Math 265, Spring 2002

Solution for Final Sample Problems

(@ Therank of A is3sincethere arethreeleading onesinrrefA.
(b) Thenullity of A is2. nullity + rank = # of columns = nullity + 3 = 5 = nullity = 2.
Or, nullity = # of columnswithout leading one = 2.

(c) Theleading onesin rrefA lie on the first, second, and fifth columns. Therefore, the corresponding columns
from A (not rrefA,) form abasis of the column space.

1 0 3
-1 1 -3
0" f2"|1
1 1 4

(d) The other basis for the column space of A can be obtained by the survived rowsinrref A 7. Of course, we need
to take the transpose again to make them as column vectors.

1 0 0
0 1 0
017101
0 -1 1

(e) TheleadingonesinrrefA™ lie onthefirst, second, and third columns. Therefore, the corresponding rows from
A (not rref AT)) form abasis of the row space.

{t 0 -2 1 3,[-1 1 5 -1 =3],[0 2 6 0 1]}.

(f) The other basis for the row space of A can be obtained by the survived columnsin rref A. Of course, we need
to take the transpose again to make them as row vectors.

{[t 0 =2 1 0],f0 1 3 00,0000 1]}.

(g) Look atrrefA. The null space of A can be expressed as

T X1 2.133 — T4 2 —1 2 -1
o x1 = 2w3— x4 o —3x3 -3 0 -3 0
T3| ,{ x9 = —3x3 = x3| = T3 =x3| 1 |4+z4]| 0 = span 1{,]10
T4 T5 = 0 T4 T4 0 1 0 1
I5 xIs 0 0 0 0 0

(h) The orthogonal complement of the row space of A isthe same as the null space of A. Therefore,



(i) Set up the homogeneous system Ax = 0. If we would like to write the third column as alinear combination of
the other columns, it isthe sameaswe set 3 = 1. Then

xr1 = 21‘3—])4 Tr, = 2—.134
To = —3T3 == qxy= -3
Is = 0 Ty — 0

For instance, we canset 4, = 0. Thenz; = 2, x5 = —3. It meansthat

1 0 —2 0 —2 1 0
-1 1 ) 0 5 -1 1
2 0 -3 9 +1 6l =1lo = 6 =-2 0 +3 9
1 1 1 0 1 1 1

(8 Therank of A is2 sincethere aretwo leading onesinrrefA.

(b) Thenullity of A is2. nullity + rank = # of columns = nullity + 2 = 4 — nullity = 2.
Or, nullity = # of columnswithout leading one = 2.

(c) Theleading onesinrrefA lie onthefirst and third columns. Therefore, the corresponding columns from A (not
rref A,) form abasis of the column space.

17 [1
2| |11
-1/, o
ol |1

[3] |2

(d) Theother basis for the column space of A can be obtained by the survived rowsinrrefA 7. Of course, we need
to take the transpose again to make them as column vectors.

o [

(e) Theleadingonesinrref AT lie on thefirst, second, and third columns. Therefore, the corresponding rows from
A (notrrefAT)) form abasis of the row space.

[t 21 -1],[2 4 1 —4]}.

(f) The other basis for the row space of A can be obtained by the survived columnsin rref A. Of course, we need
to take the transpose again to make them as row vectors.

{[t 2 0 =3],/0 0 1 2]}.

(g) Look at rref A. The null space of A can be expressed as

T T —21'2 + 3254 —2 3 —2
2 T1 = —2w3+ 314 zo| 2o B 1 0 B 1
r3 |’ {333 = —2x4 — z3| —2x4 B R T 0
T4 T4 T4 0 1 0



(h) The orthogonal complement of the row space of A isthe same as the null space of A. Therefore,
-2 3
NEM

0171-2

0 1
(i) Sincetherank of A is 2, the dimension of the row space of A is 2. If row vectors span R 4, then the dimension

of the row space must be 4. Thisis not true.
3.

(8) Theref[A|b] is

|'1 2a a 1 -| |'1 2a a 1 -|
1 2a 1 1
a

| | |

| o0 t-a | 1) _ o1 a |
0 1 |1 01 a | 1 0 0 1-a | —1|°
00 0] 0 00 0 | 0 00 0 | ©

If 1 — a = 0, then the third equation becomes 0 = 1, which isinconsistent. Thisis not the case that we want.
Assumel — a # 0. Thenwecan solve z = —1/(1 — a), and backward substitute to solve y and z; the system
has a unique solution. Therefore, the condition on a such that the system has a unique solutionisa # 1.

Thereisthe other way to doit. A system has a unique solution if and only of the rank is equal to the number of
variables; in this case, the rank is 3. This leads that the determinant of the coefficient matrix is non-zero.

1 2a a

1 20 1|#0= —(a—1)#0=a# 1.

0 1 a

(b) Ifx =3,y =—1,2z=1isasolution, then

1-3+2a)(-1)+a-1= 1 —a= -2 a= 2
1-3+2a)(-1)+1-1= 0 —2a= —4 a= 2
:> :> :>a:2
0:3+1-(-1)4a-1= 1 a= a= 2
0:3+0-(-1)40-1= 0 0= 0 0= 0
4.
11 1 | 2 11 1 | 11 1 |2
23 1 | 5 |=1lo1 -1 | 1 |=l0o1 -1 | 5
2 3 (a®>-3) | a+3 0 1 (a®>=5) | a—1 0 0 (a>—4) | a—2
Look at the last equation.
(> —4)z=a—2.
If a> — 4 = 0,a = —2, 2, we have a consistent problem.
(& If a = —2, then the equation becomes 0 = —2 — 2 = —4; the system is not consistent. Hence, there is no

solution.
(b) If a # 2,—2, wecan solve z = 1/(a + 2) and backward substitute to get y, z. Therefore, the system has a
unique solution.

Thereisthe other way to doit. A system has a unique solution if and only of the rank is equal to the number of
variables; in this case, the rank is 3. This leads that the determinant of the coefficient matrix is non-zero.

11 1
2 3 1 £0=0a’>—4#0=a#2, -2
2 3 (a®-3)



(o) If a = 2, then the equation becomes(0 = 2 — 2 = 0; the system is consistent and z is arbitrary. Hence, there are
infinitely many solutions.

5. The standard matrix Afor L is

6.
(@) Theaugmented matrix is
-2 3 1 | -1 1 2 1 | -3 1 21| -3
1 2 1 | 3l=({-2 3 1 | -1l=10 7 3 | -7
-2 -1 -1 | 3 -2 -1 -1 | 3 03 1 | -3
[1 0 0 | -1 -1 -2 3 1
= |0 1 0 | -1|l=|-3|=—|1|—-1(2+0-|1
001 | 0 3 2 1 -1
(b)

7. The standard matrix Afor L is

e o L) () B2

A-adjA = (det A)- Iy = A% - (adjA)> = A- A-adjA-adjA

= A-det Als - adj A = (det AIs) - A-adj A = (det AI) - (det Als) = (det A)?I5 =9 - I5 =

OO O OO
OO O OO
O O © OO
O © O OO
O O O OO

det (A% - (adj A)?) = det ((det A)*L5) = ((det A)?)° - det Iy = (32)” -1 = 3.

@ 840+ (-2)—3-8—-0=—5.
(b) 2+ 124 (—8) — 12— (—8) — 2 =0.

10.



(@) Thevectorst? + 2t,3t2 + ¢ — 1 arelinearly independent. Therefore, S is abasis. Thereis no solution for the
system a; (t2 + 2t) + a2(3t% + t — 1) = 6t2 — 1. Hence, the vector 6¢2 — 1 dose not belongsto span S.

(b) Atfirst, we check 1 is asubspace. We only need to check two conditions; oneis W closed under addition, and
the other is W closed under scalar multiplication.

(1) Addition.

far &y _laz b _|lar+az b1+ b2
Wl{o 3bJ’W2{o 3b2}:>“’1+w2{ 0 3(bi+by)|

Leta =a; + as,b=0by + bo.

W1 + Wo = |:8 3bb:| eW.

Therefore, W is closed under addition.
(2) Scalar multiplication.

/ bl

a
0 3V

cER,w:[ 0 3e/|

/ /
]ew:cw:[ca Cb}

Choosea = ca’, b = cb’. We have

ca'  cb a b
W= {o 3cb’} - [0 3b] €W

Therefore, W' is closed under scalar multiplication.

b a) =l ol weo s =w=san{fs 3.0 5]}

These two matrices are linearly independent. Thereforethey form abasisfor W and dim W = 2.

11. Let A bethe3 x 3 matrix. The column vectors of A are linearly independent if and only if the determinant of A
iS hon-zero.

110
31 1/#£0=140+d-0-0—-3#0=d#2.
d 0 1

12.
1 3 -2 3 -2 1
T T A T e R e S A PR B
0 1 2 1 2 0
Az = (S 1\= Lo An = (122 1\_07 Aoy = (-1)*2 ) -1\=2’
0 1 - 2 1 212l 2 0
A31 = (_1)3+1 1 3‘ = _1) A32_ (_1)3+2 —92 3 = _87 A33 = (—1)3+3 _9 1‘ =2.
Ayp Asp Asgg 4 -1 -1
adJA: A12 AQQ A32 = |8 0 —8
Az Azz Ass 0o 2 2




13.

1 1 2 3 =2
A= ——adjA=-—1| 3 -2 -=3|.
det A Bl_11 _10 -2

14. Aisnon-singularif and only if det A # 0.

1 2 1
0 -3 5|#0= -ba—5#0=a# —1.
1 a 6

15. Itisnot avector space. It fails the following condition:

(c1402) @ (,9) = (10 (2,9) © (20 (2,9))
Letc; =2,c0=3,z=1,y=1

2+3)01,1)=5001,1)=(5-1,1)=(51)
On the other hand,
2e@))e (3o ((1,1)=(2,1)a3,1)=(52) # (51).

16. Let )\ bean eigenvalue of A and v an eigenvector associated with A. Then

A%v = A(Av) = A(Av) = M(Av) = A(\v) = \?v.

Thismeansthat A2 isan eigenvalue of A2 and v an eigenvector associated with A\2. The same argument can imply that
A2 isan eigenvalue of A3 and v an eigenvector associated with A3.
Hence, 12, 33, 53 are eigenvaluesfor A2 and v is an eigenvector for A3,

17. Let
1 2 3 1
1 -1 -3 —2
uli 0 )uzi 0 ,U3— 0 7u4* 0
0 1 —2 -3
1 2 1 3/2
vVi=u L Vo =up— 22V B et U B I 72
1=UL ), V2 = U2 v/ o 5 lo| = 0
0 1 0 1
3/2 3
It is no hurt that we use 2 _%/2 = _03 asvo
1 2
2] H 2]
Ve — U — us - vy Vi — us - Vg Vo — =3 (O0\ 1] (14\(-3] 4 -1
87\ v/t \vave ) 20 2) |o 2/)/10 11fol"
-2 0 2 -3



Again, it is no hurt that we use o0 | Vs
-3
1 1 3
VA = s — Uyg - Vi1 i — Uy - Vo Ve — U4 - Vs Ve — -2 _ —_1 1 _ 3 -3 12
4T Vi1 V1 1 Vo - Vo 3 V3 - Vs 3= 0 2 0 22 0 11
-3 0 2
1 3 1
1 -3 -1
of’fof’fo
0 2 -3
Note that the fourth vector is the zero vector; we can not put it into a basis.
18.
(@

z1
wt = {w— [x2:| ,(L’1+(IJ2—IL’3_0} — x1 = —X9 + I3

T3

X1 —T2 + I3 -1 1 -1 1
— W= |T2| = To =ax9 | 1| +x23]|0 :>WL:span 11,10 .

(b) Usethe Gram-Schmidt process to produce an orthogonal basis and then normalize them to be orthonormal.

1 1
V3 ||y
R BV

19.

(a) First, use the Gram-Schmidt to find an orthogonal basis for W first. An orthogonal basisfor W is

1 0 4
|2 |1 -1
Vl - 0 7v2 - 2 7v3 - 0
-2 1 1
1 0 4 1
vV-vi V- Vg V-vVs -9 12 3|1 9 |—-1 -2
P = = — — —_ =
rolw v V1-V1v V2-V2V2 V3-V3V3 9 0 +6 2 + 18 0 1
-2 1 1

o o oo



(b)
1 0

w = Projw v = u=Projy.v=v-w=

1 -1
2 2

(c) Thedistance d fromv to W isthelength of Proj;,. v = u.
d= /124 (-1)2 + 22 = V6.

20.

(a) False. Theuniquely solvable case only happenswhen the rank is the same as the number of variables (columns).

(b) False. The uniquely solvable case only happenswhen the rank is the same as the number of variables (columns).

(c) False. The system always has solutions if and only if the rank is equal to the number of equations (rows).

(d) True. Sincetherank islessthan the number of variables, we have extrafreedom. Therefore, if thereisasolution,
we haveinfinitely many solutions.

(e) True. Since the rank is less than the number of equations (rows), there are some b such that the system is not
solvable.

21.

[1 0 0 }
() False. ForexampleA= {0 -1 0 |.
0O 0 -1

(b) True.

(c) True.

(d) True.

(e) Fase. (A—ATYT = AT — A+ A— AT,

(f) Fase. det(adjA) = (det A)"~! = (det A4)2.
22,

(@ Yes.

(b) No. No zero vector here.

(c) Yes.

(d) Yes.

(e) No. No zero vector here.

23.
(@ Yes.
(b) Yes

1 10

(c) No. |0 1 4|=0.
01 4

(d) No. The number of vectorsis greater than the dimension.

(e) Yes.
24.
@ 3.



(b) 21=3-7.
(¢) 0, sincetwo columns are the same.

(d 3.
1
® 553"
_ 1 1 1
det ((54)™) = det(5A) ~ 53det(A) 533
25.

(& 0. Two rows are the same.

(b) 0. Two columns are the same.
(c) 0. Thereisazerorow.

(d) —40=2-2-5-(-1)-2.

(e) —24.
23 2 -1
02 -1 3| |23 [5 1
0 0 1 _’0 2H1 —1‘ (- =-2
00 1 -1
26.
A2 o1 =2 N
p(A) =det(A\ls —A)=| 3 A—1 1 :(/\—1)‘ 3 )\_1’
0 0 A-1

=A=-D((A=2)A=1)+3)=(A-1)(A\2=3\+5).

e L 3+ v1ls
The characteristic equationis (A — 1)(A\2 —=3A+5) = 0. A = 1, #
27.
(@ A=1,1,4.
(b) For A =1,
111 111 e ey -1 -1
Alg—A:111:>000:{1 2T 1 a3 |0
11 1 00 0 2,23 b 0 1
For A =4,
-2 1 1 1 0 -1 1= X3 1
Mz—A=|1 -2 1| =01 —-1|=(qx3= 23 =23 |1
1 1 -2 00 0 25 ab. 1




(©

1 _1 1
17 [-1 1 17 -1 1 _ﬁ v V3
1~ 1 1],[{0(,4~]1 1~ | 1], [-1|,4~ |1 1~ =1 ,4~ |—=
B R Rt Y I R R R A A
YL V3

where the diagonal entries of D are from the eigenvalues of A, and the column vectors of P are from the
associated orthonormal eigenvectors.

28.

29. Consider aline defined by

y=a -+ bx.
We would like to determine the best ¢ and b.
a+b= 2 1 1 )
a+2b= 1 1 2 m_ 1
a+3b= 3 1 3| |b 3
at+db= 3 L4 3
Let
1 1 2
1 2 a 1
A13’X[b}’b3
1 4 3

The new system s

Hence, the least squarefit lineis

30.
@ X2=6,4

10



(b)

where cy, co are arbitrary.
(c) Set

3 —c —1 4 -1 — =3 —c1=-2,c0=-1
—10] ~ "' [ 4 2| 2 dey + 269 = —10 ! 2 '

Therefore,

3L
(@) The characteristic equationis A2 +3 = 0 = \ = ++/3i.
(b) For A =i, assumethat v = [il} is an eigenvector associated to i. Then
2
B V3i—1 2 z| [0
()\IQ—A)V—0:>|: _9 \/§Z+1 o = lol"

The augmented matrix is

V3i—1 2 | 0 -2 VBi+1l | 0 1 —(V3i+1)/2 | 0
2 VBi+1l | 0]:>{\/§i—1 2 | o}ﬁ{o 0 0

1 _
[ [ﬁ’; ] _z [,
2 2
Z2
Therefore, an eigenvector can be
[\/ﬁi + 1]
5 .

For the complex root cases, we do not need to compute the other eigenvalue and eigenvector. The real part and
the imaginary part of the solution ve** will be two linearly independent solutions.

v V3i+1 Vit V3i+1 .. - cos\/gt—\/gsin\/gt—l—i(\/gcosx/gt—i—sin\/gt)
ve { 2 }e { g | (cos V3t +isinV3t) = 2 cosv/3t + i2 sin v/3t

B cos V3t — /3 sin /3t n V3 cos /3t + sin /3t
- 2 cos/3t 2sin/3t ’

Two independent solutions are

cos /3t — +/3sin /3t V3 cos /3t + sin+/3t
2 cos /3t ’ 2sin /3t '

The genera solutionis

x(t) = ¢ cos V/3t — v/3sin /3t e V3 cos /3t + sin /3t
- 2 cos /3t 2 2sin /3t '

where ¢y, co are arbitrary.

11



(c) Theinitia valueis
5 cosv/3-0—+/3sinv/3-0 V3cosv/3-0+sinv/3:0 1 V3
X(O)_H_Cl{ 2 cos /30 ]Jr”[ 2sin /3 - 0 }_Cl MJFC?[O}

1 1 [cos /3t — /3 sin /3t 3v/3 [v/3 cos /3t + sin /3t
= — = — t = — _—
—a 2’02 2 = x(t) 2 { 2cos\/§t + 2 ZSin\/gt

_l 10 cos V3t + 2v/3sin /3t _ 5 cosv/3t + v/3sin /3t
T 2| 2cos V3t + 6v/3sin V3t cos V3t + 3v/3 sin /3t

—> 11 (t) = 5cos V3t + V3sin V3t, x2(t) = cos /3t + 3v/3sin /3.

32.

@ Ax=1,2,3
(b)

wherecy, ¢, c3 are arbitrary.
(c) Set

Therefore,

12



