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a b s t r a c t

Because demographic realism complicates analysis, mathematical modelers either ignore demography
or make simplifying assumptions (e.g., births and deaths equal). But human populations differ
demographically, perhaps most notably in their mortality schedules. We developed an age-stratified
population model with births, deaths, aging and mixing between age groups. The model includes types
I and II mortality as special cases. We used the gradient approach (Feng et al., 2015, 2017) to explore
the impact of mortality patterns on optimal strategies for mitigating vaccine-preventable diseases such
as measles and rubella, which the international community has targeted for eradication. Identification
of optimal vaccine allocations to reduce the effective reproduction number Rv under various scenarios
is presented. Numerical simulations of the model with various types of mortality are carried out to
ascertain the long-term effects of vaccination on disease incidence. We conclude that both optimal
vaccination strategies and long-term effects of vaccination may depend on demographic assumptions.
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1. Introduction

Meta-population models of heterogeneous host populations,
especially ones whose members mix non-randomly, have basic
reproduction numbers, R0, that may be much larger than those
from homogeneous host population models (Glasser et al., 2016).
Similar discrepancies can also be present in effective reproduc-
tion numbers, Rv , derived from these models. When a control
measure such as vaccination is considered, Rv is a function of pa-
rameters representing effort levels in the several sub-populations.
Feng et al. (2015) and Feng et al. (2017) showed that the opti-
mal vaccine allocation among sub-populations can be identified
by the gradient of Rv (its multivariate partial derivative) with
respect to the vaccination rates.

The meta-population model of Feng et al. (2017) consid-
ers demographic heterogeneity, but does not distinguish births/
immigration/aging and deaths/emigration/aging, in which resp-
ects age groups may differ. The model considered in this paper in-
cludes births, deaths and aging, but not immigration/emigration,
which may be implicitly modeled via a mixing function. More-
over, we consider models with types I and II mortality (i.e., death
occurs only in the last age group or at a constant rate in all

∗ Corresponding author.
E-mail address: jglasser@cdc.gov (J.W. Glasser).

groups), which may be more appropriate for developed and de-
veloping countries, respectively. This flexibility may be needed
to evaluate vaccination programs to eliminate pathogens from
countries with different mortality schedules en route to global
eradication.

The effective reproduction number for the model with general
mortality is derived using the next-generation matrix (NGM)
approach. Because of complexities such as preferential mixing,
aging, and heterogeneous vaccination coverage, the elements of
the NGM involve long expressions. To ensure that they make
biological sense, we provide intuitive interpretations of their
constituent quantities that facilitate understanding how various
complexities affect the magnitude of Rv . We explore the influ-
ence of mortality schedules on optimal vaccination strategies and
long-term impact of vaccination on incidence. Results suggest
that, in some cases, mortality schedules may be influential.

This paper is organized as follows. In Section 2, we formulate
a SEIR type age-structured meta-population model with age-
dependent fertility and mortality rates, which include types I and
II mortality as special cases. Derivation of the effective repro-
duction number is included in Section 3. Intuitive explanations
for elements of the next-generation matrix, which are compli-
cated by demographic processes, are also provided. In Section 4,
we present optimal vaccination strategies derived via the gradi-
ent method for measles with various mortality schedules. This
section also includes comparisons, in terms of optimal vaccine
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