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Midterm 1B— Math 304 (2/18/10)
SHOW ALL RELEVANT WORK!!!

1. (20pts) Determine the radius of convergence of the given power series.

(1) > G20 (1)3, (2)3/2, (3)2, (4)2/3, or (5) none of the above.

solution. (2)

(22 + )™+ (22 + 1)

L =lim| T / 3

| = |22 +1]/3 < 1,

which implies
204+ 1| <3=|z+1/2| <3/2.

17L 2n

(2) z S (oo, (2)2, (3)4, (40, or (5) nome of the above,
solutlon (D)

( 1)n+1 2(n+1) /(_1)n$2n|:hm| 2 |

22+1) ((n 4 1)1)27 22(n!)? 22(n + 1)?

which implies it converges for all x. That is, the radius of convergence is co.

=0<1,

L = lim |

2. (15pts) For the differential equation y” — zy’ —y = 0 at o = 0, (1) Find the recurrence
relation, (2) find three terms in each of two linearly independent solutions (unless the series
terminates sooner), and (3) if possible, find the general term in each solution.

o
solution. Let y = > a,z", then
n=0

o0 (o] (o]
0 = Z (n —1Da,z" Znanx”—Zanmn
n=0 n=0
oo
= > ((n+2)(n+1ant2 — (n+ 1)a,) 2"
n=0
The recurrence relation is
Qp,
Apio = for n=0,1,2,---
_.I_
which implies
— ao — G2 __ 4o as _ _ao ., — _a  _— _aqg
a2 =79y A4 =74 =43 @6 =76 = gaz " W2k = 370K — 2kAD
— a1 — a3 _ ar as _ a1, — ay _ a12F-k!
a3 =73, a5=75 =53 W=7 =753 """ Q2%+l = 35 02k51) — ki)



Now, two linearly independent solutions are

o0

00 00 1 00
2 : 2k E : 2k 2 : § : 2k+1
U1 - a9 T Qo P 2k ] k'x aln Yo - a2k+1x 2]{,‘ 1)

3. (15pts) Determine the lower bounds for the radii of convergence of series solutions at
ro = 0 and zy = 4 for
(22 4 3z — 2)y" + 2y + 4y = 0.

Solution. Set 0 =2z% + 3z —2 = (2z — 1)(z + 2). Then z = 1/2 and —2. At zy = 4,
dist(1/2,4) = 7/2, dist(-2,4) =6 = p>T/2.

At Tog = O,
dist(1/2,0) = 1/2, dist(—=2,0)=2 = p>1/2.

4. (15pts) Let y(z) be the solution of the following Euler equation:
o3y —3xy +4y =0, y(1)=2, ¢(1)=23.

The value y(1/e) is

(1) €%, (2) 3¢*, (3)e?, (4) 3¢?, or (5) none of the above.
Solution. (4) The charateristic equation is

O=r(r—1)=3r+d=r—dr+4=(r—-2> = r=r =r,=2,
which gives the general solution
y(x) = c12® + cpr*lnz and Y =2c12 + cx(2rInx + ).

The initial conditions imply

2=y(1l)=c¢ and 3=9¢y(1)=4+c2 = c1=2andcy=-1

Hence,
y(r) =2*(2—Inz) = y(l/e) = (1/e)*(2 —1In(1/e)) = 32

5. (15pts) Let S, and S; denote the sets of regular and irregular singular points of the given
differential equations
2’1 —a)y" + (z = 2)y — 32y =0,

respectively. Then



(1) S, ={1, 2} and S; = {0}
(2) S, ={1} and S; = {0}
(3) S, ={0,1} and S; =0
(4) S, ={0,1,2} and S; =0
(5) S, = {0} and S; = {1}.
solution. (2) Let z2(1 —z) = 0. Then x = 0, 1 are singular points. Since at z =0

-2 -2 _ _
lim xxi = lim e DNE and lim in = lim 3z =0
20 22(1 —x) «=0x(1—x) =0 22(1—x) 201 —x

and at x =1

lim(z — 1)I7 = lim

= ; 2 B IRT
z—1 1'2(1 — :Ij’) r—1 gjz =1 and il_{l}(l. - 1) ——— = lim

x = 0 is a irregular singular point and z = 1 is a regular singular point. Hence,

S, ={1} and S; = {0}.

6. For boundary value problem
y'+ Ay =0, y(0)=0, y(r)=0,

find all eigenvalues (assume that they are real) and eigenfunctions.
solution. When A\ =0,
Y'=0=y=c+cm,

which, together with the boundary condition, implies y(z) = 0 for all . Hence, A = 0 is not
an eigenvalue.
Let A = —o? with o > 0, the general solution is

y = Cle—azp 4 C2eam7

which, together with the boundary condition, implies

(e ) ()=
e e Co

Since the coefficient matrix is nonsingular, ¢; = ¢o = 0. Hence, y(x) = 0 for all . That is,
the problem does not have negative eigenvalues.
Let A = 02 with ¢ > 0, the general solution is computed as follows

_ i - 2% + 1
{ y = crcos(ow) + ¢y sin(ow) :>{ c2=0 T for k=0,1,2,3,...

Yy = o (—cysin(ox) + cp cos(ox)) cpcos(om) =0 ok =

3



Hence, the eigenvalues are

and the corresponding eigenfunctions are

for k=0,1,2,3, ...

97
84
79
69
99
49
28

2k + 1\
()
(2k+1>
yr(T) = cos 5%

Grade Distribution

97
83
77
67
99
47
27

97
82
73
67
20
42
27

95
82
72
62

24

95 94 90

72
62 60 60



