345
(b) (3 poaints)
1 1 1 1 1 1 1 1 1 1 1 1 1 0 -1 -2
1 2 3 4 =101 2 3= |01 2 3|=1(0 1 1 1
2 3 4 5 01 2 3 0 0 0 O 0 0 O
Thenullity of Aisequal to4 —2 = 2.
6.(4 points)
47510:17/451/40:17/45 1/4 0
59 @0 1 5 9 : 0 1 0 1/4 : —5/4 1
Lo7/4 14 0 |1 7/4 9 T :>A_1:[_95 —47]
0 1 : —5 4] 0 1 : -5 4
7.(4 points)
(& (2points)
9 243 5
L<M>— 23] =6
2—-3 -1



(b) (2 points)

by
Given a vector [b2:| inR3. Solve a; and as
b3

a1 + ao by
2&2 = bQ .
ap — az bg

The augmented matrix for this systemis

1 1 : b 1 1 by 11 : by
0 2 @ b =10 2 by | = |0 2 : by
1 -1 : b3 0 -2 b3 — by 0 O bs + by — b1

The condition for solvability is
b3 +by — by =0.

It means that some b1, b, b3 will make the system unsolvable (for instance, by = 1,by = 1,b3 = 1). Therefore, it is
not onto.

8.(4 paints)
1 -1 3 4 1 -1 3 4 1 -1 3 4
-2 2 -5 -7l=|0 0 1 1= |0 0 1 —-1| = columnrank =2 = rowrank.
-6 6 -1 - 0o 0 17 17 0O 0 0 O
9.(4 points)
1 —5/71f1t o]l[ 1 o]ft/7 o][7 5] [1 0
0 1 0—7_—10101107701'
Therefore,
gt |1 -5/7 [1 o] [ 1 0] [1/T ©
0 | |10 =74 |-10 1 0o 1|
10.(1 points)
[t 3] [-4 1] _[-1 4 r_ [-1 -22
AB_[5 —2]'[1 1]_[—22 3}:”‘43) _[4 3]'
11.(6 points)

(@ (2points) False.
(b) (2 points) True.
(¢) (2 points) False.

12.(4 points)

(@ (1 points) False. The number of vectorsin the set is less than the dimension.
(b) (1 points) False. The fourth column is alinear combination of the previous three.
(c) (1 points) False. The vectorsin the set do not belongsto R 4.



(d) (1 points) False. The number of vectorsin the set is more than the dimension.
13.(6 points)
(@) (2 points) True. It isclosed under +, -.

(b) (2 points) False. It is not closed under +, -.
(¢) (2points) False. It isnot closed under +, -.

14.(6 points) First of al, the null space W' is

Thedimension of W is 2.

-1
() (2points) True. The vector (1) belongsto W and thefirst two vectors have already spanned 1.
1
-3
(b) (2 points) False. The vector é does not belong to .
1

(c) (2 points) True. Both vectors belongsto W and they are linearly independent. The set is a maximal linearly
independent; i.e., abasis. Hence, it spans 7.

15.(2 points) True. They has the same dimension (6 x 6 = 36 =4 x 9).
16.(8 points)

(@ (1 points) The augmented matrix is

1 -1 1 0 =2 -1
5 =5 6 1 -9 -7
2 -2 3 1 -3 —4
1 -1 2 1 —1 -3
(b) (7 points)
1 =11 0 -2 @ -1 1 -1 1 0 -2 @ —1 1 -1 1 0 -2 -1
5 =5 6 1 -9 -7 0 0 1 1 1 -2 0 0 1 1 1 -2
:> :>
2 -2 3 1 -3 —4 0 0 1 1 1 -2 0 0 00 O 0
1 -1 2 1 -1 -3 0 0 1 1 1 -2 0 0 00 0 0
1 -1 1 0 =2 -1 1 -1 0 -1 -3 1
00 11 1 ) 00 1 1 1 '@ -2 {x1= Lo + 24 + 375 + 1.
00 00 0 : 0 0 0 0 0 0 0 T3 = —Ty—Ts5 =2,
00 00 0 : 0 0 0 0 0 0 0

where xo, x4, x5 are arbitrary.



17.(8 points)

(& (3 points)

2 -6 4 6 -2 1 -3 2 3 -1 1 -3 2 3 -1
—13—3—42:>—13—3—42:>00—1—11
-2 6 -3 -5 1 -2 6 -3 -5 1 o o 1 1 -1
1 -3 -1 0 2 1 -3 -1 0 2 O 0 -3 -3 3
1 -3 2 3 -1 1 -3 01 1
. 0O 0 1 1 -1 . o 0 1 1 -1
0 0 0 0 O 0 0 0 0 O
0 0 0 0 O 0 0 0 0 O
Therankis 2.
(b) (3 points) The solution for the homogeneous system is
Tr1 = 31)2—])4—1‘5.
r3 = —T4+ Ts.
The null space of A is
T 3To — x4 — 5 3o —Xy —I5 3 -1 -1
153 i N vt I N I A I
T3 | = —T4 + 5 =0 |+ |—-24|+ |25 | =22 |0 +24- |—1|4+25-]| 1
T4 Ty 0 T4 0 0 1 0
x5 Ts5 0 0 x5 0 0 1
Therefore,
3 -1 -1
1 0 0
o, |-1], |1
0 1 0
0 0 1
isabasis of the null space of A.
(€) (2points) Therank of AT isthe same asthat of A. Hence, itis 2, too.
18.(8 paints)
(@) (2 points) Consider the homogeneous system
ar(t? =t —1) +ag(—t> +2t — 1) +az(t* +t - 5) = 0.
The augmented matrix is
1 -1 1 0 1 -1 1 0 1 -1 1 0
-1 2 1 ol =10 1 2 ol =10 1 2 : 0
-1 -1 =5 : 0 0 -2 —4 : 0 0 0 0 :0

The system has non-trivial solution. Hence, they are not linearly independent.



(b) (4 points) The leading ones are contained in the first column and the second one. Hence,
{2 —t—1,—t>+2t—1}
isabasis.
(©) (2 points) Since the number of elements of abasisis 2, the dimension of span S is 2. It isimpossible to span
the whole P, since the dimension of Ps is 3.

19.(8 paints)

(@ (2points)Letvy = [1 2 3], ve=1[2 4 5], vg=[4 7 12]. Consider thesystem a;vy + azvs +
azvs = v. Theaugmented matrix is

[V17V2) V3|V] )

i.e., v attached to the column matrix [v1, vz, vs]. Then

1 2 4 1 1 2 4 1 1 2 4 1 100 : -5
2 4 7 1l=1l0o 0 -1 : =1|=1J0o 10 :1|=1]0 10 : 1
3 5 12 @ 2 0 -1 0 : -1 00 1 : 1 00 1 : 1

Hence, the column matrix isrow equivalentto 3. Itisabasisfor Rs.
(b) (4 points) Aswe just did above,

(¢) (2 points) Therow rank of the matrix is the same as the column rank, whichis 3.



