?Y”“ % 2008 (\{\“F MA-[STAT B&) M‘EJALW\

1. Consider an ii.d. sequence {Xg},~, of Cauchy random variables, i.e. the p.d.f. of each of
X,'s is given by:

1
f(x)zm

Let {an},,~; be a sequence of positive, deterministic numbers. Show that P (|X,| > a, i.o0.)
can only take the values of 0 or 1 and it happens if and only if > > ; 51; < 00 Or = 00.
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3. Let Xy, Xo,... be i.i.d. random variables with finite second moment, i.e. E|X |2 < 0o. Prove
the following statements: \
\ \

(a) For all € >0, lim nP (|X1] > ey/n) = 0.
n—00
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(b) For all € > 0, nll)noloP (\/ﬁ lxéll?%cn | Xk| > e) 0 /\ ‘%
- ,/ \ \—'_\f\-/

(Hint: make use of some inequalities.) t
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6. The p.d.f. of the Gamma distribution with parameter (o, k) (o, k > 0) is given by

T k-1 _—az
fanla) = ﬁ(-‘f‘@)_l—; (for > 0)

(In this problem, for simplicity, k is assumed to be a positive integer.)

(2) What is the common name for f, ;7

(b) Let X and Y be two independent Gamma random variables with parameters (o, m) and
(o, 1). Show that X +Y is has Gamma, distribution with parameter (a, m + 1)?

(c) Let X and Y be two independent Gamma random variables with parameters (o, m) and
(a,n). Show that X + Y is has Gamma, distribution with parameter (a, m + n)?

(d) Given p,q>0and p+ q=1. Let N, X;,Xs,... be independent random variables such
that P(N =n) = ¢"!p for n > 1 and each X}’s has the exponential distribution with

parameter «, i.e. its p.d.f. is given by: ae™®* for x > 0.

Show that X; + Xa + --- Xy has density fop1.
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