Math 265, Spring 2002

Solution of Practice Exam for Second Midterm

1.(4 points)

cosf = —~L V2 _ 2 = 2 —1:>9—COS_1(1)_z
[villlvall /02 + (=22 + (=2)2\/12 + (—1)2+ 02  2V2-v2 2 2/ 3’
2.(4 points) We can use the rule that determinant does not changeits value if we apply the third type of row (column)
operationsonit. Use as3 asapivot to put Osin the other positions of the third column, that is, apply the row operations
—2Rs+ Ry — R1,3Rs + R3 — R3, Ry + Ry — Ry;thatis

5 4 2 1 1 =2 0 5
1 -2 5 1 -2 5
A=|2 3 L =228 1 2 gy ) g 5o g 4 |- _ |1 2
-5 -7 =3 9 1 2 0 3 3 1 9 0 7 —13 7 —13
1 -2 -1 4 3 1 0 2
3.(4 points)
21 | (1 1 0
9 2 1 1 1+ 222+ 23+ 204 +25 = 0
Wt =<x=|z3 , X [1] =x- |0 =x-|0| =0 = Cx1+x20+T4 +75 = 0
T4 2 1 1 Ty + T4 = 0
(L’5_ _1 1 0
1 21 2 1] 1 2 1 2 1 1 21 2 1 1000 O
= /1 101 1]l=—~=|0 -1 -1 -1 0)]= (0 1 1 1 O0|= 1|01 0 1 1
010 1 1) o 1 0 1 1 0010 -1 0010 -1
s = 0 i) 0 0 0
o To —T4 — 5 -1 -1
- 2= T4 TS X = (23| = x5 =x5| 1| +x4| 0
T3 = (E5. T4 T4 0 1
T4, x5 abitrary Ts x5 1 0
0 0
-1 -1
Letu; = [ 1|, uz = | 0 |. Thenspan{uy,uz} isabasisfor W-. We can use the Gram-Schmidt to find an
0 1
1 0
orthogonal basis for W+
0 0 0 0 0 0
-1 -1 -1 -2 -1 -2
. 1
vi=u=|1],ve=uz— H2 V1 0 -3 1| = —% = {vq,v2} = 11, —%
0 vitviva 1 0 1 0 1
1 1
1 0 1 -1 1] [-3



is an orthogonal basis of TV .

4.(4 paoints)
(@ (2points) Let

1 0 0 0 0
0 1 0 0 0
e = 0 ,eg = 0 ,eg = 1 ,eq4 = 0 ,e5 = 0
0 0 0 1 0
0 0 0 0 1
1 -2 5 0 -3
A= [L(el) L(ez) L(eg) L(e4) L(e;,)] = |: 5 2 —6 1 0 ]
-2 0 2 -1 2

(b) (2 points)

1+2-145-2-3-1 10
Lil2]||=]5-142-(-1)=6-2+(-2)| = |-11],
2.242-1-2-1—(-2) 6

1 1 1

-1 -1 1 -2 5 0 -3 -1 10
orL 2 =A 2(=15 2 -6 1 0 2 =|-11].

-2 -2 -2 0 2 -1 2 -2 6

1 1 1

5.(4 points) Sincethe eigenvaluesare 0,1 and 2, the characteristic polynomial is
AA=1)(A=2) =X =31 +2)
On the other hand, the characteristic polynomial of A is

A—1 0 1
—a A—=b —c|=(A=-1)
0 -1 A+1

0 1

D A

A—b —c
-1 X+1

‘:()\—1)()\2+(1—b))\—b—c)+a

=X+ -b-DN+Ob—-1-b—c)A+(a+b+c) =X —bN+ (-1 —c)\+(a+b+c)

Hence,
—-b=-3,-1—-c=2,a+b+c=0=0b=3,c=-3,a=0
6.(4 points)
—5a —5b —bc —5bd a b c d
det(F) = 23y3y 3Ex3a: 2zz3z 33Uz)aw:(*5)'2'2—ysy 3f3x 2—Z3z 3—w3w

1 1 1 1 1 1 1 1



1 1 1 1 1 1 1 1
T . y T z w .y w o 0. E —
=(-1)-(-10) 93 3-8z 2-32 33w 10 9 3 9 3 10 - det(E) = 10 - 5 = 50.
a b c d a b ¢ d

7.(4 points)
det(C) = det(B?) - det(A™") - det((AT)?*) - det(3B) - det((B") ') =2% -5~ .5*.3%.2. 271 = 27000.

8.(4 points) The entriesin D are the eigenvalues of A. To find the eigenvalues, we need to solve the roots for the
characteristic equation of A. The characteristic equationis
A+3 -1 1
det\[3 —A)=0=| 7 A=5 1 |=0=X—-12A-16=0
6 -6 A+2

By testing al factors of 16, we get —2, 4 areroots.

-2 0 0
= A+2) - N =-22-8)=0= (A+2)- VN +2)A\—-4)=0=A=-2,-24=D= {0 -2 0f.
0 0 4
9.(6 paints)
(& (4points)
L4 2 _'3 —4' +'3 —4'
Ay Az A 81_2 _21 _i _24 _i -18 —-11 -10
adJA: Aig Asy Azp| = |— + — = 2 14 —4 1.
As Ax A Lo Lo 02 45 -8
D A Lo 2 o8 M
1 -1 1 -1 0 —4
(b) (2 points)
9 U5
2 3 -4 2 2
1
detA= |0 —4 2| =-46, A’lzth-adjz _i _i ?
1 -1 5 ¢ ¥y PP
23 23 23
10.(6 points)
(& (3 points)
x
Jly B B 121 2 1 2 1 2
W = . 204+y+224+w=0,24+2y+2+2w=0 :>{2 1 9 1]:>[0 3 0 _3]
w
T —z -1 0 -1
1010 rT= —z y| _ |wl| _ 0 -1 _ 0
:>[0 10 J:{y: —w:> ol =21 + w 0 = W = span BE
w w 0 1 0
-1 0
Letu; = (1) , Ug = _0 . Since {uy, uz} isorthogonal already, it is what we want.
0 1



(b) (3 poaints)

-1 0 1
b-u b - us 210 -2 121 1
P b= - _Z —_“ _
o u; - uy ! uz-u2u2 2 1 + 2 0 -1’
0 1 -1
4 1 3
1 3 1 2 2 2 2 2
d = |[b—Projy bl = | |, =151 = V3 + 22+ 32+ 22 = V26,
1 -1 2

11.(6 points)

(& (1 points) False.
(b) (1 points) False. All eigenvalues of areal symmetry matrix are rea but not distinct.

(©) (1points) True.
(d) (1points) True. if det(A) # 0.

() (1points) True.
(f) (1points) True. If A isareal orthogonal matrix, then AT = A~1. Hence, det(AT) = det(A~1); itimpliesthat

det(AT) = det(A) = det(A~1) and (det(A))* = 1.
12.(4 points) Let n be an eigenvalue of A and w the associated eigenvector. Then we have
A-w=pw = A(AA-w)) = A(A- (uw)) = p(A(A-w)) = p(A(pw)) = p*(A-w) = p’w.
It tells us that 12 is an eigenvalue for A3 and the associated eigenvector is w. Any non-zero scalar multiple of an
eigenvector is still an eigenvector. Hence, the answer E is correct.
13.(4 points)
(adj A) - A = det(A) - I, = det((adj A) - A) = det(det A - I5) = (det(A))" - det(l;) = 3* - 1 =8

_ 1
— det(adj A) - det(A) = 81 = det(adj A) - 3 = 81 —> (det(adj 4)) " = 5
The answer is A.

14.(6 points)
(& (2points) True. Itisarea symmetric matrix. By theorem, it is diagonalizable.

(b) (2 points) False. The eigenvalue is 2 and only one linear independent eigenvector H . We need two linear

independent eigenvectorsto make it diagonalizable.
(c) (2 points) False. There are two eigenvalues; one is 2 and the other is 1. For 2, the associated eigenvector is

1 0
01 ; for 1, the associated eigenvector is |1|. Thedimension is 3 but we only have two linearly independent
0 0

eigenvectors. Hence, it is not diagonalizable.



15.(4 points)

u = u; + uz = Projyw u+ Projw . u.

u-v u-v 9 1 9 2 3 3 2
Projy u = 1V1—|— 2V2=— 2l +=- -2 =0l =u1=|0],upg=u—u; = | 1
A2 A1 Vo - Vo 9 ) 9 1 3 3 -9
Hence, the answer is B.
16.(10 paints)
(& (3 points) Use the Gram-Schmidt process to find an orthogonal basisfor 1.
1 5 1 3
Vi =UuU; = _3 V—u—uz.V1V— _5 —B _3 = 1
1=W =g, V2=U2 vi-v1 1= 19 %151~ |1
1 7 1 5
[ 7] (1] [3] [0]
v_u_U3'V1v_U3'V2v_ -1 _% -3 _7_2 1 o 0
83— s V1 Vi 1 V2 - Vo 2= 3 36 5 36 -1 N 0
_11_ I 1 i i 5 ] _0_
[ 47 (1] 37 [0]
V_u_U4'V1V_U4'V2V_ —2 _% -3 _ﬁ 11 |0
4T A2 A1 ! V2 - Vg 2= 4 36 ) 36 -1 N 0
| 6 | | 1] | 5 | 10
Hence,
1 3
-3 1
{V15V2} - 5 ) -1
1 5
is an orthogonal basis of . We can make it as an orthonormal basis
1 1 3 1
v 1 -3 —61 v 1 1 i
Wl = 1 = — = 52 s w2 = 2 = — = 61
[vall V36 | 5 ¢ [vall V36 |1 5
1 6 5 .
{w1, w2z} isan orthonormal basis of 1.
(b) (3 poaints)
1
WJ': X = 2 ,X'V1:X'V2:X'u3:0 $1_3$2+5$3+$4: O:>|:1 -3
xr3 3r1 4+ 22 —23+5x4= 0 3 1
T4



:>1—351:>
0 10 -16 2

8

1
X1 —3.133—3.134
8 1
T Sx3 — :x T3
—x= |72 = | 33T M | =23
T3 T3 5
X4 T4

0 1 8 xr1 = —%1‘3 — %J)4
N e N
> 5 x3, x4 abitrary
—1] -8 -1
? + a:_; _01 = W =span g ,
0 | 5 0

Those two vectors are aready orthogonal. We just need to normalize them.

—1] -8
NVRENE T 1 N B B
YTV |57 Voo | O
| 0 5
{w, wh} isan orthonormal basis of W -.
(c) (2points)
1 3 11 11
. b-vy b-vy 72 1 -3 108 | 1 -3
P b: = — - o —
Folw i T, v T3 | 5 36 |—1 7| T ™
1 5 17 17
T
(d) (2points) Let x = | zo | betheleast square solution. Then it satisfies
x3
1—35113_55_713:1 1 -3 5 1
Al Ax=AT b= |5 -5 9 7 s 9 3| |T|=|> 597
7T -1 3 11 1 7 11 T3 7T -1 3 11
36 72 367 [2 79 36 72 36 72 121
— (72 180 144| |zo| = |252| = 79 180 144 259 = |2 5 4
36 144 180| |x3 288
36 144 180 288 1 4 5
1 21 1 2 1 0 -3 —4 7= 313—4
=101 2 : 3 =10 2 1 3| = (r2= —2z3+3
. arbitrar
02 4 ' 6 00 0 0 s y
X1 3%3—4 3 —4
= x=|x3| = |—223+3| =x3 |-2| + | 3|,
€3 xs3 1 0

where x3 is arbitrary.

-3
7 ;uzzb_ulz
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17.(6 points)
(& (4points)
(i) (1 points) We can check the determinant
1 0 -2

-3 -1 6
2 1 -5

=54+64+0-4—6-0=1#0.

Since the determinant is non-zero, the column (row) vectors are linearly independent and form a basis for
R3.
(ii) (3 points) There are two way to get the solution.
- Thefirst method isto write v as alinear combination of vy, va, vs.

a1 — 2a3 = -3 1 0 -2 -3
v=avitazvztagvy=— ¢ —3a1 —ax+6a3= 5 = |_3 _1 § 7
2 Saz = 7
@1+ a2 o 2 1 -5 : -5
1 0 -2 -3 1 0 -2 -3 1 0 0 —1 a; =
=10 -1 0 2| =101 0 21=10 1 0 2| = @= 2
. (1,3:
0 1 -1 1 0 0 -1 -1 001 : 1
-5 4 —12 —13
-5 4 —11 —12
L(v)=L(-vi+2va+vg)=|2|+|2|+| 2 |[=]| 6
-8 8 —-19 —19
2 -2 3 3
- The second way isto find the standard matrix A representing L.
(1 0 —2] [1 0 0] 1 0 0] [1 0 0]
-3 -1 6 -3 -1 0 -3 -1 0 0 1 0
2 1 ) 2 1 -1 0 0 1 0 0 1
5 2 12| = |5 2 =2 1 0 2 =11 0 2
5 2 —11 5 2 -1 3 1 1 0o -1 1
-2 1 2 -2 1 =2 -6 -1 2 -3 1 2
8 4 =19 8 4 =3 2 1 3 -1 -1 3
-2 -1 3 | -2 -1 —1] -4 -2 1] |2 2 1]
Hence
1 0o 2 1 0 2 —13
0 -1 1 0 -1 1 -3 —12
A=1-3 1 2| =L(v)=Av=|-3 1 2 71 =16
-1 -1 3 -1 -1 3 -5 —19
2 2 1 2 2 1 3



(b) (4 points)
(i) (1 points) We can check the determinant

1
3
1

I )
— O N

=1464+0-2-6-0=—1#£0.

Since the determinant is non-zero, the row (column) vectors are linearly independent and form a basis for

Rs.

(ii) (3 points) There are two way to get the solution.

- Thefirst method isto write v/ asalinear combination of v}, v}, vj.

af +3dy +ay = 0 1311 0
v i=ajv] +ayvy +agvg = 2d)+ab+ay= -3= |9 1 1 ! _3
2, al = 4
4+93 20 1 @ —4
1 3 1 0 13 1 0 10 0 1 d,
=0 -5 -1 3= 10 1 1|{=1]0 10 1| = qa=
!/
0 —6 —1 ' —4 0 -6 -1 ) 0 0 1 -2 4=
L'(V')=L'(—v}] + vy — 2vy)

=00 1 -7 =3]+[-6 -1 2 3]+[2 2 -8 —4]=[-4 2 -13 —4

- The second way isto find the standard matrix A’ representing L.

[122 0—173]
310 -6 -1 2 3|~
111 -1 -1 4 2
1 2 2 0 -1 7 3
=10 1 0 0 2 -1 0
01 1 1 0 3 1
Hence

-2

A=10

1

= L'WV)=v-A=[0 -3 —4].

[12250—173]
0 -5 -6 : -6 2 -—19 —6
0 -1 -1 : -1 0 =3 -1
100 : -2 -1 1 1

=10 10: 0 2 -10
001 : 1 -2 4 1

-1 1 1

2 -1 0

-2 4 1

-2 -1 1 1

0 2 -1 0{=[-4 2 -13 —4
1 -2 4 1



18.(6 points)

1 3 -1 2 1 -1 2 3 1
8 5 2 3 8 2 3 5 8
1 -2 -3 66 - 1 -2 —1| wu
N T T B A TR S TR T T2 3 a2
3 5 2 3 5 2 3 5 2
1 -2 -3 1 -2 -3 1 -2 -3
19.(8 points)

() (3 points) The characteristic equationis

det(M3 — A) =0 = X\* —9X? + 24\ — 20 = 0.

Testing all possiblerational roots, +1, +2, +4, +5, 10, £20, wefind A = 2,5

= NN 24N —20= (A -5 (N -4\ +4) =(A-5)(A—-2?=0=1=2,2,5

Z1
(b) (3points) For A = 2, letx = |x5 | bean eigenvector. Then
Z3
-1 -1 -1 T 0 -1 -1 -1 0 1 1 1 0
Ms—A)x=0= |-1 -1 —1|=|z2| = |0 = 1 -1 -1 ol=10 o o 0
-1 -1 -1 x5 0
-1 -1 -1 0 0 0 0 0
T = —T9 — I3 1 T2 — I3 -1 -1
— ) = |z2| = T2 =z2 (1 |+23(0
To,x3 arbitrary g g 1
-1 -1
—xecspangu;=|1]|,u2=10
0 1
1
For A\ =5,letx’ = |z2| bean eigenvector. Then
3
o 1 _1 - 0 2 —1 -1 10 1 -2 1
()\Ig—A)X/:0:> -1 2 —1|=|x|=|0=]_1 92 _1 ol= 1o 3 -3
-1 -1 2 T3 0
-1 -1 2 0] 0 -3 3
1 0 -1 : 0 T = X3 T1 T3 1] 1
=10 1 -1 : 0| = §%2= 3 = Xg= |72 = |z3| =23 |1| =X [|us = |1
: x3 arbitrary z3 3 1] 1
00 0 : 0



(¢) (2points) According the theorem, we know a choiceis

2 00
0 2 0].
0 0 5

To find P, we need to find three orthonormal eigenvectors. From theorems, we know us L span{ui, uz};
therefore, we only need to find an orthogonal basis for span{u1, uz}.
L[ —-1/2
3| L]=1]"1 /2] .
0

-1 -1
Vi =U; = 1 ,V2:UZ—u2:VIV1: 0 -
0 VitV 1

Let vg = us. Then {vy,va, vs} isan orthogonal basis.

D =

—_

1 1 1
~ 75 V6 V3
w Vi i/i w Vo 1 W V3 1
1= 7T—7 = s 2= T = —_— s 3= —7= —
[[vall /2 [[vall y© Ivsll | v3
0 - -
NG V3
SN
2 6 3
| T
= |W1 W2 W3| = — = - =
vz 6B
1
0 R [
V6 V3

Thediagonal entries of D are from the eigenvalues of A, and the column vectors of P are from the orthonormal
eigenvectors.

10



