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1. Prove the following result (which is used in class several times):
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2. The Bochner Theorem says a continuous, complex valued function ¢(-}) : R — C with
©(0) =1 is the characteristic function of some probability measure u if and only if ¢ is semi-
positive definite in the following sense: for any n real numbers Ay, Az, ... Ay, and n complex
numbers ¢y, ¢, . . . Cp, it holds that

n

> ek = Ag)ei; 20
irj=1

where the over bar refers to complex conjugate.

Prove the “only if” part of the above statement.
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3. Let X, denote a Poisson random variable with parameter ), i.e. Pr(X) =k) = o for
k=0,1,.... Prove that
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4. Let {Y;};5, be iid with EY; = 0 and Var(¥;) = 1. Let {Z};>; be independent random
variables which are also independent of the ¥;’s with

1 2
Pr(Zi=z')=Z,lz, Pr(ZZ-=—z')=Z—,2— and Pr(Z; =0) = 1—;—

Let X; =Y; + Z;. Show that
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5. (a) Let {Xp},>o be a sequence of iid random variables with mean zero and finite variance.

Let a be any finite, positive number. Find

: < '
lim Pr (121’?%% | Xk < a\/ﬁ)

n—ro0

What is the implication of your result in terms of the central limit theorem?

(b) Let {Xn}nZO be a sequence of iid random variables with a common pdf p(z) = |z| ™3 for
|z| > 1 and p(z) = 0 otherwise. Let a be any finite, positive number. Find

lim Pr ( max |Xg| < a\/nlogn> .
1<k<n

n—oo

What is the implication of your result in terms of the central limit theorem?
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6. Let {Xn},>; be ii@random variables. L@ in the range (0,1).
Show that \\\__—/

X % n. | <xcas if EX;<oo
Ze "¢ 18
=00 a5 if EXy =

. . . . X, P
(Hint: make use of midterm of this semester, problem #4: limsup —n’l equals zero or infinity
n

—_ depending on whether EX] is finite or infinity.)
EX) < °Q )/” =
] <X =0 a.s.

(o ‘17(}/}/[@?@ /(8 i\{’g %\\<g}7

13



Up %/\Q YN i‘A]QMWMW ne o f
....).(b; M >y (M obe
(feden)

¢ 5 oMty el (i)
Oiémq Y, CF @MQ>/
/TS ISR

%W jpyhfj‘ = P@s
n

14



7. Let U and V be i@om variables

X = \/=2log(U

Show that X and Y are in
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0,1) distributed.
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This is a scrap paper.
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