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FIRST-ORDER SYSTEM LEAST SQUARES FOR SECOND-ORDER
PARTIAL DIFFERENTIAL EQUATIONS: PART II*

ZHIQIANG CAIf, THOMAS A. MANTEUFFEL}, AND STEPHEN F. MCCORMICKS

Abstract. This paper develops a least-squares functional that arises from recasting general
second-order uniformly elliptic partial differential equations in n = 2 or 3 dimensions as a system
of first-order equations. In part I [Z. Cai, R. D. Lazarov, T. Manteuffel, and S. McCormick, STAM
J. Numer. Anal., 31 (1994), pp. 1785-1799] a similar functional was developed and shown to be
elliptic in the H(div) x H' norm and to yield optimal convergence for finite element subspaces of
H(div) x H'. In this paper the functional is modified by adding a compatible constraint and imposing
additional boundary conditions on the first-order system. The resulting functional is proved to be
elliptic in the (H')?*! norm. This immediately implies optimal error estimates for finite element
approximation by standard subspaces of (H')"t!. Another direct consequence of this ellipticity is
that multiplicative and additive multigrid algorithms applied to the resulting discrete functionals
are optimally convergent. As an alternative to perturbation-based approaches, the least-squares
approach developed here applies directly to convection—diffusion—reaction equations in a unified way
and also admits a fast multigrid solver, historically a missing ingredient in least-squares methodology.
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1. Introduction. The object of study of this paper, and its earlier companion
[11], is the solution of elliptic equations (including convection—diffusion and Helmholtz
equations) by way of a least-squares formulation for an equivalent first-order sys-
tem. Such formulations have been considered by several researchers over the last few
decades (see the historical discussion in [11]), motivated in part by the possibility of
a well-posed variational principle for a general class of problems. In [11] a similar
functional was developed and shown to be elliptic in the H(div) x H! norm and to
yield optimal convergence for finite element subspaces of H(div) x H'. In this paper
the functional is modified by adding a compatible constraint and imposing additional
boundary conditions on the first-order system. It is shown that the resulting func-
tional is elliptic in the (H!)"*! norm. Direct consequences of this result are optimal
approximation error estimates for standard finite element subspaces of (H')"*! and
optimal convergence of multiplicative and additive multigrid algorithms applied to the
resulting discrete functionals. As an alternative to perturbation-based approaches (cf.
[1, 3,9, 10, 25, 34, 35]), the least-squares approach developed here applies directly to
convection—diffusion—reaction equations in a unified way and also admits an efficient
multilevel solver, historically a missing ingredient in least-squares methodology.
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The least-squares formulation considered in this paper differs from that of [11]
(see also [31]) in that it incorporates a curl-free constraint and tangential boundary
conditions on u (see section 2). Like the original in [11], our modified least-squares
formulation avoids the so-called inf-sup condition of Ladyzhenskaya, Babuska, and
Brezzi (see [8]) and its attendant restrictions on the choice of finite element approx-
imation subspaces. However, our modifications to the original form, while unneces-
sary for discretization accuracy (see [11]), greatly simplify the solution process. The
unmodified form must be handled carefully because oscillatory divergence-free error
components give relatively small residuals; such components must be specially treated
in the multigrid relaxation process or eliminated in the discretization, for example.
However, our incorporation of the curl-free constraint here exposes these components:
in fact, all oscillatory error results in relatively large residuals. The modified func-
tional is easily seen to be equivalent to a modified form of the (H (div)NH (curl)) x H*
norm. This norm may be sufficient to yield optimal finite element convergence if care
is taken in choosing the finite element spaces [33, 27]. In addition, optimal multigrid
convergence can be guaranteed under certain additional constraints [27]. The theory
involving this norm is still incomplete.

In this paper the modified (H(div) N H(curl)) x H' norm is shown to be equiv-
alent to the (H')"*! norm under some additional regularity assumptions. Thus, the
modified functional yields full H'-norm equivalence for each of the system variables.
This comes at some loss of generality of the results presented here in that our proof re-
quires H? regularity of the original problem with the lower-order terms removed. This
should be expected, however, since our aim here is to obtain H'-norm discretization
error bounds on the fluxes.

For problems with reduced regularity, alternate forms of the least-squares func-
tional must be considered, with the specific choice of form dependent on the goal of
computation: for H(div)-type flux estimates, the original functional in [11] is appro-
priate; for weaker L?-type flux estimates, for example when the right-hand side is
in H=1, an H~! or mesh-weighted norm approach can be used (cf. [2, 4]); and for
stronger local H'-type flux estimates, for example when the coeflicients are discon-
tinuous, an appropriate local H! approach can be used [27].

The basic idea of the approach here is simple: the original functional in [11], which
fails to be fully (H*)™*! elliptic because it incorporates only a divergence-type flux
derivative, is augmented by an admissible curl-type term. It is therefore immediate
that the new functional is equivalent to an (H(div) N H(curl)) x H'-type norm.
However, to show that such a norm is in fact an (H*)"*! norm is another matter: for
that (and only that!) we need H? regularity of the original scalar problem without the
lower-order terms, and we need to carefully extend basic results of functional analysis
to account for general diffusion tensors and boundary conditions. This is the principal
theoretical contribution of this paper.

The idea of adding the curl constraint in developing a least-squares functional for
Poisson’s equation has been used by several researchers (see, e.g., [13, 16, 17, 23, 14,
15, 24, 30]). For Poisson’s equation, the key tool is the proof that (H (div) N H(curl))
is algebraically and topologically imbedded in (H!)", which was developed by Girault
and Raviart [20] for problems with strictly Dirichlet or Neumann boundary conditions.
Here, we extend the result in [20] to the context of a general diffusion tensor and a
variety of boundary conditions.

The fundamental goal of our least-squares work is to develop a functional that is
fully (H*)"*! elliptic whenever that is possible. One of the many benefits of such a
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formulation is that the discretization and solution processes can be designed for each
variable individually, almost independently of the others. This ellipticity suggests that
the system is essentially a set of uncoupled elliptic equations in each scalar variable.
This is true to some qualitative degree, but this view should not be carried too far.
For example, this equivalence implies immediately that an optimal multigrid solver
can be designed simply as a diagonal preconditioner that uses multigrid individually
on each variable. However, multigrid can generally do much better by applying it
directly to the least-squares system: relaxation would be allowed to interact with all
variables on all levels, not just on the finest as diagonal preconditioners would do.

Unfortunately, no theory seems to exist that would allow us to claim in any
generality that such a fully integrated multigrid scheme is optimal. We are thus
compelled to establish this claim theoretically, which we do in the last section by
applying the theory developed in [5]. (The only nontrivial task here is the verification
of their second smoothing assumption.)

The next section introduces notation, describes the variational approach, and
establishes an ellipticity estimate in the necessary form. Approximation by the finite
element method and its error analysis are developed in section 3.

2. First-order system least squares. Assume that ) is a bounded, open,
connected domain in " (n = 2 or 3) with Lipschitz boundary 9. Consider the
following second-order elliptic boundary value problem:

-V-(AVp)+Xp = f, in Q,
(2.1) p = 0, on I'p,
n-AVp = 0, on Iy,

where the symbols V- and V stand for the divergence and gradient operators, re-
spectively, A is an n X n symmetric matrix of functions in L>°(2), X is an at most
first-order linear differential operator, I'p UT'y =T is a partitioning of the boundary
of Q, and n is the outward unit vector normal to the boundary. We assume that A is
uniformly symmetric positive definite and scaled appropriately: there exist positive
constants

(2.2) 0<A<1I<A
such that
(2.3) AeTE<gTAE < AT

for all £ € " and almost all z € Q.
Introducing the flux variable

u= AVp,

problem (2.1) may be rewritten as a first-order system of partial differential equations
as follows:
u—AVp = 0, in Q,
V¥u+Xp = f, in Q
(2.4) p=7
p = 0, on I'p,

n-u = 0, on I'y,
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where V* : H1(Q)" — L?(Q) is the formal adjoint of V : HY(Q) — L2?(2)"; that is,

* = —V.. Under appropriate assumptions on I'p and X, the associated weak form
of the system (2.1) is uniquely solvable in H(2) for any f € H~()) or uniquely
solvable in H'(Q)/R (cf. [20]) if and only if f satisfies the compatibility condition
Jof=0.

“ Let curl = Vx denote the curl operator. (Here and henceforth, we use notation
for the case n = 3 and consider the special case n = 2 in the natural way by identifying
R? with the (z1, x3)-plane in ®3. Thus, if u is two dimensional, then Vx u = 0 means
O1us — Osup = 0, where u; and usy are the components of u. In section 2.1, we consider
only the case n = 2, so there we will interpret V x u to mean djus — dsuy.) Note
that if u is sufficiently smooth, then the properly scaled solution A~1u of (2.4) is curl
free, i.e., Vx (A7tu) = 0, and the homogeneous Dirichlet boundary condition on I'p
implies the tangential flux or no-slip condition

g (A_lu) =0, onlIp,

where Yru=nxu Here, T represents the unit vector tangent to the boundary I'.
An equivalent extended system for (2.4) is

u— AVp = 0, in
Vu+Xp = f, in
Vx A~ la 0, in
(2.5)
p 07 on FDv
n-u = 0, on Iy,
g (A~lu) = o, on I'p.

It is this system that we intend to solve by a least-squares Rayleigh—Ritz discretization
and a fully variational multigrid solver.

First we establish notation. Let D(2) be the linear space of infinitely differentiable
functions with compact support on €2, and

D(Q) = {p|a : ¢ € D(O) for some open subset 2 C O C R"}.

Let (-, -)o, denote the inner product on L*(Q)", || - |lo,o denote its induced norm,
and, for m > 0, H™(Q2)™ denote the standard Sobolev space with norm || - ||, o and
seminorms | - |;, o (0 <4 < m). (We suppress the subscript n because dependence of
the vector norms on dimension will be clear by context.) Let H*~z (') for s = 1 or 2
denote the trace Sobolev space with norm

Irlls—1,p = nf{|lv]ls,a : v € H*(Q), tracev =7 on I'}

and H~2(T) the dual space for H2 (I') with the obvious dual norm

(re, )

r*||_1 zsup{
|| || 5,0 HTHl/Z,F

;o¢reﬂam},

where (-, -) denotes the duality pairing between H~2(I') and H2(T'). We use the
following spaces to define a least-squares variational form for the extended system
(2.5). Let

H(div; Q) = {v e L*(Q)" : V*v € L2(Q)},
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(2.6) H(curl A; Q) = {v e L*(Q)" : Vx (A7'v) € L*(Q)*" 3},

which are Hilbert spaces under the respective norms

N

IVl #zaiv ) = (VNG o + VY o) %

1
VI reurt 4:0) = (IVII5. 0 + [V (A5 o) ®

When A is the identity matrix in (2.6), we use the simpler notation H(curl;€2). Define
the subspaces

Wo(div; Q) ={ve H(div; Q) :n-v=0on Ty},
Wo(curl 4; Q) = {v € H(curl 4; Q) : 'yT(A*lv) =0onI'p},
and
(2.7) W = Wy (div; Q) N Wy(curl 4; Q).
Finally, define the subspace
(2.8) V={¢ecH(Q): ¢g=00onTp}.

In [11] the following quadratic functional associated with system (2.4) was exam-
ined:

(2.9) Go(v, ¢; f) = v — AVq|[§ o + V'V + Xq— f

5,0

for (v, q) € Wy(div; Q) x V. There it was shown that Gy (v, ¢; 0) is equivalent to the
H(div; Q) x HY(Q) norm on W (div; ) x V under the following original assumption.

Assumption AO. Either I'p # 0 or an additional constraint is imposed on V, such
as fQ pdx = 0, so that a Poincaré—Friedrichs inequality holds: there exists a constant
d > 0 depending only on the domain © and the uniform bounds on A (see (2.3)) such
that

1
(2.10) Ipl13, 0 < dllAZ V| o

forpe V.

If Tp # 0 or Xp # 0 for p = constant, we assume that for any f € H~1(Q)
the associated weak form of (2.1) is invertible in H'(Q2). If I'p = ) and Xp = 0
for p = constant, we assume that the associated weak form of (2.1) is invertible in
H'()/R for every f € H'(Q) such that [, f = 0. In either case, we assume

1
(2.11) [ Xpllo,2 < nl|A2Vpllo, o

for some 1 > 0 and every p € V for which AVp € Wy (div; Q).
The modified quadratic functional we study here is given by

(212) G(v, ¢ f) = v = AV§ o + V'V + Xq— fl§ o + VX (ATV)F o

for (v, q) € W x V. Then the least-squares problem for (2.5) is to minimize this
quadratic functional over W x V: find (u, p) € W x V such that

2.13 Gu, p: f)= inf G, q f).
(2.13) (u, p; f) . - (v.q f)
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It is easy to see that the variational form for (2.13) is to find (u, p) € W x V such
that

(2.14) Flup;v,q) =f(v,q) V(v,q e WXV,
where the bilinear form F(-; ) : (W x V)2 — R is defined by
F(u, p; v, q) = (u—AVp, v - AVq)o, o + (V'u+ Xp, V'v + Xq)o, 0
(2.15) + (Vx (A7), Vx (A7)0 o
and the linear functional f(-, -) : W x V — R is defined by

(216) f(V, CI) = (f7 V*v + XQ)O,Q~

The first theorem establishes ellipticity and continuity of the bilinear form (2.15)
with respect to the (H(div; Q)N H(curl 4; )) x H'(Q) norm under only Assumption
AQ.

THEOREM 2.1. Assume AQ. Then there exist positive constants ag and o such
that

217) a0 (V15 o + IVVIG o + IVX (ATW)IE o +llali o) < F(v, ¢ v, q)

for any (v, q) € W xV and
1
Flu, p; v, q) < ar ([[ulf o + Vg o + VX (AT )5 o + 2l o) ?

1
(2.18) (IVIE @ + IV VIE o + VX (A7) o + lal? o) ®

for any (u, p), (v, q) € Wx V.
Proof. This result follows from Theorem 3.1 in [11], where it was shown that the
functional

Go(v, ¢; ) = v = AVq|§ o + IV'V+ Xq — fI[5 o
and associated bilinear form
fO(uv piv, q) = (u - Avpa v — AVq)O,Q + (V*u + Xpa V*V + Xq)O,Q

satisfy the bounds (2.17) and (2.18) with the terms involving Vx removed, for all
(u, p), (v, q) € Wo(div; Q) x V. Since W C Wy(div; ©), (2.17) and (2.18) hold for
F restricted to W x V. 0

The purpose of the remainder of this section is to show that, under some additional
hypotheses on A and €2, the functional (2.12) with f = 0 is equivalent to the H! ()71
norm on W x V. This result requires a generalization of results in [20], which assumed
that A=1, X =0, and either ' =Tp or ' =T'y.

In our proof we make use of a decomposition of W into certain gradient and curl
components. We do this by showing that these components satisfy certain boundary
value problems, which we ensure are H2(§2) regular by making the following additional
assumptions.

Assumption Al. The domain 2 is bounded, open, and connected in R" (n = 2
or 3) with boundary I', which consists of a finite number of disjoint, simple, closed
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Mo
2

M

Fic. 1.

curves (surfaces) I';, i =0,...,L; g is the outer boundary and T';, i=1,...,L, are
C11 boundaries of a finite number of disjoint holes in Q (see Fig. 1). Let €2; be the
interior of T';, i =1,..., L. For n = 2, I'y is piecewise C1'! with no reentrant corners,
while for n = 3, 'y is C*! or a convex polyhedron.

Assumption A2. The boundary is divided into Dirichlet and Neumann parts: T' =
FpUTy such that T; CTpfori € Dand T'; C Ty for i € N with DUN = {1,...,L}.
For n = 2, I'g is divided into a finite number of connected pieces: I'c = U;=1,.. mT04
such that I'g; C I'p for i € Dy and I'y; C 'y for ¢ € Ny; since I'y is a simple closed
curve, M is even; let Dy be the odd indices and Ny be the even indices. For n = 3,
either FO - FD or FO - FN-

Assumption A3. The matrix A is Cb'. If n = 2 and x € Ty is a point that
separates I'p and I'y, then x must be a corner of I'y and n” An, < 0, where n_ and
n, are the outward unit normal vectors on the adjacent edges at x.

In what follows, we will appeal often to a boundary value problem of the form

V*(AVp) = f, in  Q
p = G, on I, forieD,
(2.19) P = goi on Iy, forie Dy,
n-AVp = h, on I;, forie NN,
n-AVp = hg, on Iy, forie Ny,

where g;, go; € H2(I;) for i € D, j € Dy, and hy, ho; € H2(T;) for i € N, j € Np.
For our needs, we assume that g; is nonzero only when I'; is C*'. Now our additional
assumptions, together with the original ones, are sufficient to guarantee that (2.19) is
H?(Q) regular: there exists a constant C' depending only on A, X, and €2 such that

[Pll2,0 <C <||f| o0+ Y lgillszr, + D lgoillsszr, + Y [hillya.r,
(2 20) €D 1€ Do iEN
+ ) ||h0z‘||1/z,n>-
i€ Ny

This result follows from standard partition of unity arguments (cf. [19]). For both
n = 2 and n = 3, the solution is clearly in H? in the interior and along smooth
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portions of the boundary. For n = 2 the arguments in Chapter 4 of Grisvard [21] can
be used near the corners. There, polygonal domains are studied with A = I and H?
regularity results if there are no reentrant corners and each corner that separates I'p
from I'y has an angle less than 7/2. In our context, we consider A € Cb!. Since
A is smooth, there exists a smooth transformation to a problem in a new coordinate
system with A replaced by I. The results of Grisvard can be applied in this frame
and the inverse transformation yields the criterion in Assumption A3. For n = 3,
[y is either C1!, which poses no problem or I'y is a convex polyhedron. Since by
assumption 'y C T'p or I’y C 'y the results in Chapter 8 of [21] imply that a convex
polyhedron is sufficient.

We remark that the results in this paper are applicable to any domains for which
problems of the type (2.19) are H?(Q) regular. Our assumptions reflect the limit of
current knowledge in this respect.

Our main theorem establishes equivalence of the bilinear form (2.15) and the
H' ()" norm under the additional assumptions A1-A3.

THEOREM 2.2. Assume A0-A3. Then there exist positive constants as and as
such that

(2.21) az (IVIT o+ llalli o) < F(v. @ v, @)

for any (v, q) € W x V and

1 1
(2.22) Fu, p; v, q) < as ([[ullf o+ 1plI7 o) (IVIE o + 4l o)

for any (u, p), (v, q) € W x V.

Proof. In light of Theorem 2.1, to prove Theorem 2.2 we need only show that W
is algebraically and topologically included in H'(Q)"; that is, for any v € W there
exist constants ¢o and &g such that

(223)  llVIi o < IVIG o + IVVIE o + IVXATVIE o < ds|lvIF o

The upper bound in (2.23) follows from the triangle inequality. We prove the lower
bound for n = 2 and 3 separately. The two-dimensional result could have been
deduced as a special case of the three-dimensional result, but it would then have
inherited the more restrictive assumptions.

2.1. Two dimensions. In this section, we interpret the curl of a vector function
u to mean the scalar function V x u = dyus —douy. Note that, for n = 2, the operator

V= defined by
VL _ 0 1 V . ng
7= —1 0 = *(()"1(]

is the formal adjoint of V x:

0 -1
V><v=V*< )v
1 0

Let
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then
PV =Vt PVvi=V,
(2.24)
V*P*=Vx, VxP=V*

Let n = (ny, na)! be the outward unit normal and let 7 = (11, 72)? be the unit
tangent oriented clockwise on I'g. Then 7 = Pn. Many general results involving V*
and V can be restated for Vx and V+ by using P. In [20] we find the following result.

LEMMA 2.1. Let Q C R?; then w € H(div; Q) such that V*w = 0 and fFi nw=
0 fori=1,...,L if and only if w = V*q with ¢ € H'(Q).

Proof. See Theorem 3.1 in Chapter I of [20]. O

This becomes the following.

LEMMA 2.2. Let Q C R?; then w € H(curl; Q) such that Vxw = 0 and
Jp,7-w=0fori=1,...,L if and only if w = Vq with q € HY(Q).

Proof. The proof follows from Lemma 2.1 and (2.24). o

A result analogous to Green’s formula also follows:

(2.25) (Vxz, )= (2. V40) - [ (r-2)0
r
for z € H(curl; Q) and ¢ € HY(Q).
The next lemma obtains sufficient conditions for a vector function in W to be
Zero.
LEMMA 2.3. Let A be uniformly symmetric positive definite on ), which satisfies
Assumptions Al and A2. Let z € W satisfy

i) V*z = 0, in Q,

ii) VxA~'z = 0, in Q,

iii) fr n-z 0, forie D,
(2.26) ) Jp, 7 A7'z = 0, forieN,

and either

V) frojn.z = O’ fOT’j GDO,

or

Vl) fFOj T - Ailz = 07 forj c NO'
Then z = 0.

Proof. Assumptions (2.26) i), ii), iii), and iv) together with Lemmas 2.1 and 2.2
yield

z = AVp, z = V1o,

with p, ¢ € H'(Q). Using Green’s formula and assumption i), we have

(V2. p) = (2. Vo) - [ (-2l
= (A 'z, z) — /F(n -z)p = 0.

Thus,

(2271  (A7'z ) - /F0<n S /n(“ S /r,,(“ .

€D i€EN
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The last sum is zero because n-z = 0 on I'y. The second sum is also zero because
integration by parts on each of its terms yields

/Pi(n.z)pz—/Fi(T.VqS)p:/Fi(T.Vp)d): P1(7._A—1Z)¢:0’

since the integration is around a closed path and 7- A~z =0 on I'p.
To prove that the first term on the right-hand side of (2.27) is also zero, assume
first that (2.26) v) holds. Since z € W, then n-z =0 on I'y and we have

/FO(H-Z)p=Z/ (n-Z)p+Z/ (n-z)p

j€Dy ’T0i
=Y [ wea
j€Dg Y Toi

Using this relation and noting that 7- A=z = 7 - Vp = 0 on I'p, which implies that
p = o  on I'g; for j € Dy and some constant o, we have

/(noz)p:Zaj n-z=0
To j€Do Loj

by assumption v).
Next, assume that case (2.26) vi) holds. Since the integration is over a closed
path, and 7-Vp=7-A"1z =0 on I'p, we have

/po(“'z)p:‘/po(TW)p
- /FO<T-Vp>¢

I
(]
S—
~
<
=
3
+
(]
—
~
<
=
5

j€Dg 0j jENy FOJ
= / (T-Vp)o
jENo 7 T0s
Similar to the above, using this relation and noting that n-z = —7-V¢ =0 on 'y,

which implies that ¢ = 3; on I'g; for j € Ny and some constant 3;, we have

Joomp=3 5[ roatta=

jENy  VToi
by assumption vi).
In either case, we thus have
(A'z, z) =0.
Since A is uniformly symmetric positive definite, it follows that z = 0. ]

We now construct a basis for the functions in W that satisfy (2.26) i) and ii).
Consider the functions p; for ¢ € D that satisfy

V*AVp;, = 0, in  Q,
i = 1, on Iy
(2.28) b
pi = O, on FD \ Fl',
n-AVp, = 0, on Iy,
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and the functions pg; for j € Dy that satisfy

V*AVpy; = 0, in Q,
i 1, on [y,
(2.29) Po; o
po; = 0, on TI'p\ Ty,
n-AVpy; = 0, on I'y.

Clearly, AVp;, AVpy; € W, and they satisfy (2.26) i) and ii). Suppose that Assump-
tions A1-A3 hold. Then we can recast (2.29) so that it has homogeneous boundary
data but a nonzero source term bounded in L?(Q) by a constant depending only on
Q. (This is easily done by extending the special Dirichlet data of (2.29) smoothly into
Q) while satisfying the homogeneous Neumann boundary conditions, then restating
(2.29) as an equation for the difference.) Thus, (2.20) applies so that both (2.28) and
(2.29) are H%(Q) regular and

(2.30) Ipill2,2 < Ciy |pojllz, @ < Coj,

for i € D and j € Dy, where C; and Cp; depend only on € and A.
Next, note that

(2.31) VxA 'Vt =V*P*A™'PV = V*BY,
where
1
2.32 B=PA7'P= A
(2:32) det(A)

This relation is easily verified algebraically for any 2 x 2 symmetric matrix A. Now
B is uniformly symmetric positive definite:

1T T 1T
~€e<€"BE< S€"¢

for all £ € R™ and x € . Consider the functions ¢; for i € N that satisfy

V*BVg¢, = 0, in
g = 1, on I,
(2.33) ¢
d)i = 0, on FN \Fi,
n-BVgey, = 0, on I'p,

and the functions ¢g; for j € Ny that satisfy

V* BV ¢o; = 0, in  Q,
(2.34) Poj = Lon Toj,
¢o; = 0, on I'x\Tyj,
n-BVg¢y = 0, on I'p.
Since
T7-A7'Vt¢; = n-BVg¢; =0, on I'p,
n-Vi¢; = 7-Vo¢; =0, on 'y,
T-A_letﬁoj = n-BVg¢y; =0, on I'p,
n-VL¢0j = TV =0, on 'y,
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it follows from (2.31), (2.33), and (2.34) that V+¢;, V- ¢o; € W, and that they satisfy
(2.26) i) and ii). We note that if Assumptions A1-A3 hold, then problems (2.33) and
(2.34) satisfy our additional assumptions: the uniformly symmetric positive definite
matrix B is CY! and, if & € Ty separates I'y and I'p, then

n’Bn, = n”An, <0.

1
det(A)

Thus, since (2.20) applies as before, then both (2.33) and (2.34) are H?(Q) regular
and there exist constants C] and Cy; such that

(2.35) ¢ill2, 0 < Cf, o2, < Ch;

for i € N and j € N, where C] and Cj; depend only on 2 and A.
LEMMA 2.4. Let A be CY' and uniformly symmetric positive definite on Q, which
satisfies Assumptions Al and A2. Let z € W satisfy

i) V*z = 0, in
(2.36) . .
ii) VxA™lz = 0, in Q.
Then
(2.37) 2= ) ap;AVpo; + > iAVpi+ > Bo; Vo + > BV .
Jj€Dg €D JENo €N

Moreover, if Assumption A3 holds, then z € H'(Q)? and
(2.38) Izl[1.2 < Cll=lo, o,

where C' depends only on Q and A.
Proof. We begin by constructing a function w in one of two ways:

(2.39) W =7 — Z anAVpoj + Z aiAVp,» + Z ﬂNL@-

j€Do i€eD iEN
or
(2.40) w=z— Y AVp+ Y Bo;Vdo;+ D BV e,
ieD jENo ieN
We will then show that proper choices of coefficients lead to the conclusion that w = 0.

To this end, choose agj, a;, Boj, and 3; so that

(2.41) /n-w:O, ieD, /T~A_1W=0, i€ N,
T; T

i

and

(2.42) either / n-w=0, j€ Dy, or / 7 -A'w =0, je€N,.
Toj Loj
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A decomposition of the form (2.39) is accomplished by solving the linear system

(2.43)

. n . )
> Jr,. n-AVpgi)ag; + X ([p,.n-AVp,)a; + > (Jp..n-V—¢;)B; =/p..n-z for i € Dg,
j€D0< Toq J) J jeD(Fm J) J jeN(FD’L J) J Toi
> Jp. n- AVpg;) ag; + X ([fp.n-AVp,) o, =[p.n-z for i € D,
j€D0< r, ]) J jED( r; ]) J r;
¥ . . . ¥ . . . = a1 i
jezDO (~‘F7: ™ Vpo;) aq; +Yjen ()Fi n-BVe;)B; = Jp,7-ATlz forie N

Note that fFi n-Vig, = fFi T-V¢; =0 fori e D and fFi T7-Vpj=0forie N
because the integrations are carried out on a closed path.

To see that (2.43) has a solution, note first that it is a singular but consistent
system of linear equations. Consider the first two block rows in the upper left of the
tableau. Since each AVp;, AVpg;, and V1¢; is divergence free, then fF n- AVp; =
Jrn-AVpy; = [rn-V+¢;0. Thus, the sum of any column of these two block rows is
zero. The sum of the first two blocks of the right-hand side is also zero by the same
reasoning. The null space of the transpose is the same as the null space of the matrix
and consists of setting a; = a for i € D, ag; = a for i € Dy, and §; = 0 for i € N.
This corresponds to a constant function, which is in the null space of V. A reduced
nonsingular system can be found by setting any «; or ag; to zero and deleting the
corresponding row. To see that this reduced system is nonsingular, assume otherwise;
then, for some z, there are two solutions whose «;’s differ by something other than
a constant; their difference would yield a nonzero function of the form (2.37) that
satisfies the hypotheses of Lemma 2.3, which is a contradiction.

With this choice for ag;, a;, and §;, the function w satisfies the hypotheses of
Lemma 2.3, which implies w = 0. If the form (2.40) had been chosen, a similar
argument would yield coeflicients o, fo;, and 8; with one 3 set to zero.

Now suppose Assumption A3 holds. Since the linear system represented by the
left-hand side of (2.43) depends only upon 2 and A, then there exist constants C —

Cy such that
/ n-z / T A"z
F]‘ Fi

< Co(|n-z||_1jor+ |7 A7 2| _12,1)

+ max
JENUNg

max |a;|+ max |G < Cy ( max
j€DUDy FENUN, jEDUD

< CQ(HZHH(diV;Q) + ”Ailz”H(curl;Q))

< Gslzllo. -

Finally, (2.30), (2.35), and (2.37) yield

lelh.o < Ca (s loul + w13 ) < Cllll o
i€DUDq i€eNUN,
and the lemma is proved. 0
We remark that the decomposition of z is not unique. For example, any linear
combination of (2.39) and (2.40) whose coefficients sum to one again yields zero.
Proof of Theorem 2.2. We now prove the lower bound in (2.23) by decomposing
v as

(2.44) v =AVp+ Ve,
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where p, ¢ € H%(€). This is done by first choosing pg to satisfy

V*AVpy = Vv, in Q,
(2.45) po = 0, on I'p,
n-AVp, = 0, on I'y,

which by our assumptions is H?(2) regular and thus (2.20) holds. Together with (2.3)
and Assumption A3, this implies that there exist constants C7 and C5 such that

(2.46) | AVpo

1,0 < Cillpoll2, @ < Cof| V*v

lo, -

Note also that pg = 0 on I'p, which implies 7 - A~} (AVpg) = 7 - Vpg = 0 on I'p.
Together with n - (AVpg) = 0 on 'y, we see that AVpy € W.
Next we construct ¢g to satisfy

V*BV¢y = VxAly, in Q,
(2.47) oo = 0, on Ty,
n-BVe¢y = 0, on I'p.

Again we see that (2.47) is H%(Q) regular and there exists a constant Cj such that

(2.48) IV-¢oll1,0 < [[doll2,0 < C3l|Vx A~ v]o, 0
Moreover, by similar arguments, we have V¢, € W.

Now, let
(2.49) z=v — AVpy — V*¢y.

Then z satisfies the hypotheses of Lemma 2.4. Combining (2.49), Lemma 2.4, (2.46),
and (2.48) yields

vl < llzlli, e + 1AVpoll1, @ + IV doll1, o
< Cllzllo,o + IAVpoll1, e + [V doll1, 0
< C([[vllo, + 1AV Dollo, 2 + IV ollo, ) + [AVDoll1, 0 + [V o1, 0
< Clvlo.a + Cal|AVpoll1, o + Cs||[V*éoll1, o
< Cs (IIvllo,2 +IV*Vllo,0 + [[VxA Vo, 0)

for some constant Cg, and the theorem is proved. 0
Finally, we remark that the full decomposition of v takes the form

v = AVpg + Z ap; AVpo; + Z a; AVp; + Vo + Z Bo; VEo; + Z BV,

j€Do €D JENo 1EN
where «; and (3; are chosen as in Lemma 2.4.

2.2. Three dimensions. Our additional assumptions for n = 3 restrict the
boundary T'g to be either Dirichlet or Neumann; that is, I'g C I'p or I'g C T'y.
Further, Ty is now either C™! or a convex polyhedron. The results in this section
generalize Theorems 3.7, 3.8, and 3.9 in Chapter I of [20], where, in addition to the
above restrictions on I'g, it is assumed that the entire boundary is either Dirichlet or
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Neumann and that A = I. Unlike the two-dimensional proof, we use the result in [20]
in our three-dimensional proof, and thus make the same assumptions on I'y.

THEOREM 2.3. Let Q € %2 satisfy Assumption Al. Assume that A = I and that
either 'y =1 or I'p =1'. Then Theorem 2.2 holds.

Proof. The proof follows from Theorems 3.7 and 3.9 in Chapter I of [20] and
Theorem 3.1 in [11]. O

Given the more general assumptions on A, I'p, and I'y, the upper bound in (2.23)
is immediate, so our task is again to establish the lower bound in (2.23). We first
gather some tools. The next two lemmas are technical but essential to what follows.

LEMMA 2.5. Let Q C R3 such that the boundary 0 is piecewise CY'. If v €
H(curl; Q) andnxv=0on [ CT, thenn-(Vxv) =0 on [ (in the trace sense).

Proof. The proof follows from a modification to Remark 2.5 in [20]. We offer the
following heuristic proof. First, since v € H(curl; ), then n x v is well defined on
I'. Also, Vxv € H(div; Q) so n - (Vxv) is well defined on I'. Now n x v = 0 on
I’ implies v is normal to I'. Assume that v € D(Q) and let x € I'. Consider the
definition

Vxv(x)= lim

— nxv
aV—0 AV Joy ’

where the limit is taken over any convenient neighborhood V C € of x with volume
AV and surface normal f1. For example, since I is piecewise C'*!, we may choose cubes
with two sides tangent to the boundary, on which i = n, which yields n- (A x v) =
v - (i Xx n) = 0; on the other cube sides, we have the limiting property n - (i X

V)ﬁ—f} — 0 since v is normal to 9Q at x. The result for v € H(curl; Q) follows by
continuity. 0

LEMMA 2.6. Let Q C R2 and let T be a simple, closed, piecewise CY'! surface in
Q. Letpe HY(Q) and v € H'(Q)3. Then

(2.50) [ (- Txas)p + (0 x ) - Vo) =0,

Proof. The proof follows from a modification to Remark 2.5 in [20]. We offer the
following heuristic proof. Let n = (n1, na, ns), ¥ = (Y1, 2, ¥3). Then

0 ng  —ng 1 0 03 —0 U1
nxyp=| —-n3 0 ny e |, Vxyp=| —-03 0 01 ()
ng —-ni 0 3 0 —01 O 3

Notice that each row of the matrix defining nx is a vector tangent to the surface, say
T1, T2, T3. A little algebra on (2.50) yields

/P((H-VW)er(nxz,b)-Vp) =Z/Fn-v<wip>.

Since the surface is piecewise C%! and closed, each term in the sum is zero. 0
The next two theorems summarize results found in [20] that we will need.
THEOREM 2.4. Let Q C R? satisfy Assumption Al.

a. Then

(2.51) w € H(div; Q), V*w =0, /n~w:0 fori=0,...,L
r;
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if and only if there exists v € H(curl; Q) such that

(2.52) W = V.

b. Given (2.51), then there exists 1 € H*(Q)3 such that
(2.53) w=Vxv¢, V=0

c. Given (2.51), then there exists ¢ € H(curl; Q) such that
(2.54) w=Vxv¥, V=0, n-9p=0 onT.

If Q is simply connected, then v is unique. Moreover, if T is V1, then ¢ € H'(Q)3.
d. Given (2.51) and, in addition, Q) is simply connected and n-w =0 on I, then
there exists a unique ¥ € H(curl; Q) such that

(2.55) w=Vxv¢, V=0, nxyp=0onT, / n-y=0 fori=0,...,L.
Iy

Moreover, if T is CbY, then ¢ € HY(Q)3.

Proof. See Theorems 3.4, 3.5, and 3.6 in Chapter I of [20]. O

THEOREM 2.5. Let Q) C %3 satisfy Assumption Al. Assume that either nxw = 0
on T or that Q is simply connected. Then w € H(curl; Q) and Vxw = 0 if and only
if w = Vp for some p € H* () and p is unique up to a constant.

Proof. See Theorem 2.9 in Chapter I of [20]. d

Next, as in the two-dimensional proof, we provide a result that allows us to declare
that a vector in W is 0.

LEMMA 2.7. Let A be uniformly symmetric positive definite on a simply connected
Q C N3, which satisfies Assumptions Al and A2. Let z € W satisfy

i) V*z = 0, in Q,

(2.56) ii) VxA7lz = 0, in Q,

iii) /n~z = 0, forieD.
r

Then z = 0.

Proof. If I'y € T'y, then n-z = 0 on I'g and we let N=Nu{0}, D=D. 1If
T'o CTp, let N = N, D=DuU {0}. In either case, since z € W, then assumptions
(2.56) i) and iii) and Theorem 2.4 imply there exists 1» € H'(Q)3 such that z = V x1).
Assumptions (2.56) ii) and Theorem 2.5 imply there exists p € H'(2) such that
A1z = Vp. Assumption (2.56) i) and Green’s formula then yield

0= (V*z, p)
~ (2, vm—/F(n-z)p

~(a - [

Since z € W implies n-z = 0 on 'y, we then have

Z):Z/ﬂ‘“'z)pfl/m(“'z)p
72/

€D

r;
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Likewise, z € W implies n x A~'z = 0 on I'p, which by Lemma 2.6 yields

/ri(n'z)p:/r_(n'vxiﬂ)p:—/Fi(nxd,).vp

i

:/Fi(nxVP)"JJ:/Fi(nxA—lz).,/,:

for i € D. Thus,
(A'z, 2) =0.

Since A is uniformly symmetric positive definite, it follows that z = 0. |

The next result is a generalization of Theorem 2.4.

THEOREM 2.6. Let Q C R? be simply connected and satisfy Assumptions Al and
A2. Then

we H(div; Q), V*w=0, n-w=0 onTp,

(2.57)
/ n-w=0 forieN
r

i

if and only if there exists a unique ¥ € H(curl; Q) such that
w=Vxy, V=0 n-¢=0only,

(2.58)
nx®Y=0 onlp, /n~1/}:0 forie D.
1_‘.

i

If T is OV, then 4 € HY(Q)? and
(2.59) %], < Cllw

|0,Qu

where C' is a constant depending only on €.

Proof. First assume that (2.58) holds. Then, by Theorem 2.4a, w € H(div; §2),
V*w =0, and fFi n-w=0fori=1,...,L. Lemma 2.5 yieldsn-w=n-(Vx) =0
onI'p.

Now assume that (2.57) holds. We will establish (2.58) and (2.59) together. First
suppose that two functions 1, and 1, satisfy (2.58). Then it follows from Lemma 2.7
with A = I that z = 4, — 1, = 0, which proves the uniqueness. We must now
construct ¥ € H(curl; Q) satisfying (2.58) and, when I'y is C*1, (2.59). To apply
Theorem 2.4c, we first extend w by 0 beyond the Dirichlet boundaries according to
our two cases: R R

1)If Ty CTy, let N=NU{0} and D = D, and define

Q=QU (Uiep®) .

Note that 9Q = I'y.

2) If Ty C I'p, let O be any bounded, open, simply connected set
in $% with connected C''! boundary such that Q C O. Let Qg be
the portion of O outside I'g (see Fig. 2). Then let N = N and
D=Du {0}, and define

Q=) Ul UQU (Uiep$h) -

Note that 9Q = 'y U §O.
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00
o
2
r
Qo
Q
F1G. 2. A section of Q C R3.
Now define
. , in Q
w = ~ ~
0, in (2\Q)U 09\ 9N).

Since V*W € L2(€;) and n - W is continuous across each I'; for i € D, then W €
H(div; Q) and V*W = 0 in Q. In either case 1) or 2), [, n-W = 0 on each piece of
o0 by assumption, so Theorem 2.4c implies that there exists a unique 17) € H(curl; (AZ)
such that

(2.60) W=Vxt, V=0 n-9=0 on

and, if Ty is C1, then ¥ € H'(Q)3.

We now Construct @ € H(curl; Q) such that V*¢ = 0, chp =0 in Q and
n X ¢ matches n x ¢ on I'p. Notice that V><1/J =01in Q; fori € D. Since Q is simply
connected, then each €; is simply connected (cf. proof of Theorem 3.6 in Chapter I
of [21]). By Theorem 2.5, ¥ = Vg, in Q;, where by (2.60) g; satisfies

V*Veqg = 0, in
(2.61)

n-Vg = n-, on T
for i € D, which is a compatible Neumann problem in H'(€;)/®.
If T is CB1, then ¢ € H'(Q)3, which implies 1» € H'(£2;)3. Together with the
(

fact that T; is C*1, we conclude that n-4p € H'/2(T;). Thus, (2.61) is H2(€);) regular
and

(2.62) 1gill2, 0; < Milln- %2,

where M; is a constant depending only on ;.
For case 2), we need to define the additional function gy that satisfies

V*Vq = 0, in o,
(2.63)

n-Vqg = n-z//\), on T'oUOO,



FIRST-ORDER SYSTEM LEAST SQUARES: IT 443

which is a compatible Neumann problem in H'(Qq)/®R. If T'g is C*1, then the same
argument as above shows that (2.63) is H?(€p) regular and

(2.64) 902, 20 < Mo|ln-4|l1/2, 1y

where M is a constant depending only on €.
Next, we choose ¢ to satisfy

V*Vq = 0, in Q,
(2.65) ¢ = @, on Iy ieD,
n-Vqg = 0, on I'y.
Then
N { q, in €,
q= . L
qi, in Q;, i € D,

is in Hl(ﬁ), which implies that Vg € H(curl; ﬁ), implying in turn that n x Vg; =
n x Vg on I'p. Thus,

(2.66) nx®$=nxVg=nx Vg

on I'p.

If Ty is CY', then each ¢; € H?(Q;), which implies that ¢; € H3/2(T;), that
problem (2.65) is H?(Q) regular, and, using (2.62) and (2.64), that there are constants
C1 — C5 such that

lallz.o < C1 Y laillsjzr, < C2 > llaill2a,

i€D ieD
(2.67) <C3 > In- e, < Csllh, o
ieD

Consider the functions p; for i € D that satisfy

V'Vp = 0, in Q
7 1; on F’i7
(2.68) P
pi = 0, on Ip\Iy
n-Vp, = 0, on [I'y.

Clearly, (2.68) is H%(Q) regular and
(2.69) [pill2,0 < N;

for some constants N; depending only on €.
We now set

(2.70) ©=Vq+ > a;Vp;,
ieD

where the constants a; are chosen so that

(2.71) /F.n-(v:l\)—cp):O for i € D.
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It is easy to see that ¢ is divergence and curl free in €, i.e.,
(2.72) V=0 and Vxe =0, in{.

Now the a; are determined by solving the matrix equation

(273) S ([ ove)a = [ n@-va.

jED i i

fori € D. Thus, @—Vq and each Vp; are divergence free and their normal components
vanish on I'y, so the integrals of their normal components over the entire boundary
are zero. This implies that each column of the system sums to zero, as does the
right-hand side. Hence, it is a consistent but singular system, with a null space that
contains constant solutions, which yield a zero of V. Now if we delete any column
and corresponding row, setting the corresponding «; to zero, then Lemma 2.7 with
A = I implies that this reduced system is nonsingular: the difference of any two
functions arising from (2.70) and (2.73) satisfies the hypotheses of Lemma 2.7, so
that the difference is zero; this implies that any solution of the reduced system must
be unique; since the system is square, it must be nonsingular.

Since the left-hand side of (2.73) depends only on Q (see (2.69)), then there is a
constant Cy depending only on () such that

masla < Y| [ n@- w\ <Y In- (B - V)| rjar,
ieb ieD'"? ieD
(2.74) < Cull$p = Vallaaiv: 2y = Call¥ — Vallo, a-
We now define
(2.75) P =1— .

To see that 1) satisfies (2.58), note first that (2.60) and (2.72) imply

V*% =0 and Vxe¢p=w in .

/F.nw/):O

i

Equation (2.71) implies that

for i € D. Finally, note that (2.60), (2.65), (2.68), and (2.70) yield
n~¢:n~1/ﬁ—n~g0=()
on I'y, while (2.70), (2.68), and (2.66) yield
n><1/):n><17)—n><Vq:O

on FD.
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If T is CY1, then, as was mentioned above, ¥ € H'(Q)3. Now, ¥ and Q were
constructed so that ¢ € H(div, Q)N H(curl, Q) with n-14 = 0 on 2. Thus, Theorem
3.9 in Chapter I of [20] applies and yields

111, & < Cs$llg, 0+ V" Bllg 0 + VX% llg o)
(2.76) = Cs(1$llo 0 + IV %Dl )
for some constant C5 depending only on Q. Lemma 3.6 in Chapter I of [20] yields
(277) 1%ll0,0 < CollVx#lly

for some constant Cg depending only on Q. Since qu?: =0in Q) \ , then (2.76) and
(2.77) yield

(2.78) [l 0 < ¥l o < GV, 6 = Crllwllo, o

We remark that because of the manner in which € was chosen, the constants C5—C~
can be considered to depend only on 2.
We also have from (2.70), (2.69), (2.74), and (2.67) that

lell.e < IVala+ Y lalllVpills e
ieD
<||Vqlh,a + Cs|lvp —
+ Cslbllo, o

(2.79) < Ciol[ %, o
where Cg—C1g depend only on 2. Equations (2.78) and (2.79) yield

141la,

which proves the theorem. a

Proof of Theorem 2.2. To prove the lower bound in (2. 23) we first restrict
to be simply connected and I'y to be C''!, and define D and N as in the proof of
Theorem 2.6.

Let v € W and define w = VxA~'v. By Theorem 2.4, w € H(div; Q) and

< Cy

V*w:O,/n~W:O fori=0,...,L.
Iy

Since v .€ W, then A~'v € H(curl; Q) and n x A~'v = 0 on I'p, so Lemma 2.5
applied to A~'v yields
n-w=n-VxAlv=0
on I'p. Thus, w satisfies hypothesis (2.57) of Theorem 2.6, so there exists ¥ € H(2)3
such that
w=Vxvy, V=0, n-¢=0, on Ty,

(2.80)
nxyY =0 onlp, /n-’t/):O, for i € D.

i
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Moreover,

(2.81) [9¥]l1,0 < Cilwllo,o = C1|[VxA™ V|0, 0.

Next, consider A~'v — b, which is in H(curl; Q). Since Vx(A~'v — ) = 0, then

Theorem 2.5 implies that A~'v — 1) = Vp for some p € H'(Q2). We first construct p,
then bound it. Let pg satisfy

V*AVpy, = V*v—V*Ay, in
(2.82) po = 0, on I'p,
n-AVpy, = —n-Ayp, on I'y.

By hypothesis, problem (2.82) is H?(f2) regular and, using (2.81), we have

[poll2, 0 < Co([V* o, 0 + [[V*Allo,0 + [0+ Ap|l1/2,1y)
< Co[|[V*Vo, 0 + Csl|¥]1,
(2.83) < Co[[V*V]o,0 + Ca|| VXA v]|o, q.

As in the proof of Theorem 2.6, consider the functions p; for i € D that satisfy

V*AVp, = 0, in Q,
i 17 on Fia
(2.84) b
pi = 0, on Ip\Ij
n-AVp;, = 0, on I'y.
Clearly, (2.84) is H%(Q) regular and
(2.85) pill2,0 < N;
for some constants N; depending only on 2 and A.
Now set
(2.86) pP=po+ Y i,
i€D
and choose the «; so that
(2.87) / n-(v—AVp—Ay) =0 forie D.
r;

This yields the matrix equation

(2.88) Z (/pAij) a; :/F.n-(v—AVpo—A@b) fori e D.

jeD

Similar to the proof of Theorem 2.6, this system has a solution that is either unique
(when D # D) or unique up to a constant (when D = D). The matrix of (2.88)
depends only on €2 and A, so there is a constant C5 depending only on 2 and A such
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that
man\ai\ < Cs Z / n-(v—AVpy — AvY)
i€ ieD "t
<C5 ) |n- (v — AVpo — A%)|_1/2.1,
i€D
< Cs||v — AVpo — A || (aiv; )
(2.89) < Os||vla(aivs @) + Csllpoll2, o + Crll|l1, o

To see that v = AVp + A, set
z=v — AVp — A,
and note from (2.80) that
VxAlz=VxA v -Vxyp =0
and from (2.82) that
V*z =V*v — V*AVpy — V" Ayp = 0.
Since v € W implies n- v = 0 on I'y, then (2.82) and (2.84) yield

n-z=n-v—n-AVp—n- Ay
=-n-AVpy—n-Ayp =0

on I'y. Likewise, v.€ W implies n x A~'v = 0 on I'p and (2.82) and (2.84) imply
n x Vp =0 on I'p. Together with (2.80) we then have

nxA'z=nxA'v—nxVp—nxy=0

on I'p. Finally, with (2.87) we see that z satisfies the hypotheses of Lemma 2.7, so
z = 0 and, hence, v = AVp + A.
The bounds (2.85), (2.89), (2.81), and (2.83) yield

[Vl.e < IAVpolh,a + > il AVpill1,0 + | A1, o

ieD
< NAVpo|lr, @ + Cs(IVl z(aiv; o) + IPoll2, @ + [|0l1, ) + [[A%]|1, o
< Cs||vl #(aiv; ) + Collpoll2, @ + Croll%]1, @

< C(lIvllo,e + IV*Vlo,2 + [VxAT v]lo,2)

for some constants Cs — C19 and C depending only on 2 and A. This proves the
theorem for simply connected 2 and smooth I'y.

The proof for multiply-connected regions follows from a partition of unity argu-
ment as in part 2) of the proof of Theorem 3.7 in Chapter I of [21]. The proof when
Iy is a convex polyhedron is analogous to the proof for this case offered in Theorem
3.9 in Chapter I of [20]. There, a sequence of subregions Q; C Q with C*! boundaries
is constructed to converge outward to 2. Using the fact that the result holds on each
Q;, the result is shown to hold on (). 0

In the remainder of this paper, we will assume that the conclusion of Theorem
2.2 holds.
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3. Finite element approximation. Using two-dimensional terminology in these
last two sections, to discretize the least-squares variational form (2.14), let T} be a
regular triangulation of Q with elements of size O(h) satisfying the inverse assumption
(see [18]). Assume we are given two finite element approximation subspaces

W, CW and V,CV

defined on the triangulation Tj. Then the finite element approximation to (2.14) is
to find (up, p,) € Wy, x V3, such that

(3.1) Fup, p,; v, q) = f(v,q) Y(v,q) € Wy x V.
For simplicity, we only consider continuous piecewise linear finite element spaces; i.e.,
Vii={q€C’Q) : ¢k € PI(K) VKE€ET, qeV}
and
W, ={vel’ Q)" :y|lg e PI(K) VKT, ve W},

where P;(K) is the space of polynomials of degree at most one. Extension of the fol-
lowing results to higher-order finite element approximation spaces is straightforward.
(See [11] for the more general case and for the proofs of both theorems of this section.)

THEOREM 3.1. Assume that the solution, (u, p), of (2.14) is in HT(Q)"*! for
some a € [0, 1], and let (up, p,) € Wy, x V3, be the solution of (3.1). Then

(3.2) Ip = pullie + e =unlh,0 < CA% ((Ipli1a, 0 + [[ullita,0)

where the constant C' does not depend on h, p, or u.

Proof. The proof is a direct result of Theorem 2.2, Céa’s lemma, and interpolation
properties of piecewise linear functions (cf. [18]). a

Let {¢1,...,0n} and {21, ..., 1, } be bases for V}, and Wy, respectively. Then,
for any ¢ € Vj, and v € Wy,, we have

N M
g=)Y m¢i and v=> &b,
=1 =1

Let |n| and |€| denote the respective lo-norms of the vectors n = (..., n;,...)" and
€=(...,&,...)T. Assume that there exist positive constants 3; (i = 0, 1, 2, 3) such
that

)T

(3.3) Bo k™ [0l < llqllo,a < B1h™ [n|
and
(3.4) Ba h™ €] < |[V]o,a < Bz h™ [€].

Standard finite element spaces with the usual bases satisfy these bounds.

THEOREM 3.2. The condition number of the linear system resulting from (3.1) is
O(h™2).

Proof. The proof is the same as the proof of Theorem 6.1 in [11]. ]

Remark 3.1. The proof of Theorem 6.1 in [11] shows that the smallest and largest
eigenvalues of the matrices arising from (3.1) are O(h™) and O(h"~2), respectively.
It is natural to scale the matrix by multiplying it by a factor of order h™™, so that
the smallest and largest eigenvalues are O(1) and O(h™2), respectively. In subsequent
sections, we assume that the matriz arising from (3.1) and the operator associated
with the bilinear form F(-; ) are so scaled.
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4. Multilevel additive and multiplicative algorithms. To develop multi-
level solution methods for matrix equations arising from problem (3.1), we start with
a coarse grid triangulation Ty of € having the property that the boundary I is com-
posed of edges of triangles K € T, and points of I'p N Ty are included as nodes of
Toy- Ty is then regularly refined several times, giving a family of nested triangulations

Ty, Th,..., Ty =1y

such that every triangle of Tj; is either a triangle of T} or is generated by subdividing
a triangle of T} into some congruent triangles (cf. [18]). Let h; denote the mesh size
of triangulation 7T} and assume that
hj
I<y<y = <C
‘ hjta

for fixed constants v and C' and for j =0, 1,...,J — 1. (Here and henceforth, we will
use C' with or without subscripts to denote a generic positive constant independent
of the mesh parameter h and the number of levels J. We will also use subscripts like
J in place of the more cumbersome h; so that V; is used in place of V},, for example.)
Without loss of generality, we assume more specifically that

y=7v;=2, 7=0,1,...,J-1

For each j =0, 1,...,J, we associate the triangulation 7} with the continuous piece-
wise linear finite element space W x Vj. It is easy to verify that the family of spaces
{W, x V;} is nested, i.e.,

WoxVoCWi xViC---CWyxV; =W, xV,.

Our multigrid algorithms are described in terms of certain auxiliary operators.
Fixing j € {0, 1,..., J}, define the (self-adjoint) level j operator F; : W; x V; —
W; x V; for (u, p) € W; x V; by

(]:](u7p)1v7 q):f(uapa v, q) \V/(V7 q)GW]XVvJ7
where the inner product (-; -) is defined by
(u, p; v, @) = (0, v)o,a + (P, 9o, 0

Also, define the respective elliptic and L? projection operators Pj, Q; : W, x Vj, —
W; x V; for (u, p) € Wy, x Vj, by

F(Pij(u,p); v, q) =F(u,p;v,q) Y(v,q) € W; xV;
and
(Qj(u, p); v, q) = (u,p; v, q) VY(v,q) € W; xVj.
It is easy to verify that
(4.1) Q;F; = F;P;.

Let Ry = }“0_1 andlet R; : W; xV; — W; xVj for 1 < j < J denote the smoothing
operators. Below we specify certain general conditions on R;. For this purpose, we
define \; to be the largest eigenvalue (or spectral radius) of F; for 1 < j < J.
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Problem (3.1) can be rewritten as
(42) fJ(UJ,pJ):FJ,

where F; is the right-hand side vector. The additive multigrid preconditioner is
defined by

J
(4.3) Gr=> R;Q;.

Jj=0

The effectiveness of G; is estimated by the condition number of the preconditioned
operator

J
(4.4) G,Fr =T,
j=0
where
T =R;Q;F.

For the multiplicative multigrid scheme, we define the following.

ALGORITHM 4.1 (Multiplicative multigrid algorithm). Given the initial approxi-

mation (uf;ld7 p?ld), perform the following steps:

1. Letting zy = (u?ld7 p?ld), compute an update from each successively coarser

level according to
ZJ—j—1 = ZJ—j +RJ_]‘QJ_J'(FJ_]:JZJ_J‘) fOT’ jZO,l,...,J— 1.

2. Letting 2y = zg, compute an update from each successively finer level according
to

2?]‘ :2]'—1 +Rj_1Qj_1(FJ7.7:J7:’j_1) fOT‘ ]:17 2,..., J.

3. The final approximation is

(e, phe) = 2.

Letting (u,, p,) denote the exact solution of (4.2), then it is easy to verify that

the multiplicative multigrid error equation for the new approximation (u”}¢", p"°*)

is given by

/ ; ld ,old
(uJ’ pJ) - (u?ewv p;ww) = 63 ((u.77 pJ) - (u(; ) pi )) )
where the least-squares error reduction operator is given by

E;=E5E7,

& = @T-1)T-T5-1)-- (T -T),
& = @-T) - T-T7)T-Tj)
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(Here we use the fact that the coarsest grid uses an exact solver, so that Z — 7y =
(Z—7T5)?.) Note that £% is the adjoint of £; with respect to the inner product F(-; -).
Since the error reduction operator £5 is self-adjoint with respect to the inner product
F(-;-), we have

(4.6) €517 = 15117,

where the F-norm is defined by
I 1l7=VF(5 ).

Remark 4.1. Algorithm 4.1 is a conventional V (1, 1)-cycle multigrid algorithm
applied to problem (4.2). More general multigrid algorithms, including nonsymmetric
cycling schemes like V (1, 0)-cycles and other cycling schemes like W -cycles, may
be defined (see [22] and [26]), but we restrict ourselves to the above algorithm for
concreteness and because the results are most interesting for this case. The following
immediately extends to such schemes, although the W -cycle results are not stronger
(see [6]). Moreover, our optimal V-cycle theory can be used in the usual way (cf.
[26]) to establish optimal total complexity of full-multigrid V-cycles (FMV). This is
straightforward but nevertheless important: while the V -cycle is viewed as an iterative
method that obtains optimal algebraic convergence factors, an FMYV algorithm based
on such cycles is essentially a direct method that achieves overall accuracy to the level
of discretization error at a total cost proportional to the number of unknowns.

Letting

G(u, p; v, q) = (0, p; v, @) + (V'u, V'v)g o
+(curl (A" '), curl (A™'v))o. 0 + (Vp, V@)oo
and
(4.7) (w, p; v, Q1,0 = (u, p; v, @) + (Vu, Vv)o, 0 + (Vp, Vq)o, 0,

by Theorems 2.1 and 2.2 we know that the bilinear forms F(-; -) and G(-; -) and
the inner product (-; )1 o are uniformly equivalent on Wj, x V}, with respect to
h and J; i.e., there exist positive constants C; (i = 0, 1, 2, 3) such that, for any
(v, q) € Wp, X Vp,

Co(v,q; v, )1, <C1G(v, ¢; v, q) < F(v, q; v, q)
(4.8) < C2G(v, 3 v, ) < Cs(v, ¢; v, Q1,0

Optimality of the additive scheme is a direct consequence of this equivalence and
existing multigrid theory (cf. [28, 29, 5]). We state it without proof.

THEOREM 4.1 (Additive multigrid algorithm). For any (v, q) € W, x V3, assume
that R; is a symmetric operator with respect to (-; ) and that it satisfies

(v, DIIF. o
Aj

(v, D3«

C y

< (Rj(v, )i v, 4) < Co forj=1,2,...,J

Then

(49) Cl f(V7 q; Vv, q) S f(ngJ(v7 CI), v, (Z) S CZ f(V, q; v, Q>
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Although multiplicative multigrid is often more efficient than the additive scheme,
its convergence theory can be more complicated. We will establish convergence of
multiplicative multigrid by verifying conditions required by the theory developed in
[5] (see also [36]), the only nontrivial task of which is to verify their second assumption
on the smoother as the next lemma does.

LEMMA 4.1. Let Ry = ]:0_1, 7~Qj = )\%I for j >0, where T is the identity operator,

and T; = R;Q;F;. Then, for any fized 3 € [0, 1), we have

. R\ 2P
(1.10) FEvaiv 0 < () Fvavea
i
for any (v, q) € W; x V; with i < j.
Proof. First note that (see Lemma 4.3 of [5]) for any 5 € |0,
and ¢ € H'*P(Q)"*! we have

s Oy 1 B
x| < (07 e, 7 lps .0
B o | SO l@sllo, o + 177 leslli,a ) ¥l

3), ¢ € HY(Q)" 1,

for 1 <s,t<n+1, 1<kl <n,and any n > 0. (It is important to note that
continuous piecewise linear functions are in H'*#(Q) so that [[¢]l145 o < oo; see
[7].) Hence,

_ 8 3
(4.11) Fes 9 < (17 el o+ 077 Il o) I19lh4s.0

Analogous to the proof of Lemma 4.2 in [5], we use the vector inverse inequalities

(4.12) lelie < Chilleloo Yo e W;xVj,
[$lhs0 < Ch %0 Vi e Wy xV,
for any 8 € [0, 5), which follow immediately from the inverse inequalities for scalar

1
» 9 -
functions; see [7]. From the definitions of F; and 7;, we have

LFFE®©, 0 v, 0) = —(F v, 0 F(v, ).

(4.13)  F(Ti(v, q); v, q) = ¥ A

For (v, q) € W; x V; with ¢ < j, (4.11) and (4.12) imply

T (129 3 1)) N (29D V20
DUV womew,xv, (W p)llo,e w.pew;xv; (W, p)llo, 0
B g 1,
(4.14) < o'+ O b ) (v, )l
Setting n = h?fm and using (4.14) in (4.13) yields (4.10). 0

Assume that the smoothing operator R; satisfies the following conditions for
j=0,1,..., J and for all (v, q) € W}, X V3, where K; = —R,;F,; and w € (0, 2):

(v, D5
Aj
F(Ti(v, 9); Ti(v, q)) < wF(T;(v, q); v, q).

S C(<I - K;Kj)fjil(vv Q)7 v, Q)7
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These assumptions, which correspond to A4 and A5 of [5], are easily verified in general
for standard smoothers like Jacobi and Gauss—Seidel (cf. [26]).
THEOREM 4.2 (Multiplicative multigrid algorithm). We have

(4.15) FEi(v,q); Es(v, @) SvF(v,q: v, q) VY (v,q) € Wy xVy,

where

1
—1-——¢€(0,1).
v CE(,)

Proof. Since the boundary of the domain  is C'*! or a convex polyhedron, it is
easy to show (cf. [28, 29, 5]) that, for any (v, q) € Wy, x V},,

J
V. ¢ v, P10 <C Y (Ti(v, q); v, Q1.0
=0

Together with Lemma 3.1 in [5] and (4.8), this inequality implies that

J

F(v,q;v,q) <C Y F(Ti(v, a); v, q).

Jj=0

The theorem now follows from Theorem 3.2 in [5] and Lemma 4.1. o
Remark 4.2. Similar results can be obtained for domain decomposition (see [12])
and local mesh refinement methods (see [5]).
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