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STATISTICAL CONDITION ESTIMATION FOR THE ROOTS OF
POLYNOMIALS*

A. J. LAUBt AND J. XIAf

Abstract. This paper presents fast and reliable condition estimates for the roots of a real
polynomial based on the method of statistical condition estimation (SCE) by Kenney and Laub.
Using relative perturbations, we provide both a basic implementation of SCE and an advanced
one via the condition of the eigenvalues of the corresponding companion matrix. New results for
estimating the condition of eigenvalues are given. Fast structured calculations of the eigenvalues
of the companion matrix are used, and fast structured manipulations of the Schur decomposition
and the invariant subspaces of the companion matrix are presented. The overall process is based on
fast operations for sequentially semiseparable structures with small off-diagonal ranks. The cost of
obtaining the condition estimates for all of the roots is O(n2), where n is the degree of the polynomial.
Numerical examples are used to demonstrate the accuracy and efficiency of the proposed methods.
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1. Introduction. The problem of computing the roots of real polynomials nu-
merically arises in many different applications. It is important to assess the accuracy
of the numerical roots. In this paper, we are interested in the condition of the roots of
real polynomials, that is, the sensitivity of the roots with respect to small perturba-
tions in the polynomial coefficients. A lot of theoretical discussions have been given
for polynomials with known roots (see, e.g., [10], [11], [20], [22], [23]).

Here, we use the method of statistical condition estimation (SCE) [16] to numeri-
cally estimate the condition of polynomial roots. The SCE method has been shown to
be both reliable and efficient for many problems including linear systems [17], linear
least squares problems [18], eigenvalue problems [13], matrix functions [16], control
problems [14], etc. SCE provides a way to estimate the componentwise local sen-
sitivity of any differentiable function at a given point. It is generally flexible and
accommodates a wide range of perturbation types such as structured perturbations.
Thus SCE often gives less conservative estimates than methods that do not respect
such structure. In SCE, a small random perturbation is introduced to the input, and
the change in the output, with appropriate scaling, is used to produce the condition
estimate. Explicit bounds on the probability of the accuracy of the estimate exist.

The idea of SCE can be illustrated with a general real-valued function f : R™ —
R. By Taylor’s theorem we have

(1.1) flp+02) = f(p) = 6d"z + O(6?),
where ¢ is small, ||z]|2 = 1, and dT = Vf(p) is the gradient of f. It is clear that the
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SCE FOR POLYNOMIAL ROOTS 625

following is true up to first order in §:

(1.2) |f(p+02) — f(p)| = d][d]]2.

That is, ||d||2 can be considered as a local condition number which gives a good ap-
proximation error J||d||2 in numerical computations of f(p) (with ¢ on the order of
the machine epsilon epacn). According to [16], if z is selected uniformly and ran-
domly from the unit m-sphere S,,—1 (denoted z € U(S,,—1)), then the expected value
E(|dT 2| /wm) is ||d||2, where wy, is the Wallis factor [16]. We can then use

v= |de‘ JWm

as a condition estimator. The accuracy of the estimate is given by the probability
relationship [16]

2
Pr(|[dllz/y <v <7ldf2) ~1 - o 1>

We can use multiple samples of z, denoted z(), to increase the accuracy [16]. For
example, a 2-sample condition estimator is given by v(?) = £2\/|dT (D2 + [dT2(2)|2,
where [z(1), 2] is orthonormalized after z() and z(® are selected uniformly and
randomly from U(S,,—1). The accuracy of Vl-(Q) is given by

m
Pr (”dH2/Py < v < 7|‘d||2) ~1-— 4—727 v > 1.

Usually, a few samples are sufficient for good accuracy. These results can be conve-
niently extended to vector-valued functions.

Since the roots x of a polynomial p(x) depend continuously on the coefficients, the
general idea of SCE also applies to polynomial root problems. In a basic implementa-
tion of SCE, we perturb the nonzero coefficients (one type of structured perturbations)
and solve the perturbed problem. If we consider relative perturbations in both the
coefficients and the roots, we get estimates of the condition numbers in [10], [11].

To avoid any possible difficulty in choosing an appropriate amount of pertur-
bation ¢ or in finding the correct correspondence between the original roots and the
perturbed roots, we propose an advanced estimation scheme. In this scheme, the roots
of the polynomial p(x) are considered as the eigenvalues of the companion matrix C
corresponding to p(x), and the condition of the roots is transferred to the structured
condition of the eigenvalues of C. We give new formulas for the condition of both
single eigenvalues and complex conjugate eigenpairs.

The companion matrix is a special sparse structured matrix. This fact, firstly,
leads to the development of fast eigensolvers [2], [3], [4], [8], and secondly, leads to
an SCE implementation with structured perturbations. Those fast companion matrix
eigensolvers cost only O(n?) flops, in general, as compared with the traditional O(n?)
complexity for a general matrix, where n is the degree of p(z). The estimate of the
sensitivity of average eigenvalues has been discussed in [13]. In that paper, only the
average eigenvalue of the leading diagonal block of T is considered, where C' = UTUT
is a Schur decomposition of C. Here, for problems with distinct eigenvalues, we
derive specific condition estimates for both single real eigenvalues and complex pairs of
eigenvalues. What’s more, to consider all of the eigenvalues, certain manipulations of
T and the invariant subspaces corresponding to the eigenvalues need to be considered,
or more specifically, the diagonal blocks of T may need to be swapped [9]. We provide
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626 A.J. LAUB AND J. XIA

some theoretical results for the invariant subspaces. The manipulations of the Schur
decomposition can be costly (usually, O(n?)) for a general matrix. However, we can
take advantage of the special structure of C' and reduce the cost needed for estimating
the condition of its eigenvalues to O(n?). This is possible since the matrices involved
in the QR iterations for C have special rank structures and thus can be represented by
some compact low-rank matrices [8]. These low-rank structures were previously used
to quickly solve for the eigenvalues and can also be used here to efficiently transform
U and T so that we can compute the condition estimates to the eigenvalues using the
technique in [13].

The low-rank structures we use are called sequentially semiseparable (SSS) struc-
tures [6], [7]. When a matrix has small off-diagonal ranks, it can be represented by
a compact SSS matrix, which makes many matrix algorithms very efficient. For ex-
ample, we can solve a compact SSS linear system in linear complexity. In fact, SSS
representations have been used to develop the fast eigensolvers in [2], [8].

With SSS structures, our SCE methods are very efficient. Especially, the second
SCE scheme (based on the condition of eigenvalues) provides a fast and reliable way of
estimating the condition of the polynomial roots. The swappings of related diagonal
blocks and the solutions of related systems are all in fast structured forms. There is
no need to choose the perturbation ¢ in SCE. What’s more, for each additional sample
in SCE, the extra cost is insignificant. That means we can gain high accuracy without
increasing the cost much. Only real operations are involved in the estimations. Our
numerical experiments indicate that the method accurately estimates the condition
numbers defined in [10], [11], and it provides results which are less conservative than
other condition estimators. For convenience, in this paper we focus on real poly-
nomials with distinct (real or complex) roots. There is a good potential for similar
techniques to be extended to a general real polynomial or other structured eigenvalue
problems (see subsection 4.7).

We also give some theoretical results for the invariant subspaces corresponding
to the eigenvalues, especially complex eigenpairs. They are used to construct certain
matrices in the condition estimation.

The rest of this paper is organized as follows. In section 2 we show the condition
numbers of polynomial roots and their SCE estimation. Section 3 provides the basic
implementation of SCE, which gives estimates to the theoretical condition numbers.
In section 4 the more advanced scheme based on SCE for the eigenvalues of companion
matrices is presented. Numerical examples are shown in section 5 to demonstrate the
reliability and efficiency of the estimators.

2. SCE with relative perturbations and condition of polynomial roots.
We first discuss SCE with relative perturbations, and then we show how SCE can be
used to estimate the condition numbers of polynomial roots.

2.1. SCE with relative perturbations. SCE with relative perturbations is an
extension of SCE with absolute perturbations in [16]. Consider a real-valued function
f(p) : R™ — R, with p = (p;). To measure the sensitivity of the relative error in terms
of the relative input, we perturb an entry p; to p; and assume that the perturbed

output is f . Then define
gy — tim |12 / Bj—Pj
Pj—Pj f Dpj

)
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SCE FOR POLYNOMIAL ROOTS 627
and we use
K = [|£1mll2
as the condition number. Replace (1.1) by

f(p+6Sz)— f(p) .d'Sz 2
) OO

where S = diag(p). Then the expected value E(|dT Sz|/wy,) is [|dTS||2. On the other
hand, we notice that

(2.1)

Lo
(2.2) =0 |d"s]], -

Thus, we can use

dt Sz
f(p)

as an estimate to the condition number (2.2). The results can be extended to vector-
valued functions f : R™ — R"™. Define

1
V= ——
Wm

ﬁ—ﬁ/m—m
fi Dj

where k = (k;) is the condition vector. Then we can use

(23) Ri,j = ~hIIl

Pj—Dj

, Re = Hlﬂ,l:mHz,

(24) Vv, = L

Wm

dr'sSz
fi(p)

as an estimate to the condition number r; of f;, where dI' = Vf;(p). Note that

the original SCE mainly focuses on absolute perturbations to the input, and the
1 ]d] 2]

corresponding condition estimator is — =—.
wm fi(p)

2.2. Condition of polynomial roots. Consider a real polynomial

n

p(z) = Zakxk = H(x —x;),
k=0

i=1

where we assume that a,, = 1. For simplicity, we assume that p(z) has distinct roots.
Let f be the function given by the problem of finding the roots of p(x). Then m = n.
Discussions on the condition of the roots of polynomials can be found in [11], [20],
[21]. The condition number &; ; in (2.3) can be shown to have the following form:

a;al azal ™"t
2.5 Kij = | 2| = |5 :
(29 | T T
ki
In SCE, (2.4) is one way to estimate the condition number k; = ||K; 1:n]|2-
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628 A.J. LAUB AND J. XIA

3. Basic SCE scheme for polynomial roots. There are two ways to estimate
K;,5. One is to find the roots of a perturbed polynomial and to estimate the condition
of the roots by (2.4). The other way is to consider the condition of the eigenvalues
of the companion matrix corresponding to p(z). The second way will be discussed in
the next section. In the first way, we solve for the roots z; of p(z) and also the roots
Z; of the perturbed polynomial p(z), where each coefficient a; = a;(1 + dz;), with
z = (2;) € U(Sp—1). Then an SCE condition estimator for x; is

Yown Olmg|

where we have dropped an O(d) term. The cost for solving a polynomial root problem
is O(n?) by using the fast eigensolver in [8]. This eigensolver computes the roots by
finding the eigenvalues of the companion matrix corresponding to p(z):

—Op—-1 —Ap—-2 " —aog
(3.1) C=
0 1 0

Hessenberg QR iterations are used to find the eigenvalues of C'. In the meantime, the
eigensolver takes advantage of a low-rank property [2], [3], [8].

THEOREM 3.1. All off-diagonal blocks of the QR iterates which are orthogonally
similar to C' have ranks no larger than 3.

Based on this property, the fast eigensolver in [8] performs structured bulge chas-
ing by representing all QR factors of the QR iterates with compact semiseparable
matrices (subsection 4.2). When the QR iterates converges, we obtain a block upper-
triangular matrix 7" with 1 x 1 or 2 x 2 diagonal blocks. The matrix 7" also has
off-diagonal ranks no larger than 3 and can be related to C' by C = UTU?, where U
is an accumulation of Givens rotations used in the structured QR iterations.

We summarize this SCE method in Algorithm 1, where x denotes the vector of
the roots of p(x).

ALGORITHM 1 (k-sample SCE for the roots of p(z)).

1. Solve for the roots x of p(x) using the fast eigensolver in [8].
2. Generate z(M, ..., 2(¥) € U(S,_;). Orthonormalize [2(V), ..., 2(®)], say, by a
QR factorization.
Choose 6.
4. For j=1,...,k,
(a) Solve for the roots X of p(z), where p(x) has coefficients a, = 1,a; =
a;(1+ 5'31'(]))-
(b) Order % so that the perturbed roots match the original ones.
(¢) Calculate v\9) = |% — x|/(d|x|)) (componentwise division).
5. Calculate the k-sample componentwise SCE condition vector

©w

Wik
== (D)2 4 ... (k)|2.
KSCE n\/|1/ 24+ [p0)]

Remark 3.2. The potential shortcomings of this algorithm include the ambiguity
in deciding the correspondence between the original roots and the perturbed ones (es-
pecially when clustered roots exist) and the difficulty in choosing the small parameter
0 to get accurate results. The choice of § is generally a complicated issue. It may
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SCE FOR POLYNOMIAL ROOTS 629

not be too small. We usually choose § to be +/[|X||€mach, Where emach is the machine
epsilon. This choice approximately balances the approximation error and the round-
ing error. See, e.g., [15, Chapter 3] for further discussions. In practice, this choice of
0 has worked well in SCE implementations. On the other hand, Algorithm 2 below
does not involve § explicitly and does not need to match the roots.

4. SCE for polynomial roots via the condition of eigenvalue problems.
Alternatively, for a given polynomial p(z), we can avoid the problem of choosing &
and consider the condition of its roots via the condition of the eigenvalues of the
corresponding companion matrix (3.1).

4.1. Condition estimation for eigenvalue problems. Use structured SCE
for eigenvalue problems [13] by considering the companion matrix (3.1). Assume that
we have a block Schur decomposition of C":

(4.1) C=UurU", U=[U,U), T = [ hof ]

0 T,

where U is orthogonal and T} and T, have orders n; and n — ny, respectively. When
the spectra of 77 and T, are well separated, the sensitivity of the average eigenvalue
of T is well defined. Denote the average eigenvalue by

trace(Ty)

w(Th) = BT

In SCE, we introduce an n x n structured perturbation matrix
seT 1
» o[ 1

where e’ = [~a, 12,1, —@n_22n_2,...,—ap2). That is, §E is a relative perturba-

tion matrix. As derived in [13], when § is small enough, the average eigenvalue of T}
is perturbed to

(4-3) u(Ty) ~ u(Ty + 6B) = u(Ty) + Sp(B),

where B = UL EU; + YTUTEU; and Y is an (n — n1) X n; matrix that satisfies a
Sylvester equation

(4.4) H=TYT -YTT..

Based on (4.3), SCE provides a relative condition estimate to p(74) in the following
form:

(4.5) Ul EU, +YTUIEUY)|.

1
= o

Using these results, for a problem with distinct eigenvalues, we can further derive
specific estimates for real single eigenvalues and complex eigenpairs.

4.1.1. Condition estimation for single real eigenvalues. When 7T} isa 1x1
block (eigenvalue), Uy is a column vector, and we denote it by u;. We write T as t1
and Y as y. Then (4.4) becomes a linear system

(4.6) (tl-T ) y=H".
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630 A.J. LAUB AND J. XIA

The estimator v in (4.5) can also be simplified, since EU; is a multiple of the first
unit vector of dimension n. That is,

B = yuiy + vy re,
1

4.7 v=——|B|,
(4.7) it

where v = eTuy, the scalar uj; is the first element of u;, and r! is the first row of U,..

4.1.2. Condition estimation for complex conjugate pairs of eigenvalues.
When T is a 2 x 2 block, we need to solve the Sylvester equation (4.4). Using
Kronecker products, we can write the equation as

(4.8) (In-2®Ty — T ® Ip) vecY" = vecH,

where vecH denotes the column vector formed by stacking the columns of H from
left to right. The computation of B = U EU; + YTUT EU; can also be simplified as

(4.9) B = { le ] [ eTu;  eTusg ]—I—Y rc[ eTuy  eTus ],
12

where Uy = [uq, us] with its first row [u11, u12).

To get condition estimates for the eigenvalues of T, we assume that 7 has a
complex conjugate pair of eigenvalues \; and Aq, and that  E perturbs A\; and Ay to
A1 + 01 and Ag + do, respectively. That is, A\; + d; and Ag + &2 are the eigenvalues of
T + 0B as in (4.3). Clearly, A1 4+ 1 and A2 + 3 are complex conjugate. Let

T1:|:t11 t12:|7B:|:b11 512].

t21 t22 b21 b22
We have
(M 4+ 61) + (A2 + d2) = trace(Th + 6B),
(M 4 01)( A2 + 02) = det(Ty + IB).
Using the facts that A\ + Ay = trace(T1) and A; Ay = det(71), we can easily get
01 + 09 = da,
/\251 + /\152 ~ 5ﬂ,

where we have dropped the 62 term in the approximation and a = byy + baa, 3 =
tllbgg + tggbll - tlgbgl - t21 b12. Clearly, we have

Oé)\l ﬂ 52 _ (56 Oé)\g (_ 51) ’

0 =6—m
1= /\1 )\2 )\1 /\2

which are first order approximations to the perturbations in A\; and \s, respectively.
Therefore, in SCE we can use
wn|/\2|

a2 det(T) — aftrace(Ty) + (2

\/det T1) \/ [trace(T7)]? — 4 det(T1)

1
wn|/\1|

O<>\1—5
Al — Ao

B —als
Al — As

V=

(4.10)
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as the (relative) condition estimator for A\; and A2. We see that only real operations
are involved in (4.10).

By considering the condition for the eigenvalues of C, we can avoid the difficulty
of choosing 4, as can be seen from (4.7) and (4.10). However, the cost of computing
Y and v can be more than O(n?). This makes the total cost for all eigenvalues to be
at least O(n?). In addition, to obtain the sensitivity for other eigenvalues, we need
to swap the diagonal entries of T so as to bring a particular diagonal block to the
upper left position. Noticing that C' is structured and so are T and U, we can reduce
the cost for each v to O(n) and thus the total cost for all eigenvalues to O(n?). We
review certain matrix structures in the next subsection.

4.2. Review of SSS structures. The computations of the estimators (4.7) and
(4.10) involve matrix operations such as block permutations and Sylvester equation
solutions. To efficiently perform these operations, we use certain compact low-rank
structures, called sequentially semiseparable, or SSS structures [6], [7]. These struc-
tures take advantage of the low-rank property of matrices such as those in (4.1). An
SSS matrix looks like

D, UVE VT Uy WoWsVE
(411) P.oT Dy U VT Us Wi VT |
PsR2QT P3QF Ds UsVy
PiRsR2QT PyR30T  P,OT Dy

where the matrices {D;}, {U;}, {Wi}, {Vi}, {Pi}, {Ri}, and {Q;} are called (SSS) gen-
erators. (For convenience, we also use D;(T), U;(T), etc., to denote the generators of
an SSS matrix T'.) In the SSS form (4.11), the upper off-diagonal block numbers 1, 2,
and 3 are represented by

Uy Wa Wy
T T T Ui We T T T
Uy (VE VT WowsVT ) y (Vi WVl ) | wews | Vi
2
Us

respectively. Thus, SSS representations can clearly reflect the off-diagonal rank struc-
tures of the matrix. An SSS matrix is said to be compact if the sizes of all W; and R;
are small and are close to the maximum off-diagonal rank of the matrix. SSS matri-
ces can be used to efficiently represent matrices whose off-diagonal blocks have small
ranks. For these matrices, algorithms such as system solution, matrix addition, and
matrix multiplication are very efficient. In fact, those algorithms often have linear
complexity.

As an example, the cost of solving a compact order-n SSS system is only O(n)
[7]. Here, instead of reviewing the complicated general SSS solver, we briefly present
a forward substitution algorithm for a lower-triangular SSS system Ly = b, where
the lower-triangular matrix L has compact SSS representation. This is sufficient for
solving related linear systems in our condition estimation for polynomial roots. We
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632 A.J. LAUB AND J. XIA

TABLE 4.1
SSS generators of L in terms of the generators of T, where nj+1 =1 or 2 is the order of Di+1(T).

D;(L) Pi(L) | Qi(L) | Ri(L)
tiln, , —Dip1(D)T | —vigr | —uwipr —wiTJrl
TABLE 4.2

SSS generators of TY ® Iz in terms of the generators of TL, where n; is the order of Di(TL)

Ty — [Pia(TE) Ty _ [ Qi (TT)
and P(17) = [P nl] i) = | $i2 (7 |
[ [ DT 0h) | P(Ileh) | Q@feh | R(IZel) ]
1 [ DT @I, I @ P;(TT) I, ® Qi(T1) Iy @ Ri(T)
T I Iz®7’i71(TcT) ] I I2®Qi,1(TcT) | T
2 | DT ® Iy Lerart) | | | be o) | I, @ Ri(TT)
assume the system to be
Dl 0 U1
P2OT Dy Y2
PsR2Q7 P3Qf Ds Y3
PiRi—1- RO PIRi—1---R3Q%Y - PO, D Y
by 0
b2 Po
(412) = b |- PsRa £,
by PiRi—1---Re

where the generators have sizes O(1) and the parameter ¢ is initially a zero vector.
In the ith step of the substitution process, we solve a block lower diagonal system

Diy; = by — Pig

for y; and update & by R;€ + QT y;, where P; is assumed to be a zero matrix. Each
such step costs O(1). Thus the total cost of the solver is O(n).

4.3. Solving the Sylvester equation (4.4).

4.3.1. Solving (4.6) for single eigenvalues. When T = ¢ is a single eigen-
value, (4.4) becomes a linear system (4.6) with coefficient matrix L = ¢;1 —T7. Since
T has a compact SSS form with off-diagonal ranks no larger than 3, the matrix L is
also an SSS matrix with off-diagonal ranks no larger than 3, and we can easily identify
its generators. See Table 4.1. Thus, we can solve (4.6) with the forward substitution
algorithm in subsection 4.2.

4.3.2. Converting (4.4) to a triangular SSS system for double blocks.
When T is a 2 x 2 block, the matrix 77 in (4.8) is a lower-triangular SSS matrix.
We can easily verify that T7 ® I, is also a lower-triangular SSS matrix. Its generators
are shown in Table 4.2.

Therefore, the coefficient matrix of (4.8), I,_2 ® Ty — TT ® I, has the same
generators as —11 ® I, except the diagonal generator corresponding to D;(—T7 ® I5)
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SCE FOR POLYNOMIAL ROOTS 633

is Tl — DZ(TE) ®12 if n; = 1, and IQ ®T1 — DZ(TE) ®IQ if n; = 2. Again, the forward
substitution strategy in subsection 4.2 can be used to solve (4.8). The total cost is
still O(n).

4.4. Swapping diagonal blocks. To estimate the condition of the eigenvalues
of T; other than T3, we can reorder the diagonal blocks of T' by successively swapping
adjacent diagonal blocks (see, e.g., [1], [9], [19]). In general, consider a submatrix

K3
0 T |’
where T; and T} have orders n; and n;, respectively, with n;,n; =1 or 2, and T; and

T; have no eigenvalue in common. As discussed in [1], [9], [19], find an orthogonal
matrix G; which is a product of one or two Givens matrices such that

(4.13) G{}f}:[ﬂgj]
where X is the unique solution to
(4.14) T,X — XT; = H,.
Then
Lo Ty 0 MT;M; |7

where M; is the bottom n; x (n; +n;) submatrix of G; [1’51} . Thus T; and T; have been

swapped. In order to bring T; to the (1,1) block position, we need ¢ — 1 orthogonal
matrices G,k =1 —1,...,2,1. Each G is used to swap T} with Tx41. Each Gy, is
applied to the kth and (k + 1)st block rows of T, and GY is applied to the kth and
(k 4+ 1)st block columns of T'. Since T is in SSS form, the application of Gy to T can
be very efficient. However, since it is usually not straightforward to get a new SSS
form for T after each Gy, is applied, we simply use the SSS form of T" to compute all
G and then combine all of these transformation matrices into another SSS matrix.
Then we find the SSS form of the product of three SSS matrices

T =GTGT

using the SSS multiplication formulas in [5], [8].
The detailed procedure is as follows. We consider 7" in the following form:

T T
ULwW2 * * - Wrg—-1V uLwg - - wkUkJrl

T
T Ty_1 Hy, Ug—1 Wk V4 q
- )
Tk Hyqq
Tri1

0

where Hy, = uk,lv,{, Hiy = ukvgﬂ, and each T has order ny. (For notational
convenience, u; and us are used in the SSS representation of 7" in this subsection and
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634 A.J. LAUB AND J. XIA

should not be confused with those anywhere else.) A transformation matrix Gy, can
be computed for [73“ ;I:Ll] as discussed in (4.13)—(4.14).

Apply Gy, to the kth and (k + 1)st block rows of T'. It is sufficient to update the
following blocks:

G Tp Hpqr | _ Tk ﬁk
0 Tk+l H]IC Tk+1 '
Then apply G} to the kth and (k + 1)st block columns of T':

- T T [uiws - - wp—y
ULW2 * * * Wk -1V, UuLwsy - - 'wkUkJrl

: T T T
(vl wwly ] GR
GT = Uk —2Wk—1

Hy, Up—1WEV k

T H, Uk—1 _

- . Ty Hptr
- Hk Tiet 0 Tk+1

[Muiwe - wr—1 ~T ~T
ULW2 -+ WE—1V, ulwg---wkvkﬂ

[ o8 o ]

_ Ug—2W—1 _ N .
B Uk—1 B ng uk*{wkvgﬂ ’
A h T, Hyq
[Tk Hk+1:| 0 7 +
= k1
0 Tgp i +

D, Ngt1  _ Vg T T 5 :
where [ﬁk+1] kL =Gy [vk“w,ﬂ’ Hj, = u ;0. Note that ng41 is now the order of

T, and the row dimension of 9. That is, we have swapped the diagonal blocks via
the SSS generators.

Next, we can compute a transformation Gi_; based on the matrix [T’“O* Ifk},

Ty
and the process repeats. We can see that, to obtain the transformation matrices Gy,
we need only to update vg, Hy, Tk, and Tj4.

Therefore, in order to bring 7T; to the upper left position (possibly with similarity
transformations), we compute Gg,k =14 — 1,...,2,1 with the above procedure. The
total cost is no more than O(n). All of the matrices Gy are then combined into a
matrix G, which turns out to have small off-diagonal ranks also. We can conveniently
write GG in a compact SSS form. There are different situations based on the sizes of
the diagonal blocks of T'.

4.4.1. Single past single or single past double. Assume that T; is a scalar
and has row or column index ¢ in 7. Then in any swapping process for [78“ I;:Ll ,
the block Tk is always a scalar.

If T}, is also a scalar, then Gy is simply a Givens rotation matrix

Gk:|:cj Sj:|7

=i ¢

where j is the row or column index of the upper left entry of Ty in T'. If Ty, is a 2 x 2
block, then according to (4.13), G, has the form

Cj Sj 0 1 0 0
Gk = —S5 Cj 0 0 Cj+1 Sj+1
0 0 1 0 —Sj+1  Cj41
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TABLE 4.3
SSS generators of G.

Di(G) | Ui(G) | Vi(G) | Wi(G) | Pi(G) | Qi(G) | Ri(G)

Ci—1C4 Ci—1S84 Cy S; 1 —8; 0

It is clear that we can assemble all G, into the matrix

G=Q1Q2- Q.
where
Cj S5
— d; J J
Qj - dlag <Ij—17 |: —5. ¢ :| 7I7L—j—l> .
J J
The matrix G has the following form:
CpC1 CpS1C2  CpS1S52C3 . N CoS1 " S.C+1
—S1 C1C2 C159C3 . e C1582 " S5,C+1
—S89 CoC3 AP ‘e C283 " S5,C+1
—S,—1 C,—1C, C,—185.C41
0 —S, C,CLy1

where ¢ = ¢, = 1. Clearly, G is an orthogonal matrix with the ranks of both its
upper and lower off-diagonal blocks bounded by 1. This can be verified by examining
the off-diagonal blocks, or by the CS decomposition [12, section 2.6]. Obviously, G is
also an SSS matrix with generators as shown in Table 4.3 (see also [8]).

Therefore, after all of the swapping steps, the matrix 7' is transformed into a
new matrix T = GTGT, which is a product of three compact SSS matrices. By
Theorem 3.1 and the fact that the off-diagonal ranks of G are bounded by 1, the
matrix T is a matrix with off-diagonal ranks at most 5. The formulas in [5], [8] for
the product of SSS matrices can be used to provide a compact SSS form for 7.

4.4.2. Double past single or double past double. Assume that 7T; is a 2 x 2
block, and its (1,1) entry has row or column index ¢ in 7. Then in any swapping
process for [T’“ H"‘+11], the block Ty 1 is always a 2 x 2 block.

0 Tey
If T}, is a scalar, then according to (4.13), G has the form
1 0 0 ¢ 5 0
(416) Gk = 0 Ci+1 Sj4+1 —§j éj 0 y
0 —Sj+1  Cj41 0 0 1

where j is the row or column index of the upper left entry of Ty in T'. If Ty is a 2 x 2
block, then

1 0 1 0
(4.17) G = AR !
—Sj+1  Cj+1 Cj+2  Sj+2
0 1 0 —S5j42  Cj42
¢ 3 0 1 0
o | TG G+ S
1 —Sj+1 Cj+1
0 1 0 1
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It is clear that we can assemble all GG, into the matrix

G=Q Q=(Q2Q3 Q1) (Q1Q2---Q,),

where

. ci 8 A . PR 9
Qj = dlag (Ij—h l: _;j Cj :| ;In—j—l) s Qj = d1ag <Ij_1, l: _gj éj :| 7In—j—1) .
This result uses the fact that Q; (or Q;) and Q, (or Qx) commute when [j — k| > 1.
As an example, we asserpblAe two matrices Gr_1 and G, where GG, has the form
(4.17), written as @ j4+1Q+2Q;Qj+1, and Gi_1 has the form (4.16) but with & replaced
by £ —1 and j replaced by j — 1, written as @;Q;—1. The resulting matrix is

(Qj@j—l) : (Qj+le+2Qij+1) = (Qij+1Qj+2) : (Qj—l@j@j—i—l)v

where we have used the fact that Qj,l and (Qj4+1Qj+2) commute.

We can see that both Q and Q have forms similar to (4.15). Thus, the orthogonal
matrix G is a product of two SSS matrices, and, according to the SSS multiplication
formulas in [5], [8], the off-diagonal blocks of G have ranks no larger than 2. Again,
we can use the SSS multiplication formulas to obtain T' = GT'GT.

4.5. Computing the first row of U. Denote the first row of U by rT. Note
that the fast eigensolver in [8] provides U in the form of a sequence of 2 x 2 Givens
rotation matrices. The total number of these Givens matrices is O(n?). Thus, the
application of these matrices on the right to €7, the first unit vector of length n, yields
the initial 7. This costs O(n?) operations. Later, for each diagonal block T;, the
vector 7T needs to be updated when T is updated by the swapping process. According
to the previous subsection, U is updated to UGT: thus the updated vector

(4.18) i =TaT.

Since G7 is represented by no more than 2n Givens rotation matrices, the computation
of #T for each T; costs no more than O(n).
In addition, the inner product of 77 with another vector as in (4.7) costs O(n).

4.6. Computing U;. If T; = )\ is a single entry (eigenvalue), then Uy = u; is a
corresponding eigenvector. It is clear that we can choose

(4.19) w1 = Uy /||t]|2, with @ = A" A2 00 A DT

In the meantime, we need to make sure that the first entry of u; matches the first
entry of T, or, more specifically, we need to match the signs.

If 77 is a 2 x 2 block, then U; provides an orthonormal basis for the invariant
subspace of C' corresponding to the eigenvalues contained in 7T;. That is,

CU, = UqTy.
Assume that the two eigenvalues of T are A1, Ay = p(cosf £isinf). Since A; and Ay
have the corresponding eigenvectors u; = (/\?_1, oo, DT and ug = (/\g_l, e, DT

respectively, we can get the following relationship:

(4.20) CU, = U, T,
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where
p"teos(n—1)0 p"lsin(n—1)6
} : : - cosf sinf
(421) U= p? cos 20 p? sin 20 y Ti=p [ —sinf cosf ] ’
pcosf psind
1 0

We know the first row of Uy (from the previous subsection) and can find U; based on
U.

LEMMA 4.1. For the matrices Ty in (4.1) and Ty in (4.21), which are both 2 x 2,
there exists a similarity transformation matrix Fy such that ThFy = F1Ty. One such
example is

0 psinf

(422) Fl - t21 pC080 — t11 ’

where [t11,t21]7 is the first column of Ty. .
This result can be easily verified using the fact that 77 and 77 have the same

eigenvalues, and thus the same traces and determinants. The result enables us to
write (4.20) as

CU, = UiTh,
where
(4.23) U, =U,F.

The matrix F} such as (4.22) is invertible, since psinf # 0, to; # 0 due to the fact
that 77 has a pair of complex eigenvalues.

LEMMA 4.2. For the matrices Uy in (4.1) and Uy in (4.23), which are both n x 2,
there exists a matriz Fy such that Ung =U;.

Proof. Given rl (the first row of Uy) and 71 = p"~![cos(n — 1)8,sin(n — 1)0]Fy
(the first row of ﬁl), we can find such a matrix Fy. Clearly, Fy satisfies

(4.24) MRy =17 T\Fy = BT,

Since A1, A2 = p(cosf £ isinf) # 0 and F} is invertible, we have #7 # 0. Thus,
T‘A? = (’f’ll,f'lg) 75 0
If 711 # 0, we can construct a Sylvester equation based on (4.24):

(4.25) <T1+ { %T D Fy— BTy = [ %T } .

Since 711 # 0, we have that T + [%T ] and T} have different traces. These two matrices

are also 2 x 2. Thus they have different eigenvalues. The above equation then has a
unique solution F». Similarly, if 715 # 0, we can solve a different Sylvester equation

(4.26) <T1+“)T]>F2—F2T1:[TOT] 0

1 1

This proof gives a way to compute such a matrix Fs.
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THEOREM 4.3. Assume that the real matriz C in (3.1) has a Schur decomposi-
tion as in (4.1), where the leading block Ty of T is 2 X 2 and has a complex pair of
eigenvalues. Then there exists a unique Uy with two linearly independent columns and
with the first row given such that CUy = UyT}.

Proof. Assume that there exists another matrix U] with two linearly independent
columns and with the first row 77 being the first row of U; such that CU{ = UjT}.
Since both U; and Uj are bases for the invariant subspace of C' corresponding to the
eigenvalues A1, Ay of T, there exists a matrix R such that U] = U; R, and

(4.27) ri =] R.
Thus,
CUL\R=U,RTy, = U,T\R,
which leads to
RT) =TiR.
Multiplying by 7T on the left and using (4.27), we have
(4.28) riTy =rITyR.

Equations (4.27) and (4.28) indicate that R has an eigenvalue 1 with the corre-
sponding left eigenvectors r{ and 71 T. Clearly, 77 and T} are linearly independent,
since T; has a complex pair of eigenvalues. Therefore, R = 1. d

In particular, here U; has two orthonormal columns. The previous results give
us a procedure for computing Uy from U;. That is, we first get F} in (4.22) and thus

U1. Then compute F from (4.25) or (4.26). Finally,
(4.29) Uy =UF, =U,F\F,

which costs O(n) with direct computations since Fy and F, are 2 x 2 matrices.

4.7. Implementation issues and the algorithm. Before presenting the algo-
rithm, we address some implementation issues.

When n is large, a small |A| in (4.19) can make the first entry of 77 small. Thus,
it may not be reliable to decide the sign of the first entry of u; based on the first
entry of 7”. To avoid this problem, we can introduce an auxiliary vector b7, which is
the last row of U. When || is small, the first entry of b7 is used to decide the sign of
the last entry of u; and thus the signs of other entries in u.

Similarly, if |p| is small, the matrix Fy computed from (4.25) or (4.26) may be
inaccurate. This is because the nonzero entry (or entries) in #{ is small and the
coefficient matrices of Fy in (4.25) or (4.26) are close to each other. Again, we can
use the vector b7 and replace 77 in (4.25) and (4.26) by the first two entries of b7

So far, we have concentrated on distinct roots. If p(x) has multiple roots, the
previous steps can be simplified, since some swapping steps can be omitted. We
also need to modify the condition estimators for multiple roots. Extensions to other
structured eigenvalue problems are also possible. More details are expected to appear
in future work.

We now summarize the major steps in an algorithm. The complexity of the
algorithm is O(n?), which can be easily verified.
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ALGORITHM 2 (k-sample SCE for the roots of p(z) via the condition of a struc-
tured eigenvalue problem).
1. Use the fast eigensolver in [8] to find a Schur decomposition (4.1) for the
companion matrix C corresponding to p(z). Store the SSS generators of T’
and the first row 77 of U.
2. Generate z(1) ... 2 € U(S,_;). Orthonormalize [z, ... 2(*)].
3. For each diagonal block T; of T,
(a) If T; is a single entry,
i. update T as in subsection 4.4.1 and update r7 as in subsection 4.5;
ii. solve a lower block triangular SSS system (4.6);
iii. compute u; via (4.19);
iv. for each j = 1,...,k, set e = (e;) with e; = aizi(j). Calculate an
estimate 7 by (4.5);
(b) Else
i. update T as in subsection 4.4.2 and update r7 as in subsection 4.5;
ii. solve a lower block triangular SSS system (4.8);
iii. compute U; via (4.29);
iv. for each j =1,...,k, set e to be —a - 2 (componentwise multipli-
cation); calculate an estimate 1/1»(]) by (4.10) using (4.9).

4. Calculate the k-sample componentwise SCE condition vector

Wk
= M2 4 ... (k)|2.
Fsom = —- \/Iu 24 4 3

5. Numerical experiments. Algorithms 1 and 2 both give satisfactory results
for many problems. Algorithm 1 solves two polynomial root problems and is generally
straightforward. When solving the perturbed problem, we can use the original roots
as the shifts in the structured QR iterations. For each new sample, we need to solve an
additional perturbed problem. If each solve costs an?, then a k-sample SCE estimate
costs about kan?. The algorithm also has potential shortcomings as mentioned in
Remark 3.2.

On the other hand, Algorithm 2 avoids the potential problems of Algorithm 1.
There is no ¢ explicitly involved in the algorithm. We do not need to explicitly solve
a perturbed problem or to order the roots. In addition, it can be very efficient for
multiple samples, since each additional sample requires about one or two vector inner
products (see (4.9)) near the final stage of the condition estimation. Most work is
independent of the random perturbations (we call this the precomputation). This
makes the total cost of a k-sample SCE estimate with algorithm 2 to be &n? + 2kn?,
where the @n? is the cost of the precomputation. Since @ is usually much larger than
1, the cost of each additional sample of estimation is insignificant.

We apply the algorithms to some classical examples. The following notations are
used in the results:

RSCE SCE by Algorithm 1 (with relative perturbations)
KSCE SCE by Algorithm 2 (with relative perturbations)
Kexact Exact condition numbers by (2.5)

kmareas | Condition estimates by MATLAB function condeig

Example 1. Consider Wilkinson’s polynomial

p(z) = (z = 1)(z =2)---(z —n),

where n = 8. The roots are x; = 4, j=1,...,n.
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TABLE 5.1
SCE for Example 1.

T T2 T3 T4 5 6 x7 s

RSCE 1.83el | 2.26e2 | 1.96e3 | 6.66e3 | 1.53e4 | 2.14e4 | 1.50e4 | 4.08e3
KSCE 1.83el | 2.26e2 | 1.96e3 | 6.66e3 | 1.53e4 | 2.14e4 | 1.50ed4 | 4.07e3
Kexact | 3.98el | 5.87e2 | 4.21e3 | 1.57e4 | 3.28e4 | 3.85e4 | 2.37ed | 5.97e3

10° . . .

10' b 1

relative error

1G. 5.1. Relative errors max; |=SCE——exact | by Algorithm 1 with differen or Example
Fic. 5.1. Relati y Rsom—Rexact| by Algorithm 1 with di té E le 1.

Kexact

The exact condition number for z; is % [11]. Choose § = 10~% in Algo-
rithm 1. Apply SCE with two samples. The same random perturbations 21, ..., z(¥)
are used for both SCE algorithms. The condition numbers are in Table 5.1. Both
Algorithms 1 and 2 provide very similar results.

For Algorithm 1, we also calculate the relative errors max; |"“SCE7:°;‘W| with dif-
ferent choices of § ranging from 2733(~ 1.2 x 10710) to 2~ 13(~ 1.2 x 107%) so0 as to
demonstrate the sensitivity of the condition estimates in terms of §. See Figure 5.1.
We see that the errors are close to 1 or smaller, and the estimates are pretty accu-
rate. The condition estimate is insensitive to § over a relatively large range around

[X[|emach (see Remark 3.2).

Example 2. Consider

p(z)=(z—-2"") (z—-27%) - (z—27").

The roots are z; =277, j=1,...,n.

The exact condition numbers are bounded by 2 ;”Xl)(%*g 212 ~ 136.32 [11].
Since both Algorithms 1 and 2 provide very similar results, we only report one set.
For n = 8, the condition numbers with two samples in SCE are in Table 5.2.

On the other hand, the MATLAB function condeig applied to the companion ma-
trix reports large condition numbers for the roots. The condition estimates Kyiarpas
are included to roughly show that our algorithms give less conservative results, al-

though it should be emphasized that condeig measures a different condition number
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TABLE 5.2
SCE for Example 1.

T To x3 x4 x5 g x7 s
KSCE 5.63 14.4 31.8 37.1 11.3 17.6 17.0 7.84
Kexact 8.31 24.8 30.2 16.8 16.8 39.2 25.1 .99
Kaamian | 5.68B2 | 7.24E4 | 3.18E6 | 5.81E7 | 4.73E8 | 1.72E9 | 2.64E9 | 1.33E9

relative error

10 10 10 10

FIG. 5.2. Relative errors max; |F"SCE_7KCL’”“\ by Algorithm 1 with different § for Example 2.
exac

and also ignores the structure of the companion matrix. It is generally an O(n?)
process.

The relative errors in the condition estimates by Algorithm 1 with different choices
of § are shown in Figure 5.2. In this example, again, the estimate is very accurate at
around 6 = \/||x||€mach- In both this example and the previous one, the error gets
large only when ¢ is too small or too large. Again, we point out that Algorithm 2
does not have the problem of choosing an appropriate §.

Example 3. Consider the polynomial

p(z) =2" — 1.

The solutions are the roots of unity x; = €2™/" j=1,... n.

As mentioned in [11], k; = 1, j =1,...,nin (2.5). For n = 8, applying SCE with
two samples, we get an estimate of kgcgp = 0.133 compared to the exact condition
number Kexact = 0.125.

We also apply the 1-sample Algorithm 2 to p(x) with larger degrees n. For
each n, we count the number of floating point operations for the main condition
estimation step 2 in Algorithm 2 (denoted by flops,) and report ﬂf(l);;ls)iHQ in the last
row of Table 5.3. The ratios ﬂi;}:i% are close to 4, which is consistent with the O(n?)
complexity of the algorithm.

In the current preliminary MATLAB implementation of the algorithms, the condi-
tion estimation step 2 in Algorithm 2 (mainly the precomputation) takes more time
than the root finding step, although they are of the same order. However, each addi-
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TABLE 5.3
SCE for Example 3 with different n.

n 32 64 128 256 512 1024
KSCE 0.0587 | 0.0212 | 0.0129 | 0.0055 | 0.0023 | 0.0010
Kexact 0.0313 | 0.0156 | 0.0078 | 0.0039 | 0.0020 | 0.0010

‘ flops,, ‘ 4.52 ‘ 4.23 ‘ 411 ‘ 4.05 ‘ 4.03 ‘ 4.01 ‘

flops,, /o

tional sample costs little as compared with the precomputation. In addition, although
it is possible to test the first two examples with large degrees, the calculations of the
coefficients or the roots may be inaccurate.
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