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We present a new least-squares finite element method for the steady Oldroyd type viscoelastic fluids.
The overall iterative procedure combines a nonlinear nested iteration, where adaptive mesh refinement is
based on a nonlinear least-squares functional. Each linear step is solved by a least-squares finite element
minimization. The homogeneous least-squares functional is shown to be equivalent to a natural norm,
and, under sufficient smoothness assumptions, finite element error bounds are shown to be optimal
when using conforming piecewise polynomial elements for the velocity, pressure and extra stress, and
iscoelastic fluid
ldroyd
east-squares
aviart–Thomas
inite element
daptive mesh refinement
orner singularities

Raviart–Thomas finite elements for the total stress. In the absence of full regularity, a local weighted-norm
approach is used to remove effects of corner singularities. Numerical results are given for an Oldroyd-B
fluid in a 4:1 contraction, showing optimal reduction of the least-squares functional.

© 2009 Elsevier B.V. All rights reserved.
:1 contraction

. Introduction

While much progress has been made in recent years toward the
ccurate and efficient simulation of viscoelastic fluids under dif-
erential constitutive laws, many difficulties persist. We consider
he solution to steady Oldroyd systems, where, in contrast to New-
onian models, the stress cannot be eliminated to form a single
econd-order equation in terms of the velocity and pressure. In
eneral, the stress must be directly approximated.

As the Weissenberg number increases, the constitutive equation
xhibits dominant convective behavior and the nonlinear coupling
etween the unknowns increases. One major difficulty in the sim-
lation of viscoelastic fluids is the failure of the nonlinear iteration
o converge at some threshold in the Weissenberg number. Thus,
t is critically important to design a method that is robust with

espect to the nonlinear solver. Nonsmooth boundaries can intro-
uce singularities which, if left unaddressed, may cause significant
egradation of numerical methods, or worse, may even contribute
o the failure of the nonlinear iteration. In fact, near reentrant cor-

� This work was sponsored by the National Science Foundation under grant
MS–0511430.
∗ Corresponding author.

E-mail addresses: zcai@math.purdue.edu (Z. Cai), westphac@wabash.edu,
oschados@yahoo.com (C.R. Westphal).

377-0257/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
oi:10.1016/j.jnnfm.2009.02.004
ners the extra stress may not be in H1(�), a major difficulty for
using finite element subspaces of H1(�). Finally, the algebraic sys-
tems that must be solved from typical discretizations are difficult to
handle and require the use of efficient iterative solvers. The proper-
ties of the resulting algebraic systems should be considered closely
in the design of the discretization to ensure an efficient numerical
method.

The analytical and numerical study of viscoelastic fluids
has developed a rich history, distinguished by contributions to
industrial applications as well as providing a generalization to clas-
sical fluid mechanics. This range is reflected in works [34,35,2,
21,37].

In [39] Wang and Carey introduced a least-squares approach to
upper-convected Maxwell (UCM) fluids and in [5] Bose and Carey
gave a more sophisticated approach for UCM and Bingham fluids,
utilizing mesh redistribution and polynomial refinement to handle
problems due to boundary singularities. Gerritsma, in [23], used
a discontinuous least-squares spectral element approach for UCM
fluids. This paper is similar in general approach to these papers, but
provides a novel approach to the nonlinear iteration, treatment of
boundary singularities, and adaptive mesh refinement. Also, to our

knowledge, this paper is the first to prove least-squares functional
ellipticity results and rigorous error bounds for linearized viscoelas-
tic fluids. The theory we present here includes the Oldroyd models
in two or three dimensions and also includes the inertial terms in
the balance of momentum equations.

http://www.sciencedirect.com/science/journal/03770257
http://www.elsevier.com/locate/jnnfm
mailto:zcai@math.purdue.edu
mailto:westphac@wabash.edu
mailto:loschados@yahoo.com
dx.doi.org/10.1016/j.jnnfm.2009.02.004
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where for simplicity of presentation, homogeneous boundary con-
ditions are assumed on ∂�. Nonhomogeneous velocity boundary
Z. Cai, C.R. Westphal / J. Non-New

The least-squares finite element method is based on an explicit
inimization principle to form a symmetric variational prob-

em. In recent years, least-squares methods have been developed
nd refined for many applications in continuum mechanics.
ee for example general references [26,4,7,10], works on fluids
11,12,28,8,3], or works on solid mechanics [13,14,38,9,32]. The
east-squares approach displays several attractive features for such
roblems. In its most basic form, a least-squares method is formed
y minimizing the norm of the residual of the equations over a
olution space compatible with the exact solution. An appropri-
te formulation of the equations and choice of norms to minimize
ver ensures that the error is efficiently reduced in a meaningful
orm. The locally evaluated least-squares functional can then serve
s a reliable and inexpensive error estimator, which can be used in
daptive refinement strategies. Further, a strong advantage of the
ethod is that it always produces symmetric, positive definite lin-

ar systems that can generally be solved with optimal complexity
ith standard multigrid methods. It is also worth noting that the

east-squares approach here is not the same as the Galerkin Least
quares (GLS) approach.

Nonlinear PDE problems can be approached by linearizing the
quations first and then applying a least-squares method to the lin-
ar equations, or by forming a nonlinear variational problem and
hen linearizing the resulting equations. In this paper, we use the
ormer approach and note that it is not clear which is more effective
or difficult nonlinearities. In this paper, we combine the use of a
east-squares discretization with a nonlinear nested iteration. That
s, the nonlinear iteration is done in tandem with mesh refinement.
t each linearzation step, a nonlinear functional serves as an indica-

or to decide when to interpolate a current solution to a finer mesh.
his not only produces a more efficient iteration by performing the
arlier linearization steps with coarser resolution, but it also pro-
ides good initial guesses for the finer meshes, producing a more
obust nonlinear iteration.

As are many finite element methods, least-squares methods are
ensitive to a loss of regularity due to nonsmooth boundaries, thus,
are must be taken in this respect. In the presence of such singu-
arities, our approach replaces the L2 norms in the least-squares
unctional with locally weighted norms, which eliminates the pol-
ution effect and improves discretization accuracy. Details of this
pproach can be seen in [29,30,18,15].

The organization of this paper is as follows. Section 2 intro-
uces the notation we use and the equations we consider.
ection 3 describes the nonlinear iteration, the function spaces
or the unknowns and the adaptive refinement procedure. The
east-squares minimization is detailed and the ellipticity of the
east-squares functional is proved in Section 4. In Section 5 the
nite element spaces are discussed and optimal error bounds are
roved. Section 6 provides details of the weighted-norm treat-
ent of boundary singularities, and numerical results are given in

ection 7.

. Notation and equations

We use standard notation for Sobolev spaces Hk(�)d and cor-
esponding norm ‖ · ‖k,� for k ≥ 0. We drop subscript � and
uperscript d when the domain and dimension are clear by con-
ext. For noninteger k, Hk(�) is the interpolation space between
�k�(�) and H�k�(�) as in [31]. The case of k = 0 corresponds to

he Lebesgue measurable space, L2(�), in which case we generally

enote the norm and inner product by ‖ · ‖ and 〈·, ·〉, respectively.
efine the subspace of L2(�)d induced by the divergence of u by

(div) = {u ∈ L2(�)d : ‖∇ · u‖<∞},
n Fluid Mech. 159 (2009) 72–80 73

with norm satisfying

‖u‖2
H(div) = ‖u‖2 + ‖∇ · u‖2.

The divergence and trace of d× d tensor � are given by
(∇ · �)i =

∑d
j=1∂�ij/∂xj and tr(�) = ∑d

i=1�ii. The space of ten-
sor valued functions with each row in H(div) is denoted by
H(div)d. We also define the operator u · ∇ = ∑d

k=1uk∂/∂xk so that

for each i, j = 1, . . . , d we have (u · ∇u)i =
∑d

k=1uk∂ui/∂xk and

(u · ∇�)ij =
∑d

k=1uk∂�ij/∂xk.
The conservation of mass and momentum equations for time-

dependent incompressible flow are given by

∇ · u = 0, and �

(
∂u
∂t

+ u · ∇u

)
− ∇ · � = f̃, (1)

where � is the fluid density, f̃ is an internal body force and the
unknowns u and � are the velocity vector and the stress tensor,
respectively.

System (1) must be closed by a constitutive equation. In this
paper we consider a general Oldroyd fluid, where an elastic mate-
rial of viscosity �1 is dissolved in a viscous solvent of viscosity
�2. The total stress has elastic and solvent components, � and �s,
respectively, which satisfy

� = � + �s − pI,

where p is the pressure and I is the d× d identity tensor. The solvent
stress satisfies

�s = 2�2�(u),

where �(u) = (1/2)(∇u + ∇ut) is the standard strain rate tensor.
The symmetric elastic stress satisfies

� + �
(
∂�

∂t
+ u · ∇� + ga(∇u,�)

)
= 2�1�(u),

where � is a characteristic stress relaxation time for the fluid and

ga(∇u,�) = 1 − a
2

((∇u)� + �(∇u)t) − 1 + a
2

(�(∇u) + (∇u)t�)

is a bilinear tensor-valued function, depending on the parameter
a∈ [−1,1].

We nondimensionalize the equations by scaling the lengths by L,
the velocities by V, time by L/V , and the stresses by�V/L, where� ≡
�1 +�2 is the total viscosity. Further, we define R� ≡ �VL/�, W� ≡
�V/L, andω ≡ �1/�∈ [0,1] as the dimensionless Reynolds number,
Weissenberg number and retardation parameter, respectively. This
general viscoelastic model is characterized by the four parameters
R�, W�, a and ω and can be written as⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∇ · u = 0 in�,

R�
(
∂u
∂t

+ u · ∇u

)
− ∇ · � = f̂ in�,

� − � + pI − 2(1 −ω)�(u) = 0 in�,

� + W�
(
∂�

∂t
+ u · ∇� + ga(∇u,�)

)
− 2ω�(u) = 0 in�,

u = 0 on ∂�,

(2)
conditions can be treated analogously, but our present analysis
is restricted to pure Dirichlet type boundary conditions. System
(2) represents unknowns u, p, �, and �. In general, least-squares
methods involve an appropriate first-order system of PDEs, often
formed by introducing new unknowns to a second-orderPDE.
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give numerical results of this nonlinear nested iteration where four
levels of refinement are used. The overall algorithm is summarized
below.
4 Z. Cai, C.R. Westphal / J. Non-New

ften, as in this paper, the unknowns are chosen to be physically
elevant.

The Oldroyd-A and B models correspond to a = 1 and a =
1, respectively, and the Maxwell model corresponds to ω = 1

the upper-convected Maxwell model has a = −1 and the lower-
onvected Maxwell model has a = 1). The Newtonian model
orresponds to ω = 0, and in this viscous limit, the stresses can be
liminated by substitution into the momentum equation, resulting
n the standard Navier–Stokes model. We assume throughout that
∈ (0,1).
In this paper we consider the steady-state model by dropping

he time derivatives. The analysis here may also be generalized to
he dynamic problem for many implicit time-marching or operator
plitting schemes, where at each time step, the system is similar to
he system we consider, but with the addition of lower order terms
n u and �.

. Nonlinear iterative method

Our solution method couples adaptive mesh refinement with
n inexact Newton iteration. Each intermediate, linear step is dis-
retized by minimizing a least-squares finite element functional. In
his section, we describe the nonlinear nested iteration in general
erms and give criteria for the adaptive refinement. The least-
quares step is discussed in detail in Section 4.

For the velocity and pressure, define the spaces

V = {v ∈H1(�)d : v = 0 on ∂�},
Q = L2(�)/R.

ince for any solution to (2) we have tr(�(u)) = ∇ · u = 0, then
pplying the trace operator to the third equation in (2) results
n tr(�) = tr(�) − dp. Thus p∈ Q may be chosen so that

∫
�
pdx =

1/d)
∫
�

tr(�) dx, which implies that in the case of pure Dirichlet
oundary conditions we are free to impose

�

tr(�) dx = 0.

lso, we note that we are free to impose symmetry of �. We now
efine spaces for each stress by

S = {s ∈H(div)d :

∫
�

tr(s) dx = 0},

T = {t ∈ L2(�)d×d : ‖b · ∇t‖<∞, tt = t},

here b ∈H1(�)d is a known approximation to the velocity. Finally,
efine the product space X = V × Q × S × T.

Denote the unknowns by U = (u, p,�,�) ∈ X and the steady-
tate residual of (2) by

(U):=

⎛
⎜⎝

∇ · u
R�(u · ∇u) − ∇ · � − f̂
� − � + pI − 2(1 −ω)�(u)
� + W�(u · ∇� + ga(∇u,�)) − 2ω�(u)

⎞
⎟⎠ .

e now approximate the solution to F(U) = 0 by an inexact Newton
teration. To this end, denote thenth adaptively refined triangulation

f � by �n, with elements K. The 	th iterate approximated on �n

s given by Un
	

. Also formally denote Xh as the corresponding finite
imensional solution space for Un

	
. Precise definitions of the finite

lement spaces are given in Section 5. Each linear step in this itera-
ive procedure is found by solving for the update Sn

	
= Un

	+1 − Un
	

in
he linear problem

(Un	 )Sn	 = −F(Un	 ), (3)
n Fluid Mech. 159 (2009) 72–80

where J is the Jacobian of F. The new approximation is given by
Un
	+1 = Un

	
+ �	Sn	 , where the line search parameter, �	 ∈ (0,1), is

chosen to minimize F(Un
	

+ �	Sn	 ). Each linear problem (3) is cast as
a least-squares minimization problem by defining the linear least-
squares functional

G(Sn	 ) = ‖J(Un	 )Sn	 + F(Un	 )‖2, (4)

and then finding Sn
	

∈ Xh such that

G(Sn	 ) ≤ G(Vn	 ) for all Vn	 ∈ Xh. (5)

Following each linear functional minimization, the velocity is pro-
jected onto a subspace of approximately divergence-free vectors.
By doing this we may assume that the succeeding linearization is
done about an approximation that satisfies conservation of mass
up to within discretization error on the current mesh. This pseudo-
div-free projection is discussed in detail in the next section. In the
nonlinear nested iteration algorithm summarized below, this pro-
jection step is denoted by project velocity.

Define the nonlinear least-squares functional

G(Un	 ) = ‖F(Un	 )‖2. (6)

To determine approximate convergence of Newton’s method on
level n, we iterate on k until

G(Un	 ) ≤ (1 + 
n)G(Sn	 ), (7)

where 
n is a tolerance parameter, potentially dependent on the
refinement level, n. When (7) is satisfied, all elements, K, are refined
for which

‖F(Un	 )‖2
K > Gmin + �(Gmax − Gmin)

where Gmin = minK‖F(Un
	

)‖2
K and Gmax = maxK‖F(Un

	
)‖2
K are min-

imum and maximum local nonlinear functional values and the
parameter �∈ [0,1] determines how aggressive the mesh refine-
ment is. Generally we choose � so that at least 25% of the elements
are refined. Fig. 1 describes the refinement.

When the mesh is refined, the finite element spaces are updated
and current approximations are interpolated and redefined rela-
tive to the mesh. In Section 7 we consider a model problem and
Fig. 1. Detail of mesh refinement: refined elements are split into four smaller ele-
ments by bisecting edges, and elements adjacent to a bisected edge are split into
two elements.
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5. Finite element approximation

The least-squares minimization problem for the solution of sys-
tem (9) is to choose (u, p,�,�) ∈ X such that
Z. Cai, C.R. Westphal / J. Non-New

A detailed study of convergence of this type of nested itera-
ion is studied in the least-squares context in [17]. Problems with
ominant nonlinearities may require many total Newton iterations.
ombining the nonlinear iteration with mesh adaptation allows for
he initial crude approximations to be carried out on coarse meshes
here the computation is inexpensive. By performing sufficient
ewton iterations on these coarse meshes, the nonlinear error is

esolved to the level of discretization error and the finer meshes
enerally require only a small number of linear steps. This not only
esults in a computationally efficient algorithm, but producing good
nitial guesses for the finer meshes seems to expand the basin of
ttraction of Newton’s method. Using locally evaluated functionals
s an error indicator is also a topic of study in [16].

In this paper we treat the nonlinearity on the continuous level,
hat is, we construct the Newton iteration based on the equa-
ions before discretization. In contrast to this approach, we note
hat it is possible to discretize a nonlinear least-squares functional,
esulting in a nonlinear system of algebraic equations to which vari-
nts of Newton’s method may be applied. Our approach, however,
dmits symmetric positive definite linear algebraic systems, which
re efficiently solved by an appropriate iterative method such as a
ultigrid preconditioned conjugate gradient method. Though our

mphasis for the present is to analyze the linearized system, the key
o an overall efficient method is to identify and balance the distinct
omponents of error: nonlinear, discretization, and algebraic.

. Least-squares minimization

We now describe the specific form of each linear system (3)
nd describe more completely the least-squares functional (4) and
ssociated minimization problem (5).

Linearizing (2) about the current approximation

≈ �, b ≈ u,
here we assume ∇ · b = 0 and

ax{‖b‖∞, ‖∇b‖∞, ‖ˇ‖∞, ‖∇ˇ‖∞} ≤M<∞, (8)
n Fluid Mech. 159 (2009) 72–80 75

results in the following replacement rules:

u · ∇u → b · ∇u + u · ∇b − b · ∇b,
u · ∇� → b · ∇� + u · ∇ˇ − b · ∇ˇ,
ga(∇u,�) → ga(∇b,�) + ga(∇u,ˇ) − ga(∇b,ˇ).

The linearized system may now be written as

⎧⎪⎪⎨
⎪⎪⎩

∇ · u = 0 in�,
Re(b · ∇u + u · ∇b) − ∇ · � = f in�,
� − � + pI − 2(1 −ω)�(u) = 0 in�,
� + Web · ∇� + B(u,�) − 2ω�(u) = F in�,
u = 0 on ∂�,

(9)

where we define

f = f̂ + R�b · ∇b,
B(u,�) = W�(u · ∇ˇ + ga(∇b,�) + ga(∇u,ˇ)),
F = W�(b · ∇ˇ + ga(∇b,ˇ)).

The least-squares functional we consider is given by

G(u, p,�,�; f,F) = ‖∇ · u‖2 + ‖R�(b · ∇u + u · ∇b) − ∇ · � − f‖2

+ ‖� − � + pI − 2(1 −ω)�(u)‖2

+ ‖� + W�b · ∇� + B(u,�) − 2ω�(u) − F‖2.

We now show equivalence of the norm induced by the homoge-
neous least-squares functional to the norm

|||(u, p,�,�)||| = (‖u‖2
1 + ‖p‖2 + ‖�‖2

H(div) + ‖�‖2 + ‖b · ∇�‖2)
1/2

over X.

Theorem 4.1. For all (u, p,�,�) ∈ X, there are positive constants, c0
and c1, which depend on�, ω, M, W� and R�, such that

c0|||(u, p,�,�)|||2 ≤ G(u, p,�,�; 0,0) ≤ c1|||(u, p,�,�)|||2,

for sufficiently small values of M, W� and R�.

The proof of this theorem is included Appendix A.
We end this section by detailing the projection of the velocity

onto an approximately divergence free subspace of V. Given the
current approximation for the velocity, u, we seek to find b ∈ V such
that{

∇ · b = 0,
∇ × b = ∇ × u.

This is done by defining

Gb(b; u) = ‖∇ · b‖2 + ‖∇ × (b− u)‖2,

and finding b ∈ V such that

Gb(b; u) = inf
v ∈ V
Gb(v; u).

This well-posed div-curl system is well studied in the literature, see
for example [7,10].
G(u, p,�,�; f,F) = inf
(v,q,s,t) ∈ X

G(v, q, s, t; f,F). (10)

Let Th be a regular triangulation of � with a meshsize of O(h).
Denoteby Pk(K) the standard space of degree k polynomials on
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6 Z. Cai, C.R. Westphal / J. Non-New

lement K. Also, consider the Raviart–Thomas space of order k on
lement K defined by

Tk(K) = Pk(K)d + xPk(K),

here x = (x1, . . . , xd)
t .

The finite element approximation spaces we consider are con-
inuous piecewise polynomials for u, p and �, and the H(div)
onforming Raviart–Thomas space for � given by:

Vh = {v ∈C0(�)d : v|K ∈Pk+1(K)d∀K ∈ Th,v = 0 on ∂�},
Qh = {q∈C0(�) : q|K ∈Pk+1(K)∀K ∈ Th},
Sh = {s ∈ S : s|K ∈RTk(K)∀K ∈ Th},
Th = {t ∈ T ∩ C0(�)d×d : t ∈Pk+1(K)d×d ∀K ∈ Th}.

hese spaces satisfy standard approximation properties, which
re briefly summarized here. Let scalar �h represent any of
he components in either Vh, Qh or Th, where h = {�∈C0(�) :
|K ∈Pk+1(K)∀K ∈ Th} admits the property

inf
h ∈h

‖� − �h‖	 ≤ Chm‖�‖m+	∀�∈Hm+	(�), (11)

or 	 = 0,1 (see e.g. [6]). Space Shadmits

inf
∈ Sh

(‖� − �h‖ + ‖∇ · (� − �h)‖) ≤ Chm(‖�‖m + ‖∇ · �‖m) (12)

or � ∈ S ∩Hm(�)d×d with ∇ · � ∈Hm(�)d.
The discrete minimization problem is to choose

uh, ph,�h,�h) ∈ Xh such that

(uh, ph,�h,�h; f,F) = min
(vh,qh,sh,th) ∈ Xh

G(vh, qh, sh, th; f,F). (13)

e now give error estimates for the solution to (13).

heorem 5.1. Consider approximating the solution to (9) through
he discrete minimization problem (13) under the assumptions in (8).
ssume that (u, p,�,�) ∈ X is the solution to (10), then the solution to
13) satisfies

|||(u − uh, p− ph,� − �h,� − �h)|||
≤ Chm(‖u‖m+1 + ‖p‖m + ‖�‖m + ‖∇ · �‖m + ‖�‖m+1),

orm ≤ k + 1.

roof. Theorem 4.1 directly leads to the bound

|||(u − uh, p− ph,� − �h,� − �h)|||2

≤ inf
(vh,qh,sh,th) ∈ Sh

c1
c0

|||(u − vh, p− qh,� − sh,� − th)|||2,

hich, using ‖b‖ · ∇(� − th) ≤ C‖∇(� − th)‖ and the approximation
roperties in (11) and (12), yield the desired error bound for m ≤
+ 1. �

We note that one may use L2 elements of order k (i.e., lower
rder than presented above) for the pressure, p, and still achieve
he bounds in Theorem 5.1. In practice we prefer to choose the finite
lement spaces described here.

Here, as in all such finite element simulations, the order of con-
ergence depends on both the order of the finite element spaces
sed and the smoothness of the solution. Various estimates in

24,33,20] indicate that, at least for small data and smooth domain,
ystem (2) admits full regularity. Thus, we expect any loss of
moothness in the solutions we seek are due to boundary singu-
arities. In Section 6 we detail the method we use to treat boundary
ingularities.
n Fluid Mech. 159 (2009) 72–80

6. Boundary singularities

In the previous section, the error bounds for the approximated
solution are optimal under sufficient regularity of the original prob-
lem. However, if the solution has boundary singularities then we
may expect a degradation of the discretization rates according to
the smoothness of the solution. Assume for the present that� is a
closed, bounded domain in R2 with a polygonal corner located at
the origin, and that (r, �) are polar coordinates. In general, second-
order, elliptic-like problems with such boundary configurations
admit solutions that include a component of the form

s(r, �) = r˛g(�).

The power of the singularity, ˛, depends on the PDE and interior
angle of the corner, � . Substantial literature exists on the singular
functions associated with incompressible fluids.

For � < � (i.e., non-reentrant corners), [19] shows that solutions
have Newtonian behavior. But analytical studies [25,19,22,36] and
numerical computations in [27,1] show that for geometries with
� = 3�/2, steady solutions behave as

ui ∼ r5/9,  ∼ r14/9, and �ij ∼ r−2/3, (14)

where ui and �ij are components of the velocity and extra stress,
respectively, and  is the streamfunction. Thus here we have u /∈
H2(�)2 and � /∈ H1(�)2×2. This lack of smoothness indicates that
using finite element subspaces of H1(�) for the extra stress may
cause unintended difficulties. Theorem 5.1 illustrates this appro-
priately. In fact, even though this loss of smoothness exists only
in the neighborhood of the singular point, it is well known that
finite element methods experience a resulting pollution effect, that
is, significant errors with global support will not be resolvable with-
out directly addressing the singularity. We note that for problems
such as this, mesh refinement alone is insufficient to capture errors
outside H1(�).

Many approaches to deal with boundary singularities exist,
many of which require precise a priori forms of the singular solu-
tions. We use a method developed for least-squares discretizations
which requires only a rough approximation of the power of the
dominant singularity, and recovers optimal convergence of the
method in weighted norms. We summarize the approach briefly
here in general notation.

Denote by LU = f the linear system in (9) for which we seek U =
(u, p,�,�) ∈ X by minimizing the weighted least-squares functional

G(U; f ) = ‖w(LU − f )‖2.

When w = 1, this coincides with the description in (4). By choos-
ing an appropriate weight function, w, we seek to eliminate the
pollution effect caused by a loss of smoothness in U near bound-
ary singularities. Such weighted-norm least-squares problems are
studied in [18,29,30,15], and use

w = w(r) =
{

(r/R)ˇ, r < R,
1, r ≥ R,

whereˇ is chosen so thatwU ∈H2(�) andR� diam(�) is chosen to
localize the weight function. A simple calculation thus determines
the value of ˇ given the power of the singularity in U. For example,
the Oldroyd system highlighted in (14) requires ˇ > 5/3.

7. Numerical experiments
We now consider flow of an Oldroyd-B fluid in a 4:1 planar con-
traction. In this problem, creeping flow from a channel of large
diameter is abruptly constricted to a channel of smaller diame-
ter. The domain is symmetric about the centerline of each channel,



Z. Cai, C.R. Westphal / J. Non-Newtonia

a
t
e
R
c
o
i
a

T
l
d
d
i
2
t
f

current mesh level. For the finite element spaces used here, optimal

F
(

Fig. 2. 4:1 contraction problem.

nd for efficiency the computational domain used is one-half of
he physical domain. Following standard benchmark solutions (see
.g., [1,27]) for this problem, we use retardation parameterω = 1/9,
eynolds number R� = 0, and the geometry shown in Fig. 2. For the
omputations summarized here we use L = 10 and H = 1. With the
rigin at the lower left corner of the domain, we choose the veloc-
ty boundary conditions on the inflow and outflow boundaries (�in
nd �out, respectively) to be

u1 = 3
128

y(8 − y), u2 = 0 on �in, and

u1 = 3
2

(y− 3)(5 − y), u2 = 0 on �out.

his scaling ensures a balance of flux in the inlet and out-
et and gives a unit average velocity in the fully developed
ownstream channel. Following the weighted-norm approach
escribed in the previous section, each intermediate step min-
mizes a linearized, weighted least-squares functional with ˇ =
.0 and R = 1. We also define the weighted nonlinear func-
ional as in (6), with the same weight function as the linearized
unctionals.

ig. 3. Final mesh after four refinement steps: full domain and details near the reentrant
b) Detail for (x, y) ∈ [6.4,10.6] × [0,4]. (c) Detail for (x, y) ∈ [7.1,9.2] × [1.8,3.8].
n Fluid Mech. 159 (2009) 72–80 77

Numerical results are obtained for W� = 0,1,2,3. Each problem
is initially discretized with a regular triangulation of the domain
containing 5646 elements, and allowed four adaptive refinement
steps according to the nested iteration algorithm described in Sec-
tion 3. Fig. 3 shows the final mesh and a detail near the reentrant
corner. The finite element spaces used are continuous piecewise
linears, P1, for u, p and � and the lowest-order Raviart–Thomas
elements, RT0, for the total stress, �.

Fig. 3 shows the final mesh for W� = 1, R� = 10, which shows
that mesh refinement is concentrated near the reentrant corner and
the downstream boundary layer. We note that, for this problem, the
symmetry boundary condition is imposed weakly by the addition
of an extra term in the least-squares functional. Because of this the
symmetry boundary tends also to be refined in this test problem.

The resulting elastic stress fields are shown in Fig. 4. Dimen-
sionless stresses are normalized by �V/H, where � = �1 +�2 is
the total viscosity, V is the average horizontal velocity at the out-
flow boundary, and H is the radius of the downstream channel. The
qualitative nature of the solution is consistent with the existing
literature for this model problem, showing strong singularities at
the reentrant corner and pronounced downstream stress boundary
layers.

To illustrate convergence of the method and validate the theo-
retical results of this paper, Table 1 shows reduction of the nonlinear
functional norm,G1/2, with increasing resolution for different Weis-
senberg and Reynolds numbers. Here, N denotes the total number
of elements and steps is the number of Newton steps used on the
convergence implies

G1/2 = O(N−1/2).

corner for We = 1, Re = 10. (a) Full computational domain, (x, y) ∈ [0,16] × [0,4].
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o monitor the convergence, define the discretization efficiency by

ff = G1/2
old /G

1/2
new

N1/2
new/N

1/2
old

.

hus optimal convergence yields Eff = 1, and Table 1 shows that
unctional convergence is fairly robust with respect to the Weis-
enberg and Reynolds numbers. The same data is also summarized
n Fig. 5.

In Fig. 6 we report asymptotic behavior at the reentrant corner.
nalytical results in [25,19,22,36] suggest that for this geometry

he local behavior of the velocity follows ui ∼ r5/9 (for i = 1,2)
nd the streamfunction follows ∼ r14/9. The velocity components
nd streamfunction are shown in a log scale plot in Fig. 6, and
he expected asymptotic slopes are included for reference. Data is
ampled along a line with angle � = �/2 from the downstream wall.

In addition to the reduction of the functional at expected rates,
e compare our numerical results to benchmark solutions by Alves

t al. [1] and Kim et al. [27]. Table 2 reports the horizontal reattach-
ent length (denoted by XR as in Fig. 2) of the salient corner vortex
or increasing W�, ω = 1/9 and R� = 0. Our results compare well
ith benchmark solutions, generally matching the expected trend

f the vortex size. Alves et al. gives detailed further comparison with
arlier works on reattachment lengths in [1].

able 1
eduction of the nonlinear functional norm in nonlinear nested iteration for various
eissenberg numbers and Reynolds numbers.

Steps G1/2 Eff N Steps G1/2 Eff

� = 0, R� = 0 W� = 0, R� = 10
5660 1 1.206 5660 2 1.260

10457 1 0.847 1.05 10082 2 0.891 1.06
21733 1 0.638 0.92 20789 2 0.670 0.93
41704 1 0.478 0.96 47807 1 0.488 0.90

� = 1, R� = 0 W� = 1, R� = 10
5660 3 1.605 5660 4 1.608

10509 2 1.096 1.08 11420 2 1.133 1.00
18914 2 0.810 1.01 22716 2 0.806 1.00
35765 1 0.608 0.97 53019 1 0.572 0.92

� = 2, R� = 0 W� = 2, R� = 10
5660 3 2.878 5660 3 2.895

10378 3 1.014 2.10 11620 3 1.033 1.96
18734 2 0.791 0.95 23020 2 0.820 0.89
3849 2 0.655 0.90 50882 2 0.671 0.82

� = 3, R� = 0 W� = 3, R� = 10
5660 3 3.979 5660 3 4.101

10224 3 0.840 3.52 12143 3 0.854 3.28
19548 2 0.699 0.87 23816 2 0.712 0.86
6607 2 0.579 0.88 53610 2 0.597 0.80
Fig. 5. Reduction of nonlinear functional norm vs. total number of elements. The
slope of the dashed lines indicate the asymptotic optimal rate.

In summary we have presented a least-squares finite element
approach to the Oldroyd model for viscoelastic fluids, which makes
use of a nonlinear functional to adaptively refine the mesh. For the

test problem considered, the refinement that results is of good qual-
ity and refinement is concentrated near the reentrant corner and
downstream boundary layers. Our convergence theory and numer-
ical results are in good agreement, as shown by the reduction of the

Table 2
Reattachment lengths, XR , of the salient corner recirculation with Re = 0, compared
with benchmark solutions in [1,27].

XR

We This work Alves et al. Kim et al.

0.0 1.560 1.502 1.4481
1.0 1.499 1.373 1.3392
2.0 1.200 1.181 1.1245
3.0 1.059 0.973 0.9001



Z. Cai, C.R. Westphal / J. Non-Newtonia

F
c
s

n
e

A

P
i

|
w

F

W

‖
‖
A
R

A

S
a

‖
(
s

the linear combination

4ω(1 −ω)‖�(u)‖2 + ‖�‖2 = 〈−� + � − pI + 2(1 −ω)�(u),2ω�(u)〉
ig. 6. Asymptotic behavior of the velocity and streamfunction near the reentrant
orner for We = 1, Re = 0. Data is sampled along a line at � = �/2 from the down-
tream wall (c.f. Fig. 2).

onlinear functional norm. Our results also compare favorably with
stablished benchmark solutions.

ppendix A. Proof of thm:ellipticityTheorem 4.1

roof. The upper bound follows naturally from the triangle
nequality and (8). For the lower bound we first show

||(u, p,�,�)|||2 ≤ CF, (A.1)

here

:= ‖∇ · u‖2 + ‖∇ · �‖2 + ‖� − � + pI − 2(1 −ω)�(u)‖2

+ ‖� + W�b · ∇� − 2ω�(u)‖2.

e rely on the following standard Korn and Poincaré inequalities:

∇u‖ ≤ C‖�(u)‖, (A.2)

u‖1 ≤ C‖∇u‖. (A.3)

s in [13] we define the fourth-order compliance tensorA : Rd×d →
d×d by

� = � − 1
d

tr(�)I ∀� ∈Rd×d.
inceA� is trace-free, we have 〈A�, pI〉 = 0 and 〈A�,A�〉 = 〈A�,�〉,
nd from [13], for all � ∈ S we have the inequality

tr(�)‖ ≤ C(‖A�‖ + ‖∇ · �‖) (A.4)

actually, a stronger result is proved there, but this result is
ufficient for the present purposes). Further, wenote that the
n Fluid Mech. 159 (2009) 72–80 79

Cauchy–Schwarz inequality leads to

‖A�‖2 = 〈A�,�〉 = 〈A�,� − � + pI − 2(1 −ω)�(u)〉
+〈A�,�〉 + 〈A�,2(1 −ω)�(u)〉 ≤ ‖A�‖(‖� − �

+pI − 2(1 −ω)�(u)‖ + ‖�‖ + 2(1 −ω)‖�(u)‖).

From this and (A.4) it then follows that

‖tr(�)‖ ≤ C(‖A�‖ + ‖∇ · �‖) ≤ C(F1/2 + ‖�‖ + ‖�(u)‖).

The pressure may now be bounded by

‖p‖ ≤ ‖tr(� − � + pI − 2(1 −ω)�(u))‖ + ‖tr(�)‖ + ‖tr(�)‖
+ 2(1 −ω)‖�(u)‖ ≤ C(F1/2 + ‖�‖ + ‖�(u)‖), (A.5)

and, similarly, we have

‖b · ∇�‖ ≤ C(‖� + Web · ∇� − 2ω�(u)‖ + ‖�‖ + 2ω‖�(u)‖)

≤ C(F1/2 + ‖�‖ + ‖�(u)‖). (A.6)

We also write

4ω(1 −ω)‖�(u)‖2 = 〈−� + � − pI + 2(1 −ω)�(u),2ω�(u)〉
+ 2ω〈�,�(u)〉 − 2ω〈�,�(u)〉 + 2ω〈pI,�(u)〉,

(A.7)

and note that, since ∇ · b = 0 and b|∂� = 0, we also have

〈b · ∇�ij, �ij〉 = −〈�ij,∇ · (b�ij)〉
= −〈�ij, (∇ · b)�ij + b · ∇�ij〉 = −〈�ij,b · ∇�ij〉,

which implies 〈b · ∇�,�〉 = 0 and thus

‖�‖2 = 〈� + Web · ∇� − 2ω�(u),�〉 + 2ω〈�(u),�〉. (A.8)

Using symmetry, we note that

‖� − �t‖ = ‖� − � + pI − 2(1 −ω)�(u)

− (� − � + pI − 2(1 −ω)�(u))t‖
≤ 2‖� − � + pI − 2(1 −ω)�(u)‖ ≤ 2F1/2,

which leads to

|〈�,�(u)〉| =
∣∣∣〈�,

1
2

(∇u + ∇ut)
〉∣∣∣

=
∣∣∣〈1

2
(� + �t),∇u

〉∣∣∣
=

∣∣∣〈�,∇u〉 −
〈

1
2

(� − �t),∇u
〉∣∣∣

=
∣∣∣−〈∇ · �,u〉 − 1

2
〈� − �t ,∇u〉

∣∣∣
≤ F1/2‖u‖ + 1

2
‖� − �t‖‖∇u‖ ≤ F1/2‖u‖1. (A.9)

Combining (A.7) and (A.8), and using (A.9), the Cauchy–Schwarz
inequality, and the general relation, 2ab ≤ ı−1a2 + ıb2, we bound
+2ω〈p,∇ · u〉 + 2ω〈�,�(u)〉
+〈� + W�b · ∇� − 2ω�(u),�〉

≤ C
(
ı+ 1

ı

)
F + Cı(‖�(u)‖2 + ‖�‖2),
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or any ı > 0. By choosing ı sufficiently small, we immediately have
hat

�(u)‖2 + ‖�‖2 ≤ CF,
hich, with (A.5), (A.6), (A.2) and (A.3), establishes (A.1).

We now may use (8) and the inequality ‖a+ b‖2 ≥ (1/2)‖a‖2 −
b‖2 to get

(u, p,�,�; 0,0) = ‖∇ · u‖2 + ‖� − � + pI − 2(1 −ω)�(u)‖2

+ ‖R�(b · ∇u + u · ∇b) − ∇ · �‖2

+ ‖� + W�b · ∇�2 + B(u,�) − 2ω�(u)‖2

≥ ‖∇ · u‖2 + ‖� − � + pI − 2(1 −ω)�(u)‖2

+ 1
2

‖∇ · �‖2 − ‖R�(b · ∇u + u · ∇b)‖2

+1
2

‖� + W�b · ∇� − 2ω�(u)‖2 − ‖B(u,�)‖2

≥ 1
2
F − CR�2M2‖u‖2

1 − CW�2M2(‖u‖2
1 + ‖�‖2)

≥ C(|||(u, p,�,�)|||2 − R�2M2‖u‖2
1

−W�2M2(‖u‖2
1 + ‖�‖2))

≥ c0|||(u, p,�,�)|||2

here c0 > 0 for M, R� and W� chosen sufficiently small. �
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