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1. Let X3, Xy, e i.i.d. dgmq:,r\/\\ixwthﬁt ond moment. Prove the following

statements:

()F all e >0, nP (|X1]| > ey/n) — 0 as n — co.

(b) — max |X|————)0 n probability as n — 0.
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2. Let X3,Xo,... beii.d. random variables. Let also N be a Poisson random variable with
parameter A which is independent of all the X,,’s. Consider the random sum variable:

Sn=X1+Xo+---Xn (S0=0).

/\k
(A Poisson random variable N with parameter A > 0 has distribution given by: P(N = k) = ¢~ o

for k=0,1,2,....)

(a) Find the characteristic function of Sy. Express and simplify your answer in terms of

the characteristic function of X;.

(b) Prove that Sy is infinitely divisible.
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3. Let X7, Xs,... and Y7,Y3,... be two independent sequences of i.i.d. random variables such
that each variable has exponential distribution with parameter }, i.e. the p.d.f.’s of X; and
Y: equal de=* for ¢t > 0. Or in terms of c.d.f.:

l—e ™ fort>0

P(X15t)=P(Y15t)={O for £ < 0

Let Z, = X,, — Ya.
(a) Find the p.d.f. of Z,. (Hint: Use convolution or characteristic functions or whatever.)

o0
Z,
(b) Show that Z 7" converges almost surely.

n=1

(@) P(z=4)=P(x-Y=+)

(f7)  TP(X=Yar)
=\ Plxets, = 5) 4

M

TPk Pl

1

>\ N f+s) '->\9 vLs

@
— NS
_ a At ds
=) b%
oA



This is a blank page.

(% <o) : Plz-H)= P(\\/; X-x)

o
- )\QQDJC_J%'Q’-;%QJ&
A
2.
' “AI#H
. MQK@Z ] >\€:;z/ Cmsteust &
| . Pwcte,
by @n’% Kelwspocoy %Mmﬁtﬂzzﬁg Lo
"‘co*“ > —\"" > \)a/\Xh"\‘ O |
2 ol . 2> g k) 2 L (JoXo o
N> _
< ©



4. Let {X, }°° be a sequence of random variables which is Cauchy in probability, i.e. for all
€ > 0, there exists an N > 0 such that P(|X,, — X,| > €) < € for all m,n > N. Show that
is andom variable X such that X,, — X in probability as n — oo.
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5. Let T1,T5,... be a sequence of i.i.d. exponentially distributed random variables with param-
eter ), i.e. the p.d.f. of T} equals Ae™¢ for ¢ > 0. Or in terms of c.d.f.:

‘fortZO

1—e M
P(Ty <t)=
0 fort <0

Let M, = max;<x<n T;. Compute the following limits as a function of z:

(a) nli)nc}oP(Mn <1z)

(b) lm P (IM" < :1:)

n—00 ogn -

) 1
(c) nll)r&P (Mn X logn < :1:)

Explain in words (in four or five sentences) what the above results ((a), (b), and (c)) reveal
about the convergence in distribution of M, and state also the relationship between the results

(a), (b), and (c).
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Physol, tnenpatction of resdts
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