
Note on inf, sup, lim inf, lim sup(Referen
e: Rudin, Prin
iples of Mathemati
al Analysis)De�nition: inf A { biggest lower bound.Let A be a non-empty subset of R.1. Suppose A is bounded from below, i.e. there exists an M > �1 su
h that M < x for allx 2 A.Then, inf A is THE number r with the following properties(a) for all x 2 A, r � x;(b) for all s su
h that r < s, there exists an x 2 A su
h that x < s.(The uniqueness of r needs to be proved.)2. Suppose A is not bounded from below, i.e. there exist xn's from A, su
h that xn �! �1,then de�ne inf A = �1.3. inf ; = +1. (This is in fa
t logi
ally 
onsistent.)De�nition: supA { smallest upper bound.Let A be a non-empty subset of R.1. Suppose A is bounded from above, i.e. there exists an M <1 su
h that x < M for all x 2 A.Then, supA is THE number r with the following properties(a) for all x 2 A, x � r;(b) for all s su
h that s < r, there exists an x 2 A su
h that s < x.(The uniqueness of r needs to be proved.)2. Suppose A is not bounded from above, i.e. there exist xn's from A, su
h that xn �!1, thende�ne supA =1.3. sup ; = �1. (This is in fa
t logi
ally 
onsistent.)De�nition: lim inf, lim supLet A be an non-empty subset of R.lim infA = inf flimit points of Aglim supA = sup flimit points of Agwhere flimit points of Ag = fr : there exist fxng1n=1 � A su
h that limn!1 xn = r.g1



Hen
e lim infA = smallest limit points and lim supA = biggest limit pointsUsually A = fx1; x2; x3; : : : ; xn; : : :g, i.e. A is a 
ountably 
olle
tion of points. Thenflimit points of Ag = �r : there exist fxnkg1k=1 � A su
h that limk!1 xnk = r.	Pra
ti
al Working De�nition of lim inf and lim supLet A = fx1; x2; x3; : : :g.1. Assume xn > M > �1 for all n. (Otherwise, lim infA = �1.) Then lim infA is THEnumber r su
h that(a) for all s < r, there are only �nitely many points xi's from A su
h that xi < s.(b) for all s > r, there are in�nitely many points xi's from A su
h that xi < s.Another textbook de�nition of lim inf:lim inf xn = limN!1� infn�N xn�2. Assume xn < M <1 for all n. (Otherwise, lim supA =1.) Then lim supA is THE numberr su
h that(a) for all s > r, there are only �nitely many points xi's from A su
h that xi > s.(b) for all s < r, there are in�nitely many points xi's from A su
h that xi > s.Another textbook de�nition of lim sup:lim inf xn = limN!1 supn�N xn!Remarks.1. inf A � lim infA � lim supA � supA2. The limit limn xn exists IF AND ONLY IF lim infn xn = lim supn xn. In this 
ase,limn xn = lim infn xn = lim supn xn:
2


