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Midterm 2— Math 304 (10/27/09)
SHOW ALL RELEVANT WORK!!!

1. (20pts) For the given initial value problem

<=4 L )x0 ma x0=(]).

eigenvalues of the coefficient matrix are Ay = —3 and Ay = 2,

Compute the corresponding eigenvectors,

Find the general solution of the system,

Find the solution of the initial value problem;

Describe the behavior of the solution as t — oo.

solution. Set

det(A—/\]):‘ iA _21_A ‘: A=DA+2)—4=X+X1-6=AN-2)(A+3)=0
gives Ay = —3 and A\, = 2. For \; = —3, the corresponding eigenvector &€ is computed as
follows

(E) 0= (o) ()= (6) = =eme= (1)

For \y = 2, the corresponding eigenvector €% is
-1 1 &Y (0 -1 1 &Y (0 B 2) 1
()@= 0)(2) - () =e-e=e=(1)
The general solution is
_ 1 1
x(t) = cre 3t< _4>+6262t< 1).
At the initial condition,

() =o=e (L) ()=(4 1) ()

The solution of the initial value problem is



As t — oo, the solution approaches oo along the direction (1, 1)’

2. (15pts) For the given system of equations

<=, 7)o

eigenvalues of the coefficient matrix are \; = —1 + iv2and Ay = —1 — z'\/i,

e Compute the corresponding eigenvectors,
e Find the general solution of the system,

e Describe the behavior of the solution as ¢ — 0.

solution. Set
1—A —1

clet(A—)J):‘_2 1

|:(>\+1)2+2:0

gives \y = —1+ iv2and Ay = —1 —iv/2. For \; = —1+ i\/i, the corresponding eigenvector

6(1) is computed as follows
—iv2 -1 &Y (0
0 0 &)\ 0

(57 SR )(E)-6)=

— & = —iV26 = ¢V = (_Zl\ﬁ) = (é) +i (_%) .

For Ay = —1 — iv/2, the corresponding eigenvector &2 is

~ 1 0
2) — () — ;
== (3)+1(3)
The general solution is

x(t) = ¢ ( ( éossii@w ) e < i (@5” >> |

As t — oo, the solution spirals to (0,0)".

3. (15pts) For the given system of equations

(1) = ( L >X(t)



e Compute the eigenvalues and eigenvectors of the coefficient matrix;
e Find the general solution of the system.

solution. Set

1-X -1

det(A—)\I):‘ e

‘:(/\—1)()\—3)+1:)\2—4)\+4:()\—2)2:0

gives Ay = 2 and Ay = 2. For \; = 2, the corresponding eigenvector £ is computed as follows

(7)) = (0 8)(8)-(1) —erams

e () =stn-o(t)

To find the second solution, we have

(3 ) ()= memeiae()

— x(t) = te* (_11> + e* <_01> :

The general solution is

x(t) = cre” <_11) + ¢ [te% (_11> + e (—01>] .

4. (10pts) For the given system of equations

011
xXt)=[1 0 1 |x(t),
1 10
eigenvalues of the coefficient matrix are Ay = —1, Ay = —1, and A3 = 2,

e Compute the corresponding eigenvectors of the coefficient matrix,
e Find the general solution of the system.

3



solution. For \; = —1 and Ay = —1, the corresponding eigenvectors 5(1) and 5(2) are
computed as follows

111 & 0 _1 _1
111 Hl=|0]|=¢+6+5=0=€6W=| 1| ande@=1| 0
1 11 &3 0 0 1

For A3 = 2, the corresponding eigenvector & ®)

2 1 1 2 1 1)\ /& 0
1 -2 1 = 1 =10 &1=1|0
1 1 =2 0o 0 0 & 0
26 4yt € = 0 !
. 1He+&a=0 o[,
§1—&=0 1
The general solution is
—1 —1 1
x(t)=cie™" | 1 [ 4+ce| 0 | +e3e® |1
0 1 1

5. (15pts) For the given initial value problem

(11, (2
X=14 2% et |

a fundamental matrix of the corresponding homogeneous system and its inverse are

o3t 2 - 1 P N
v = < _feBt 2t and U= 5\ 42 o2 )0

respectively. Find a particular solution and then the general solution.

Solution. A particular solution is calculated as follows
2€4t 1 le4t o 16675 1 3e4t o €6t
_ _ = 6 -
/q’ ‘gds = 5/(86_t—|—e )ds 5(—86_t+et> 30(—486_t+66t ‘

1 o 3ett — bt 1 —9¢! + 3
X T 30% | Z48et+6et | T 6\ —12et +2e3 |

V)



The general solution is then

1/ _get 4Bt o3t 2 o
X=X, +We= 6 ( —12et + 23 Tl o3t o2 co )

6. (25pts) Find the eigenvalues and eigenfunctions of
y'+ Ay =0, y(0)=0, y(7)=0,

e show that A = 0 is not an eigenvalue and that the problem does not have negative
eigenvalue,

e find all positive eigenvalues and the corresponding eigenfunctions.

solution. When \ =0,
Y'=0=y=c+ o,

which, together with the boundary condition, implies y(z) = 0 for all . Hence, A = 0 is not
an eigenvalue.
Let A = —0? with o > 0, the general solution is

y = Cle—ox + 0260957

which, together with the boundary condition, implies

(Lo o) ()=
—e e Ca

Since the coefficient matrix is nonsingular, ¢; = ¢o = 0. Hence, y(x) = 0 for all z. That is,
the problem does not have negative eigenvalues.
Let A\ = 02 with ¢ > 0, the general solution is computed as follows

Y = 0 (—cysin(ox) + ¢ cos(o)) ¢ cos(o) = 0 — O} = for £k =0,1,2,3,...

<2k + 1)2
Ak =

2
and the corresponding eigenfunctions are

. <2k:+1 )
yr(z) = sin 5%

{ y = ¢y cos(ox) + cysin(ox) { ¢ =0 2k +1

Hence, the eigenvalues are

for k=0,1,2,3, ...



100
100
100
96
94
91
90
90

86
86
86
85
83
83
83
82
81
80
80
80
13

79
78
7
7
76
76
75
5
74
72
71

11

69
69
67
67
67
65
63
62
62
61

10

29
55
95
54
93
52
52
50
50

47
43
35
20
20



