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(a) Let {qn_} be a sequence of numbers. Then | e
lirr%linfan = s:p {;gﬁ ak} ' (}9

(b) Let (22, F) be a sample space endowed with a o-field and {A,} be a sequence of
sets from F. Then

1. Prove the following statements:

liminf1s, = Limint 4,
where 15(w) = ﬁr w € B and 0 otherwise.
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2. Let f be a real valued measurable function of z (with respect to the usual Borel o-field)
which is integrable (with respect to the Lebesgue one-dimensional measure dz) in the
sense that [*_|f(z)|dz < co. Show that:

1im/°° f(z+1) — f(z)|dz =0

(Hint: Use apprommatlon theorem or any other method of your choice.)
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3. Let (€, Fo, P) be a sample space endowed with & freld Fp and a countably-additive
measure P on Fy. Assume P is finite, i.e{f P(Q2) < oo. Consider the following defini-

tions: [

Forall ACQ, P*(4)= {ZP(A AgUAn,Ane]-'o}
M={ACQ:P(ANE)+ P*(A°NE) = P*(E), forall E C Q}

(For this problem, you can assume the facts that P* is a countably additive measure
on the o-field M, Fy C M and P*|z = P, i.e. P* extends P from Fy to M.) Prove
the following statements.

(a) M is a complete o-field in the sense that if P*(N) = 0, then N € M.

(b) For all A € M, there exists B,C € o(Fp) such that BC A C C and P*(C\B) =
0.

(c) For all A € M and € > 0, there exists a D € Fy such that P*(AAD) < ¢, where
AAD = (A\D) U (D\A).
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4. Let {X, Xo,... Xy} be n mutually independent discrete random variables, each having
the uniform distribution on {1,2,...N},ie. P(X;=k)=N"lfork=1,2,...N. Let
U, and V, be the smallest and largest values of the X;’s. Find the distribution of U,
and V,,, i.e. find P(U, = k) and P(V, = k).
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5. Let {X,} be a sequence o@@rmdom variables. Prove
that ' -

E|X,| < oo if and only if P(|Xg| > k i.0.) = 0.
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6. Let {X,} be a sequence of independent identically distributed random variables. Sup-
pose that the X, assume only positive values and that F(X,) = A < co and E(X;!) =
B < 00. Let Sy = X1+ Xo + - Xn. Prove the_following statements:

(a) E(Sy') < oo.
- (b) E(XxSy)=N"lfork=12,...n
()

E(S_M)_ M if M <N
Sv/) | 1+ (M- N)AE(S3}) if M >N
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7. Consider the infinitely many identical, independent coin tossing experiments, with
outcomes denoted by X,, = —1 or 1. Assume 0 < P(X; =1) < 1.

(a) Let S be a given, fixed pattern of K-long sequence of —1 and 1’s. Let also
A, = {(Xn, Xnt1,--- Xnskx_1) = S}. Show that P(A,i.0.) = 1. ie. almost
surely, the pattern S will appear infinitely often.

(b) Let Z, = X1+ X5+ X,. Suppose P(X; = 1) # 1. Show that P(Z, =01i.0.) =
0, i.e. if the coins are biased, then almost surely, the event of equalization —
Z, = 0 — cannot occur infinitely often.
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