Addendum to

Fake Projective Planes
Inventiones Math. 168, 321-370 (2007)

By Gopal Prasad and Sai-Kee Yeung

We will use the notions and notations introduced in [1].

A.1. Asin [1], let k£ be a totally real number field and ¢ be a totally complex
quadratic extension of k. Let h be a hermitian form on ¢3, defined in terms of the
nontrivial automorphism of ¢/k, such that h is indefinite exactly at one real place
of k. In [1] we proved that if the fundamental group of a fake projective plane is an
arithmetic subgroup of PU(h), then the pair (k,¢) must be one of the following five:
C1, Cs, C11, Cig, or C21. Around the time [1] was submitted for publication, Tim
Steger had shown that (k,¢) cannot be Cg, and together with Donald Cartwright
he had shown that it cannot be C2;. Using long and very sophisticated computer-
assisted group theoretic computations, Donald Cartwright and Tim Steger have now
shown that (k,¢) cannot be any of the three remaining pairs €1, €11 and ;5. This
then proves that the fundamental group of a fake projective plane cannot be an
arithmetic subgroup of PU(h). Cartwright and Steger have also shown that there
exists a rather unexpected smooth projective complex algebraic surface whose Euler-
Poincaré characteristic is 3 but the first Betti-number is nonzero (it is actually 2).
This surface is uniformized by the complex 2-ball, and its fundamental group is a
cocompact torsion-free arithmetic subgroup of PU(h), h as above, with (k,¢) = Cy;

= (Q(V3),Q(¢12))-

In view of the above, we can assert now that there are exactly twenty eight classes
of fake projective planes under a classification scheme which is finer than the one
used in [1], see A.2 and A.5 below. It has been shown recently by Cartwright and
Steger using ingenious group theoretic computations that the twenty eight classes of
fake projective planes altogether contain fifty distinct fake projective planes up to
isometry with respect to the Poincaré metric [CS]. Since each such fake projective
plane as a Riemannian manifold supports two distinct complex structures [KK, §5],
there are exactly one hundred fake projective planes counted up to biholomorphism.

Cartwright and Steger have given explicit generators and relations for the funda-
mental group (which is a cocompact torsion-free arithmetic subgroup of PU(2,1))
of each of the fake projective planes, determined their automorphism group, and
computed their first homology with coefficients in Z. They have shown that the fun-
damental group of eight of the one hundred fake projective planes do not admit an
embedding into SU(2,1) as a discrete subgroup (the canonical line bundle of these
fake projective planes is not divisible by 3 in their Picard group). All these fake
projective planes arise from the pair C1g. Cartwright and Steger have also shown
that the quotient of six of the fake projective planes by a subgroup of order 3 of
the automorphism group is a simply connected singular surface. We propose to call
these simply connected singular surfaces the “Cartwright-Steger surfaces”.
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A.2. In 1.3 of [1], for any nonarchimedean place v of k which ramifies in ¢, P, was
chosen to be a maximal parahoric subgroup of G(k,) normalized by II, and in 1.4,
in the collection (Pv)vevf, the parahoric subgroup P, was assumed to be maximal
for all v which ramify in ¢. It appears to us, in retrospect, that we should not have
required P, to be maximal for v ramifying in £. We therefore abandon this condition.
We then get a finer classification of the fake projective planes.

Let T be the set of nonarchimedean places v of k& such that in the collection
(Pv)vevf under consideration, P, is not maximal, and also all those v which are
unramified in £ and P, is not hyperspecial. Let Ty be the subset of T consisting of
places where the group G is anisotropic.

In Theorem 4.4 of [1], the assertion that T = Ty needs to be modified for ¢ =
Q(v—-1), Q(v/=2), and Q(/=7). It can be easily seen, by simple computations,
that for ¢ = Q(v/—1) and Q(v/—2), the possibilities are T = Ty and T = Ty U {2}.
For £ = Q(v/—T) the possibilities for T are T = Ty = {2}, T = {2, 3}, and T = {2,5}.

In this paragraph a is either 1 or 2. To see the fake projective planes arising from
¢ = Q(v/—a), and T = Ty U {2}, we recall from [1] that Ty = {p}, where p is 5 if
a =1, and is 3 for a = 2. Let the Q-group G be as in 5.7 of [1], and G be its adjoint
group. Note that 2 is the only prime which ramifies in Q(y/—a). Now let (P,) be
a coherent collection of maximal parahoric subgroups P, of G(Qq), we assume that
for ¢ # 2, p, P, is hyperspecial. We fix an Iwahori subgroup I» contained in P
and let A = G(Q) N Hq P,, Ay = AN 1. Then A, and so also Ay, is torsion-free
(Lemma 5.6 of [1]). Since [P, : I3] = 3, the strong approximation property implies
that [A : A;7] = 3. As x(A) = 3, we obtain that x(A;) = 9. Now let I'; be the
normalizer of A; in G(R), and A; and T'; be the images of A; and I'; in G(R).
Then [I'7 : A7) = 9 (cf. 5.4 of [1]), and hence, [I'7 : A7} = 3. This implies that the
orbifold Euler-Poincaré characteristic of T'; is 3. Moreover, H!(A;,C), and hence
also H(T;, C) vanishes (Theorem 15.3.1 of [Ro]). Thus if T'; is torsion-free, which
indeed is the case, as can be seen by a suitable adaptation of the argument used to
prove the first assertion of the proposition in A.6 below, B/T is a fake projective
plane, and it is the unique plane belonging to the class associated to £ = Q(v/—a),
fora=1,2,and T =Ty U {2}.

It follows from Proposition 5.3 of [1] that up to conjugation by G(Q) there is
exactly one coherent collection {P,,q # 2, p; I, P, = G(Qp)} such that P, is a
hyperspecial parahoric subgroup of G(Q,) for all ¢ # 2, p. Thus for a =1, 2, up to
conjugacy under G(Q) we obtain a unique T';.

In view of the above, under the new, and finer, classification scheme, the fake
projective planes arising from ¢ = Q(y/—1) and Q(v/—2) are placed in six rather
than the original four classes.

We note that the fact that I'; described above is torsion-free, and the proposition
in A.6 below, have also been proved by Cartwright and Steger using computer-
assisted group theoretic computations.
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A.3. In this section, £ = Q(v/—7). Asin 5.7 of [1], let D be a cubic division algebra
with center ¢ whose local invariants at the two places of £ lying over p = 2 are
nonzero and negative of each other, and whose local invariant at all the other places
of ¢ is zero. Let the Q-group G be as in 5.5 of [1] for an involution ¢ of D of the
second kind chosen so that G(R) = SU(2,1). Then Ty = {2}. Let C be the center
of G and G = G/C be the adjoint group of G. As ¢ does not contain a nontrivial
cube-root of unity, C(Q) is trivial.

The following seven paragraphs should be added at the end of 5.11 in [1].

Let T = {2,3} or {2,5}. We fix a coherent collection (F,) of mazimal parahoric
subgroups P, of G(Q,). We assume that F; is hyperspecial if, and only if, ¢ ¢ TU{7}.
Let A = G(Q)N[], Py, and let T' be its normalizer in G(R). Let T (resp., A) be the
image of T' (resp.,A) in G(R). Then as #Jy = 1, [[' : A] = 9, see 5.4, and hence,
[T : A] = 3. We note that T is contained in G(Q) (see, for example, [BP, Proposition
1.2]). Obviously, I' normalizes P, for every gq.

(i) Fake projective planes arising from T = {2,3}: Let 7 = {2,3}. Since
¢/(P2) =3, and €'(P3) = 7, see 3.5 and 2.5(1), (411),

HGR)/A) = e/ (Pa)e!(Py) = 1.

Hence, the orbifold Euler-Poincaré characteristic x(A) of A is 3. As the maximal
normal pro-3 subgroup of the non-hyperspecial maximal parahoric subgroup Ps of
G(Q3) is of index 96, P3 does not contain any elements of order 7. But any nontrivial
element of G(Q) of finite order is of order 7 (Lemma 5.6), so we conclude that A
(C G(Q) N P3) is torsion-free. As in 5.9, using Theorem 15.3.1 of [Ro] we conclude
that B/A is a fake projective plane, A (= A) is its fundamental group, and since T
is the normalizer of A in G(R), T'/A is the automorphism group of B/A. As in 5.10,
we see that any torsion-free subgroup II of T' of index 3 such that II/[II,II] is finite
is the fundamental group of a fake projective plane.

(ii) The fake projective plane arising from T = {2,5}: Let T = {2,5}. As
¢(Ps) = 21, see 2.5(iii),

1
WGR)/A) = 5re'(Po)e (Ps) = 3.
Hence, (T) = 3x(T) = 9u(G(R)/T) = 9u(G(R)/A)/[T : A] = 3. From this we
conclude that the only subgroup of I' which can be the fundamental group of a
fake projective plane is T itself. Moreover, as H'(A,C), and hence also H(T, C),
are trivial (Theorem 15.3.1 of [Ro]), B/T is a fake projective plane, and T is its

fundamental group, if and only if, T is torsion free.

We will now show, using a variant of the argument employed in the proof of
Proposition 5.8, that T is torsion-free. Since the maximal normal pro-5 subgroup of
the non-hyperspecial maximal parahoric subgroup Ps of G(Qj5) is of index 720, Ps
does not contain any elements of order 7. This implies that A (C G(Q) N Ps), and
hence also A, are torsion-free since any element of G(Q) of finite order is of order 7
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(Lemma 5.6). Now as A is a normal subgroup of T of index 3, we conclude that the
order of any nontrivial element of I' of finite order is 3.

Let G be the connected reductive Q-subgroup of GL; p, which contains G as a
normal subgroup, such that

9(Q) ={z€D*|z0(2) € Q*}.

Then the center € of G is Q-isomorphic to Ry/p(GL1). The adjoint action of G on
the Lie algebra of G induces a Q-isomorphism G/C — G. As H(Q,€) = {0}, the
natural homomorphism G(Q) — G(Q) is surjective. Now, if possible, assume that
T contains an element of order 3. We fix a g € G(Q) whose image g in G(Q) is an
element of order 3 of T. Then A := ¢ lies in £*. Let a = go(g) € Q*. Then the
norm of A\ (over Q) is a3 € Qx3. Let z be the unique cube-root of A in the field
L =/[X]/(X3 — ). Then there is an embedding of L in D which maps x to g. We
will view L as a field contained in D in terms of this embedding. Then o(z) = a/x.
The reduced norm of z is clearly A, and the image of g in H'(Q, C) C EX/EXS is the
class of A in KX/EXg. As in the proof of Proposition 5.8 (cf. also 5.4), we see that
since g stabilizes the collection (Fy), w(A) € 3Z for every normalized valuation w of
¢ = Q(v/=T7) not lying over 2.

We assert that the subgroup EEQ} of £* consisting of elements z whose norm lies

in ng, and w(z) € 3Z for every normalized valuation w of £ not lying over 2, equals
<*u (1+ ﬁ)ﬁxg u(l-— \/_*7)%3‘ Since ¢ does not contain a nontrivial cube-root
of unity, and its class number is 1, the subgroup ¢35 of £* consisting of z € £* such
that for every normalized valuation w of £, w(z) € 3Z coincides with £** (see the
proof of Proposition 0.12 in [BP]), and ¢3 is of index 3 in the subgroup 3oy (of £%).

As (14 V=71 = V=T7) = 8(c %), it follows that 1+ /=7 and 1 — /=7 are
units at every nonarchimedean place of ¢ which does not lie over 2. Moreover, it
is easy to see that if v/ and v” are the two normalized valuations of ¢ lying over
2, then neither v(1 4+ /=7) nor v”(1 + 1/=7) is a multiple of 3. This implies, in
particular, that 1 £ /7 ¢ ¢*3. From these observations, the above assertion is
obvious. Now we note that 14 /=7 is not a cube in Q5(v/—7) (to see this, it is
enough to observe, using a direct computation, that (1 = /—=7)% # 1 in the residue

field of Q5(+/—7)). Since A € 632} and is not a cube in £*, it must lie in the set

(14 v=7)0%* U (1 — /=7)¢*. But no element of this set is a cube in Q5(v/—7).
Hence, £ := L ®y Q5(v/—7) is an unramified field extension of Q5(1/—7) of degree 3.

Let T be the centralizer of g in G. Then T is a maximal Q-torus of G. Its group of
Q-rational points is L* N G(Q). The torus T is anisotropic over Q5 and its splitting
field over Qs is the unramified cubic extension £ of Q5(y/—7). This implies that
any parahoric subgroup of G(Qs) containing T'(Qs) is hyperspecial. We conclude
from this that T'(Qs) is contained in a unique parahoric subgroup of G(Qs), and
this parahoric subgroup is hyperspecial. According to the main theorem of [PY],
the subset of points fixed by ¢ in the Bruhat-Tits building of G/Q5 is the building
of T/Qs. Since the latter consists of a single point, namely the vertex fixed by
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the hyperspecial parahoric subgroup containing 7'(Qs), we infer that g normalizes a
unique parahoric subgroup of G(Qs), and this parahoric subgroup is hyperspecial.
As P; is a non-hyperspecial maximal parahoric subgroup of G(Qj), it cannot be
normalized by g. Thus we have arrived at a contradiction. This proves that T is
torsion-free. Hence, B/T is a fake projective plane, and T is its fundamental group.
Since the normalizer of T in G(R) is ', the automorphism group of B/T is trivial.

A.4. It has been pointed out by Cartwright that in Proposition 8.6 of [1] the pairs
Co9, Co6 and Cs5 have erroneously been omitted, and Steger has pointed out that
the assertion T = Ty of Proposition 8.6 is incorrect if (k,¢) = Ci3. The corrected
Proposition 8.6 is stated below in which we have listed the possible T’s. It turns out
that if (k,¢) is different from C;5 and Cyp, then T = T.

Proposition 8.6 of [1] should be replaced with the following.

8.6. Proposition. Assume that D is a cubic division algebra. If the
orbifold Euler-Poincaré characteristic x(I') of T is a reciprocal integer,
then the pair (k,€) must be one of the following nine: Cq, C3, Cig, Cis,
Cog, Cog, C31, C35 and Czg9. Moreover, Ty consists of exactly one place v,
and T = Ty except in the case where (k,{) is either Cig or Coy. Fxcept
for the pairs Cs, Ci1g and Css, v is the unique place of k lying over 2; for
C3 and Css, it is the unique place of k lying over 5, and for Cig it is the
unique place of k lying over 3.

Description of the possible T if the pair (k,€) is either Cig or Coo: If
(k, ) = C1z = (Q(v6),Q(V6,(3)), the possibilities are T = Ty = {v},
and T = {v, 02}, where vy is the unique place of k = Q(v/6) lying over 2.
On the other hand, if (k,¢) = Co = (Q(V7),Q(/7,(4)), let vy and v}
be the two places of k = Q(v/7) lying over 3. Then either T = Ty = {v},
or T ={v,05}, or T = {v,05}.

To correct the proof of this proposition given in [1], we just need to replace the
sentence “We can show that unless (k, /) is one of the six pairs... :” with “We can
show that unless (i) (k,¢) is one of the following nine pairs Cq, Cs, Cio, Cis, Coo,
Ca6, C31, C35 and Cs9, (ii) Tp and T are as in the proposition, and (iii) P, is mazimal
for allv € V}, except when the pair is Cig, at least one of the following two assertions
will hold:”.

A.5. Twenty eight classes of fake projective planes. In 5.11 of [1] we have
described the fake projective planes arising from the pair (7,2) and T = Ty = {2}.
We have shown above in A.3 that the pair (7,2) with T = {2, 3} gives us two distinct
classes of fake projective planes, and with T = {2,5} it gives two more classes (each
of these classes consists of just one fake projective plane). We will show below that
the pair (k,£) = C1g, with T = {v, 2} gives two classes of fake projective planes, see
A.6 and A.7. In addition, the pair Coy gives three classes of fake projective planes
(A.9), but Cy and Css give none (A.10). These nine classes are not among the
seventeen classes of fake projective planes described in Sections 5 and 9 of [1]. Also,
as observed in A.2, under the finer classification scheme being used here, the fake
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projective planes arising from the pairs (k,¢) = (Q,Q(v/—1)) and (Q, Q(v/—2)) are
placed in six classes rather than four. There are thus a total of twenty eight classes
of fake projective planes.

The following table gives the number of classes of fake projective planes arising
from all possible (k,¢) and 7.

[ (k, 0) | T | classes |
(Q,Q(v-1)) {5} 2
{2,5} 1
(Q,Q(vV-2)) {3} 2
{2,3} 1
(Q,Q(v-7)) {2} 2
{2,3} 2
{2,5} 2
[ (Q,Q(v-15)) (2 [ 4 ]
[(Q,Q(V—23)) (20 [ 2 |
[€2: (Q(v5),Q(v5,5)) [{o}) [ 2 |
(e (0v2),QV-7+42) [{o} | 2 |
Cis : (Q(V6),Q(v6, (3)) {0} 1
{0,092} 2
Co0 : (Q(VT),Q(VT, (1)) {v} 1
{v, 0%} 1
{v, 0% 1

A.6-A.10 should be added at the end of 9.3 of [1].

A.6. Let (k,£) be any of the following four pairs: €15 = (Q(v/6), Q(v/6,¢3)), Cog =
(Q(WT),Q(V7,¢1)), Ca6 = (Q(V15),Q(v15,¢a)), and €35 = (Q(Cao + Capt), Qo))
Note that for each of these four pairs, D, = D,%, so every nonarchimedean place of
k is unramified in ¢. Let p = 3 for the first pair, p = 2 for the next two pairs, and
p = b5 for the last pair, and v be the unique place of k lying over p. Then v splits
in £, and p is the cardinality of the residue field of k,. Let v, be a fixed real place
of k. Now let D, o, G, G be as in 9.1. We fix a coherent collection (Py)vev, of
parahoric subgroups P, of G(k,) such that for every nonarchimedean place v of k,
P, is maximal, and it is hyperspecial for all v # v. Let A = G(k) N Huevf P,, and

I be the normalizer of A in G(k,,). Let T', A be the images of T and A in G(ky,).

In the rest of this section we will deal exclusively with (k,¢) = Cig. Let vg be the
unique place of k = Q(v/6) lying over 2. Note that £ = Q(v/6,(3) = Q(v/—2,v—3),
the class number of ¢ is 1, and ¢y, := ky, ® ¢ is an unramified field extension
of ky,. We fix an Iwahori subgroup I of G(ky,), and a non-hyperspecial maximal
parahoric subgroup P (of G(ky,)) containing I. Let Ap = G(k)N PN H’Uer—{Uz} P,
and A; = ApNI. Let I'; and I'p be the normalizers of A; and Ap respectively in
G(ky,). Then Ty C T'p. Let A7, Ty, Ap and T'p be the images of Ay, 'y, Ap and I'p
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respectively in G(k,,). Note that I'p is contained in G(k), see, for example, [BP,
Proposition 1.2].

It follows from the result in 5.4 that
[f[ : KI] = [F[ : A[] =9= [Fp : AP] = [fp :Kp].
For the pair (k,f) = Cig, using the value x(A) = 1 given in 9.1, and the values
e'(I) = 9, and €'(P) = 3 obtained from 2.5 (i), we find that x(A;) = 9 and
X(Ap) = 3, and hence, x(I'y) = 3 and x(I'p) = 1. Furthermore, it follows from
Theorem 15.3.1 of [Ro] that H'(T'7,C), and for any subgroup II of T'p containing Ap,
H(II, C) vanish. We conclude from these observations that I'; is the fundamental
group of a fake projective plane if and only if it is torsion-free, and a subgroup II of

I'p containing Ap is the fundamental group of a fake projective plane if and only if
it is torsion-free and is of index 3 in I'p.

Proposition. (i) T'; is torsion-free and hence it is the fundamental group of a fake
projective plane.

(ii) There are three torsion-free subgroups of Up containing Ap which are funda-
mental groups of fake projective planes.

Proof. Let G be the connected reductive k-subgroup of GL; p, which contains G as
a normal subgroup, such that

G(k) ={2€ D" |z0(z) € k*}.

Then the center € of G is k-isomorphic to Ry/;(GL1). The adjoint action of G on
the Lie algebra of G induces a k-isomorphism G/€ — G. As H'(k,C) = {0}, the
natural homomorphism G(k) — G(k) is surjective.

Let C be the center of G, and ¢ : G — G be the natural isogeny. Let § : G(k) —
H(k,C) C éx/ﬁx3 be the coboundary homomorphism. Its kernel is p(G(k)). Given
g € G(k), let g be any element of G(k) which maps onto g. Then §(g) = Nrd(g)
modulo £<°.

Since Aj is torsion-free (cf. Lemma 9.2), and [[; : A;] = 9, if T'; contains an
element of finite order, then it contains an element g of order 3. We fix an element
g € G(k) which maps onto g. Then a := go(g) € k*, and X := g3 lies in £X. The
reduced norm of g is clearly A; the norm of \ over k is a® € kx2. Hence, the image
§(g) of g in H'(k,C) (C £*/0*?) is the class of A in £% /€% Since g stabilizes the
collection (PU)Uevf,{DQ}, as in the proof of Proposition 5.8 (cf. also 5.4), we conclude
that w(A) € 3Z for any normalized valuation of ¢ which does not lie over 2 or 3. But

as vo does not split in /, and the norm of A lies in k:XS, it is automatic that for the
normalized valuation w of ¢ lying over 2, w(\) € 3Z. Therefore, \ € KES}, where the

latter denotes the subgroup of £* consisting of z such that N,/ (z) € k*®, and for
all normalized valuations w of ¢, except for the two lying over 3, w(z) € 3Z. Now let

a=(14v/-2)/(1—-+/—2). It is not difficult to see that {35y = Uogm, nes @™ gfxg.

Let L be the field extension of £ in D generated by g. Let T be the centralizer of g
in G. Then T is a maximal k-torus of Gj its group of k-rational points is L* NG (k).
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It can be shown that if A = ¢° € am(§‘€x3, with 0 < m,n < 3, then ¢, ®; L is
the direct sum of three copies of ¢,,, each stable under o, if n = 0, and it is an
unramifield field extension of ¢y, of degree 3 if n # 0. We conclude from this that
the k-torus 7' is anisotropic over ky,.

According to the main theorem of [PY], the subset of points fixed by ¢ in the
Bruhat-Tits building of G/ky, is the building of T/ky,,. But as T is anisotropic
over ky,, the building of T'/ky, consists of a single point. Since the two maximal
parahoric subgroups of G(ky,) containing I are nonisomorphic, if g normalizes I,
then it fixes the edge corresponding to I in the Bruhat-Tits building of G/ky,. But
as g fixes just a single point in this building, we conclude that g (and hence g) cannot
normalize I. This proves that I'; is torsion-free, and we have proved assertion (i) of
the proposition.

We will now prove assertion (ii) of the proposition. It can be seen, using Propo-
sition 2.9 of [BP], cf. 5.4, that, under the homomorphism induced by §, I'p/Ap is
isomorphic to the subgroup 823}/%3 of EX/EX?’. As has been noted above, 633} =

Uogm, n<3 oem@fxg, and hence, £E3}/€X?’ is isomorphic to Z/37Z x Z/3Z. There are
three subgroups of 523} /EX?’ of index 3 generated by an element of the form o™ (3

with n # 0. Let II be the inverse image in I p of any of these three subgroups. Then,
as we will show presently, II is torsion-free and so it is the fundamental group of a
fake projective plane.

Let us assume that IT contains a nontrivial element g of finite order. Since Ap is
torsion-free (cf. Lemma 9.2), and [II : Ap] = 3, the order of g is 3. As in the proof
of assertion (i), we fix g € G(k) which maps onto g, and let A = ¢g3. Then \ is the
reduced norm of ¢ and it lies in €z3}. The image §(g) of § in 633} /Yl *3 is the class of A

modulo £*?. Since II is the inverse image in T'p of the subgroup generated by a™(}
for some m,n < 3, withn # 0, and X is not a cube in £, A € (amg§)£X3u(am§g)2£X3.
Let L be the field extension of £ in D generated by ¢, and let T' be the centralizer
of g in G. Then T'(k) = L* N G(k). As observed in the proof of assertion (i), 7' is a
maximal k-torus of G which is anisotropic over ky,, and its splitting field over &, is
clearly ¢y, ®¢ L which is an unramified field extension of ¢y, of degree 3. This implies
that the unique point in the Bruhat-Tits building of G/k,, fixed by ¢ is hyperspecial.
But since P is a non-hyperspecial maximal parahoric subgroup of G(ky,), it cannot
be normalized by g. This implies that g does not lie in I'p, and we have arrived at
a contradiction.

A.7. Remark. The above proposition implies that the pair C;g gives two classes of
fake projective planes with T = {v, v3}: the class consisting of a unique fake projec-
tive plane with the fundamental group isomorphic to I'7, and the class consisting of
the fake projective planes whose fundamental group is embeddable in T'p, but not
in ;. Cartwright and Steger have shown that the latter class consists of just three
fake projective planes, the ones with the fundamental group as in (ii) of the above
proposition.



9

A.8. We shall assume now that (k,¢) is either Gy, Cos or C35. Let p, the place v
of k, the coherent collection (P,)yev, of parahoric subgroups P, of G(ky), and the
subgroups I', A, T and A be as in A.6. We recall (see 9.1) that there exists a cubic
division algebra © with center k, such that G(k,) is the compact group SL;(®) of

elements of reduced norm 1 in ®. The first congruence subgroup G(k,)" := SLgl) (D)
of G(ky) = SL1 (D) is the unique maximal normal pro-p subgroup of G(k,), and the
quotient G(ky)/G (ky)T is of order p* + p + 1.

In case (k,0) = Coy = (Q(V7),Q(+7,¢1)), let vy and v} be the two places
of k = Q(v/7) lying over 3. Note that these places do not split in Q(v/7,¢).
We fix non-hyperspecial mazimal parahoric subgroups P’ and P” of G(ky,) and
G(kyy) respectively. In this case (i.e., where (k,() = Cg), let AT = AN G(ko)7,
N = G(k) N P N TLey,_quy Po and A" = G(k) 0 P" 0 [Ley, oy Po- Then
X(A) = 3u(G(ky,)/N) = 3 = 3u(G(ky,)/A") = x(A”). By the strong approxi-
mation property, AT is a subgroup of index 7 (= [G(ky) : G(ky)"]) of A. Hence,
X(AT) = 3u(G(ky,)/AT) = 210(G (v, ) /A) = 3.

Lemma. (1) If (k,¢) = Ca0, then any nontrivial element of G(k) of finite order has
order 7; A*, A" and A" are torsion-free.
(2) If (k,0) is either Cog or Css, then G(k) is torsion-free.

Proof. Let x € G(k) (C D) be a nontrivial element of finite order, say of order m.
As the reduced norm of —1 is —1, —1 ¢ G(k), and so m is necessarily odd. Let L
be the f-subalgebra of D generated by x. Then L is a field extension of ¢ of degree
3 since in the cases presently under consideration, ¢ does not contain a nontrivial
cube root of unity, and hence x ¢ ¢. Therefore, [L : Q] = 6]k : Q] = 6d.

We will first prove the first assertion. Let us assume that (k,£) = Cgo = (Q(v/7),
Q(V7,¢4)). In this case, L is of degree 12 over Q, and as ¢4 € ¢, L contains a
primitive 4m-th root of unity. This implies that ¢(4m) divides 12. From this we
conclude that m is either 3, 7 or 9. Now since G(k,)" is a normal pro-2 subgroup
of index 7 in G(ky), it is clear that the order of a nontrivial element of G(ky) of odd
order can only be 7, and moreover, G(k,)" does not contain any nontrivial elements
of odd order. We observe now that if P’* and P”* are the unique maximal normal
pro-3 subgroups of P’ and P” respectively, then [P’ : P'*] =25.3 = [P” : P"*], and
hence any nontrivial element of odd order of either P’ or P” is of order 3. Assertion
(1) follows at once from these observations.

We will now prove the second assertion. If

(k. 0) = Ca6 = (Q(V15),Q(V15,4)),

then again L is of degree 12 over QQ, and as {4 € ¢, we conclude, as above, that m is
either 3, 7 or 9. As in the case considered above, G (k)™ is a normal pro-2 subgroup
of index 7 in G(ky), therefore the order of any nontrivial element of G(ky) of odd
order can only be 7. This implies that (; € L, and hence, L = Q((2g). Since the only
primes which ramify in this field are 2 and 7, whereas 3 ramifies in k = Q(+v/15) C L,
we conclude that G(k) is torsion-free if (k, ¢) = Cap.
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Let us now consider (k,?) = C35 = (Q({20 + C;OI),Q(CQO)). In this case, L is of
degree 24 over QQ, and as L is an extension of degree 3 of ¢, and (29 (and hence (5)
lies in the latter, 5 does not divide m. But there does not exist such an m # 1 for
which ¢(20m) divides 24. This implies that G(k) is torsion-free.

A.9. Three classes of fake projective planes arising from (k,¢) = Cg. Let
A, AT, A" and A” be as in A.7. Let I, I'' and I'” be the normalizers of A, A’ and
A in G(ky,), and T, T' and T be their images in G(ky,). Let AT, A and A be
the images of A*, A’ and A” in G(k,,). By the above lemma, these groups are
torsion-free.

Theorem 15.3.1 of [Ro] implies that the first cohomology (with coefficients C)
of K+, A and A" vanish. As the Euler-Poincaré characteristic of each of these
three groups is 3, we conclude that these groups are the fundamental groups of fake
projective planes B /K+, B /K’ and B /KH respectively. The automorphism groups of
these fake projective planes are respectively T/K+, r /K’, and T /K”, which are of
order 21, 3 and 3. Any subgroup II of T' (resp., T or f”) of index 21 (resp., 3), with
vanishing H'(II,C), is the fundamental group of a fake projective plane, namely,
that of B/II. We thus obtain three distinct classes of fake projective planes from
Cop.

A.10. The proof given in 9.7 can be used almost verbatim to show that the pairs
Cog and C35 cannot give rise to any fake projective planes. The point to note is that
X(A) = x(A) =9, and [T : A] = 3. So the only subgroup of T’ which can possibly be
the fundamental group of a fake projective plane is T itself. But the argument used
in 9.7 allows us to show that I is not torsion-free (it contains an element of order
3) and hence it cannot be the fundamental group of a fake projective plane.

Only the following modification in the proof given in 9.7 is required to treat Cog
and C35. The class number of the field £ appearing in Cag, namely the field Q(v/15, (4)
is 2 (the class number of the field £ = Q((20) in €35 is 1). Now if the class number
of £ is either 1 or 2, then we can find an element a € ¢* such that v'(a) is either
1 or 2, and for all the other normalized valuations v of ¢, v(a) = 0. We can work
without any difficulty with such an element a.

A.11 Remark. Theorem 10.1 of [1] holds, with the same proof as given in [1],
also for all the fake projective planes belonging to the new classes described above.
Therefore, for every fake projective plane P, Hy(P,Z) is nontrivial. This provides
the following homological characterization of the complex projective plane P%.

Theorem. A smooth complex surface with the same integral homology groups as
P% s btholomorphic to P<2C'

A.12. Remark. Proposition 10.3 of [1] holds, with the same proof as given in
[1], for all the fake projective planes belonging to the new classes described above
except for the ones arising from the pair C;5. We conclude as in 10.4 of [1] that the
canonical line bundle is three times a holomorphic line bundle for any fake projective
plane for which Proposition 10.3 holds.
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Corrections to [1]

A.13. We will use the finer classification scheme mentioned in A.2.
Sect. 5.13 and Theorem 5.14 of [1] should be replaced with the following.

5.13. We recall that the hyperspecial parahoric subgroups of G(k,)
are conjugate to each other under G(k,), see [Ti2, 2.5]; moreover, if
v does not split in ¢, and is unramified in ¢, then the non-hyperspecial
maximal parahoric subgroups of G(k,) are conjugate to each other under
G(ky). Using the observations in 2.2, and Proposition 5.3, we see that
if (a,p) # (15,2) (resp.,(a,p) = (15,2)), then up to conjugation by
G(Q), there are exactly 2 (resp.,4) coherent collections (P;) of maximal
parahoric subgroups such that F; is hyperspecial whenever ¢ does not
ramify in Q(v/—a) and g # p, since if a # 15 (resp.,a = 15), there is
exactly one prime (resp., there are exactly two primes, namely 3 and 5)
which ramify in £ = Q(y/—a). Moreover, for (a,p) = (1,5) and (2, 3), up
to conjugation by G(Q), there is exactly one coherent collection (P;) of
parahoric subgroups such that P, is hyperspecial for ¢ # 2, p, and P, P,
are Iwahori subgroups; for (a,p) = (7,2), if either T = {2,3} or {2,5},
then up to conjugation by G(Q), there are exactly 2 coherent collections
(P,) of maximal parahoric subgroups such that P, is hyperspecial if, and
only if, ¢ ¢ TU{7}.

From the results in 5.10-5.12, and A.2, A.3 above, we conclude that for
(a,p) equal to either (1,5) or (2,3), there are two distinct classes with
T = {p}, and one more class with T = {2, p}; for (a,p) = (23, 2), there
are two distinct classes; for (a,p) = (7,2), there are six distinct finite
classes, and for (a,p) = (15,2), there are four distinct finite classes, of
fake projective planes. Thus the following theorem holds.

5.14. Theorem. There exist exactly eighteen distinct classes of fake
projective planes with k = Q.

A.14. The title of Sect.9 should be changed to “Ten additional classes of fake
projective planes”, and

Co0 = (Q(VT),Q(VT,(4)),
Co6 = (Q(V15),Q(V15,4)),

Cs5 = (Q(C20 + G )s Q¢20))
should be added to the list appearing at the beginning of this section and in the
table in 9.1. For these three pairs, p and the place v of k£ should be as in A.6, and the
values of (qo, tt, X(A)) are (2,1/21,3/7), (2,1,9) and (5,1/2°,9) respectively. These
values should be included in the table in 9.1.

In Sect. 9.6 the word “five” appearing in the first sentence should be replaced with
“ten”, and in the last sentence, the assertion “the pair Cig gives only one” should
be replaced by “the pair Cig gives three”. At the end of 9.6, add the following “The
pair Cyo gives us three additional classes of fake projective planes.”
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In Theorem 9.8 the word “five” occurring in the first and the last sentence should
be replaced with “ten”, and in the last sentence “the pair (Q(v/6),Q(v/6,(3)) gives
one more” should be replaced with “the pair Ciz = (Q(v/6), Q(v/6,(3)) gives three,
and the pair Coy = (Q(V7), Q(VT,(4)) gives three more”.

A.15. The proof of Proposition 8.8 in [1] for the case (k, £) = C3 = (Q(+/5), Q(+/5, (1))
requires a correction. Towards the end of this proof, on p.359 of [1], we have said
that it follows from 8.7 that A, and hence A contains an element of order 3. The
proof of the assertion “Moreover, if for every nonarchimedean place v of k which
does not split in £, £, := k, ® £ contains a primitive cube-root of unity, then A™
contains an element of order 3” in 8.7 is incorrect. But if the pair (k,¢) is C3, A
appearing in the proof of Proposition 8.8 does contain an element of order 3 as has
been shown by Steger. Assuming the existence of such an element, the rest of the
proof of Proposition 8.8 is correct.

A.16. After the above additions and corrections have been made in Theorem 4.4,
Sect. 5, Proposition 8.6 and 9.3 of [1], the word “seventeen” occurring in the second
and the third paragraph of Sect. 1.1, and the first paragraph of 1.5, of [1] should
be replaced with “twenty eight” everywhere. In the fourth paragraph of 1.3, for all
v € V4, including those which ramify in ¢, we fix a parahoric subgroup P, of G'(k,)
which is minimal among the parahoric subgroups of G(k,) normalized by II. The
condition that for v € Ry, P, is a maximal parahoric subgroup of G(k,) should be
dropped from the first paragraph of 1.4, and the last two paragraphs of 1.4 should
be replaced with the following two paragraphs:

“It will turn out that for every v € Vy, P, appearing in the preceding paragraph
is a maximal parahoric subgroup of G(k,) except if (k, /) is either (Q,Q(y/—1)) or
(Q,Q(v/=2)) or equals C1z = (Q(v/6),Q(v/6,¢3)). In particular, if I, A, T', and the
parahoric subgroups P, are as in 1.3, then for v € Vy, since P, was assumed to be
minimal among the parahoric subgroups of G(k,) normalized by II, if for a v, P, is
maximal, then it is the unique parahoric subgroup of G(k,) normalized by II.”

“We will prove that there are exactly twenty eight distinct {k, £, G, (P,)vev, }, with
D # £. Each of these twenty eight sets determines a unique principal arithmetic
subgroup A (= G(k) N Hvevf P,), which in turn determines a unique arithmetic
subgroup T of G(k,,) (recall that T is the image in G(k,,) of the normalizer I of
A in G(k,,)). For eighteen of these twenty eight, k¥ = Q, see Sect.5; and there
are two with k = Q(v/2), two with & = Q(+/5), and three each with k = Q(1/6)
and k = Q(\/7), see Sect.9. The pair (k,¢) = (Q,Q(/—1)) gives three, the pair

(Q,Q(v/—2)) gives three, the pair (Q,Q(v/—7)) gives six, the pair (Q,Q(v/—15))
gives four, and the pair (Q, Q(1/—23)) gives two classes of fake projective planes.”

A.17. Finally, in bound (1) on p.329 of [1], “Lyy;r(3)” should be replaced with
“L€|k(3)77.
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