MHISTRT (528 Spage0q, Vi)

1. Recall the definition that a random variable X is called integrable if E|X| < oco.

(a) Prove that if X and Y are two integrable and independent random variables, then XY
is also integrable and that F(XY) = (EX)(EY).

(b) Give an example of two integrable random variables X and Y such that XY is not
~ integrable.

(c) Give an example of two random variables X and Y such that X + Y is integrable and
yet X and Y are not integrable.
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2. Let {Bn},>; be a sequence of events. Suppose there is a § > 0 such that P(B,) > ¢ for all
n. Prove that P (B, i.0.) > é.
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3. Let X and Y be two independent, exponentially distributed random variables with parameter
a and B, i.e. the pdfs of X and Y are given by ae™®® and Se¥ for 2,y > 0. Find P(X < Y).
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5. Let X, Xo,... be a sequence of i.i.d., integrable random variables. Let T' be another random
variable which takes value in positive integers and is independent of all of the X;’s. Define

T
St = Z X;
i=1
Prove the following:

(a) EST = E(T)E(X)).
(b) Var(St) = [E(X1)]? Var(T) + E(T)Var(X1).
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6. In this problem, {NV,},~; denotes some sequence of positive-integer-valued random variables
such that N, — oo with probability one (i.e. P a.s.).

(2) Let {Xn},5; be a sequence of random variables converging to 0 with probabilty one.

Prove that Xy, converges to zero with probability one.

(b) Give an example of a {N,} (satisfying the stated assumption at the beginning of this
problem) and a sequence of random variables { X, } which converges to zero in probability
but Xy, does not converge to zero in probability (and hence of course, cannot converge
to zero with probability one).

(c) Give an example of a sequence of random variables {X,} which converges to zero in

X+ X - Xn
probability but Lt 2n+ does not converge to zero in probability.
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This is a scrap paper.
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