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Abstract Treating HIV-infected patients with a combination of several antiretroviral
drugs usually contributes to a substantial decline in viral load and an increase in CD4+

T cells. However, continuing viral replication in the presence of drug therapy can lead to
the emergence of drug-resistant virus variants, which subsequently results in incomplete
viral suppression and a greater risk of disease progression. In this paper, we use a simple
mathematical model to study the mechanism of the emergence of drug resistance during
therapy. The model includes two viral strains: wild-type and drug-resistant. The wild-type
strain can mutate and become drug-resistant during the process of reverse transcription.
The reproductive ratio R0 for each strain is obtained and stability results of the steady
states are given. We show that drug-resistant virus is more likely to arise when, in the
presence of antiretroviral treatment, the reproductive ratios of both strains are close. The
wild-type virus can be suppressed even when the reproductive ratio of this strain is greater
than 1. A pharmacokinetic model including blood and cell compartments is employed to
estimate the drug efficacies of both the wild-type and the drug-resistant strains. We inves-
tigate how time-varying drug efficacy (due to the drug dosing schedule and suboptimal
adherence) affects the antiviral response, particularly the emergence of drug resistance.
Simulation results suggest that perfect adherence to regimen protocol will well suppress
the viral load of the wild-type strain while drug-resistant variants develop slowly. How-
ever, intermediate levels of adherence may result in the dominance of the drug-resistant
virus several months after the initiation of therapy. When more doses of drugs are missed,
the failure of suppression of the wild-type virus will be observed, accompanied by a rela-
tively slow increase in the drug-resistant viral load.
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1. Introduction

Currently there are four classes of antiretroviral (ARV) drugs available in the treat-
ment of HIV-1-infected patients: (1) nucleoside/nucleotide reverse transcriptase inhibitors
(NRTIs), (2) non-nucleoside reverse transcriptase inhibitors (NNRTIs), (3) protease in-
hibitors (PIs), and (4) entry/fusion inhibitors (EIs). Each class of drugs targets different
stages of the viral lifecycle. Antiretroviral therapy (ART) using a combination of three or
more drugs from two or more classes (for example, two NRTIs combined with either a PI
or an NNRTI) has proved to be extremely effective in suppressing the plasma viral loads
of most HIV-1-infected patients below the limit of viral detection (50 RNA copies ml−1)
by standard assay to date (Collier et al., 1996). However, drug treatment often fails to
achieve complete viral suppression to below the limit of detection (virological failure)
because of many host and viral factors, for example, nonadherence to the treatment pro-
tocol, deleterious side effects, poor drug absorption, or the emergence of drug-resistant
virus (Deeks, 2003).

The question of why drug-resistant strains of HIV emerge during therapy is of great
interest. Considerable progress has been made in the genotypic and phenotypic charac-
terization of drug-resistant virus variants. The main phenotype of mutant strains is the
reduction of drug susceptibility in the presence of therapy. The appearance of HIV drug re-
sistance was first documented with some nucleoside inhibitors (for example, AZT Larder
et al., 1989) that inhibit viral replication by virtue of their activities as DNA chain ter-
minators. Most of our knowledge regarding the resistance to nucleoside analogues comes
from the genotypic analysis of HIV isolates from patients receiving prolonged therapy
with these drugs. Mutations at several codons of reverse transcriptase have been as-
sociated with the resistant phenotype (De Jong et al., 1996; Larder and Kemp, 1989;
Richman, 1992). Mutations detected during the clinical use of nevirapine (a NNRTI) have
confirmed that as few as one amino acid change can generate resistance in vivo during
therapy (Havlir et al., 1996; Richman et al., 1994). Exploring the association between
genotypic and phenotypic characteristics will provide information that can be used to
understand the emergence of drug resistance and better predict treatment outcomes.

Insights into HIV drug resistance have been obtained from mathematical modeling of
antiretroviral responses and the evolution of mutant virus. Kirschner and Webb (1997)
studied drug resistance during treatment of HIV infection with a single drug and com-
pared the treatment outcomes when drug therapy was initiated at different CD4+ T cell
levels. McLean and Nowak (1992) showed that the competition between drug-resistant
and wild-type strains determines which type of virus will eventually dominate the virus
population during the course of AZT treatment. Ribeiro et al. (1998) calculated the fre-
quency of drug-resistant mutant virus before the initiation of therapy, and suggested that
drug resistant virus can preexist in patients and then be selected when therapy is started.
Nowak et al. (1997) discussed a two-strain model and compared the model results with
data on drug resistance development in patients treated with nevirapine. The role of an im-
mune response in the emergence of drug resistance was investigated in (Shiri et al., 2005;
Wodarz and Lloyd, 2004). Clinical data on the evolution of drug-resistant mutants for
two RT inhibitors, lamivudine and zidovudine, was explained in detail by a mathematical
model that incorporated empirical evidence on the mutation frequency of various HIV-1
drug resistance mutations (Stilianakis et al., 1997). Murray and Perelson (2005) showed
how the quasi-species nature of HIV can influence the development of resistance to AZT
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and the maintenance of drug resistance clones after cessation of therapy. Kepler and Perel-
son (1998) showed how drug concentration heterogeneity facilitates the evolution of drug
resistance. Smith and Wahl (2005) used an impulsive differential equation to model drug
behavior and classified three treatment regimens according to whether the drug level is
low, intermediate or high. Their models predicted that drug resistance might arise at both
intermediate and high drug concentrations, whereas at low drug levels resistance would
not emerge.

In the clinic, HIV resistance can result from the transmission of drug-resistant mutants
to susceptible individuals (Blower et al., 2001) or from the acquisition of mutations gen-
erated during treatment. It is important to distinguish between scenarios in which drug-
resistant virus preexists before the onset of therapy or in which they are produced by
residual virus replication during the course of ART, because each process requires dif-
ferent drug regimens to maximize the clinical benefits (Bonhoeffer and Nowak, 1997).
The calculation of probabilities of both processes suggests that under a wide range of
conditions, treatment failure is most likely due to the preexistence of drug-resistant virus
before therapy (Ribeiro and Bonhoeffer, 2000). Provided that drug-resistant virus preex-
ists, Bonhoeffer and Nowak (1997) showed that a more efficient therapy would lead to
a greater initial reduction of virus load, but would also cause a faster rise of resistance
mutations.

Our primary goal in this paper is to investigate analytically the mechanisms underly-
ing the emergence of drug-resistant variants during ART. We use a simple mathemat-
ical model to study the effect of ARV drugs on the evolution of drug-resistant HIV
mutants. Although HIV resistance is not an all-or-nothing phenomenon and generally
mutations accumulate to provide more resistance to drug therapy (Clavel and Hance,
2004), even a single mutation can confer a significant degree of resistance to a drug
or an entire class of drugs (Bonhoeffer and Nowak, 1997; Larder and Kemp, 1989;
Mugavero and Hicks, 2004; St Clair et al., 1991). For example, the M184V muta-
tion in reverse transcriptase can result in complete resistance to lamivudine (Clavel and
Hance, 2004). In this paper, we assume that the drug-sensitive and resistant strains
differ by a single mutation. The model can be extended to include multiple resis-
tant strains in which two or more point mutations are required (Ribeiro et al., 1998;
Stilianakis et al., 1997). We will also discuss the evolution of resistant strains that require
multiple mutations in the final section with the present model.

Adherence to prescribed ART is recognized as an essential principle in HIV treat-
ment. Much evidence shows that suboptimal adherence is associated with a high risk
of developing clinically significant HIV drug resistance (Bangsberg et al., 2001; Fried-
land and Williams, 1999; Sethi et al., 2003; Wahl and Nowak, 2000). Richman (1996)
postulated that the relationship between drug resistance and antiretroviral activity was a
“bell-shaped” curve—that is, drug resistance is more likely to appear with moderate lev-
els of adherence than with perfect or low levels of adherence to highly potent treatment.
With perfect adherence there might be little viral replication, whereas with poor adher-
ence there might be insufficient drug pressure to select resistant variants. A small num-
ber of mathematical models have considered the effects of nonperfect adherence to drug
regimens (Ferguson et al., 2005; Huang et al., 2003; Phillips et al., 2001; Smith, 2006;
Tchetgen et al., 2001; Wahl and Nowak, 2000; Wu et al., 2006) and an overview can be
found in Heffernan and Wahl (2005). Wahl and Nowak (2000) analyzed the outcome of
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therapy as a function of the degree of adherence to drug regimen and determined the con-
ditions under which a resistant strain dominates. Wu et al. (2006) analyzed the effects of
pharmacokinetics and adherence on treatment outcome. Phillips et al. (2001) used a sto-
chastic model to study the consequence for resistance development of different drug use
patterns. Smith (2006) also dealt with adherence and determined how many doses may be
missed before HIV treatment is adversely affected by the emergence of drug resistance.
In Smith (2006), the dynamics of drug are modeled by impulsive differential equations.
Thus, the author assumed that drug concentrations instantly increase after a dose is taken.
However, this is not realistic since it does not account for the time needed for drug to
be absorbed and then transported and processed into an active form intracellularly (Dixit
and Perelson, 2004). In this paper, we adopt a pharmacokinetic (PK) model developed re-
cently by Dixit and Perelson (2004) to estimate the drug efficacies of tenofovir disoproxil
fumarate (NRTI) and ritonavir (PI) when perfect adherence or suboptimal adherence is
followed. The PK model considers the absorption of drug from the gut into the blood and
then its transport into the cell. For the case of tenofovir, the model also considers that the
molecule needs to be phosphorylated intracellularly in order to become an active NRTI.
Drug efficacies for both wild-type and drug-resistant strains are carefully estimated. We
study how time-varying drug efficacies, due both to dosing regimens and nonadherence,
affect the antiviral responses. We provide analytical and numerical results of the present
model and compare the resistance evolution in the absence/presence of therapy, with per-
fect/suboptimal adherence to the treatment protocol.

2. The pretreatment two-strain model

The following model has been widely adopted to model the plasma viral load in HIV
infected patients (Nowak and May, 2000; Perelson et al., 1996):

d

dt
T (t) = λ − dT − kV T ,

d

dt
T ∗(t) = kT V − δT ∗,

d

dt
V (t) = NδT ∗ − cV,

(1)

where T (t), T ∗(t) and V (t) denote the concentrations of uninfected target T cells, pro-
ductively infected cells, and free virus at time t , respectively. The parameter λ represents
the recruitment rate of uninfected T cells, d is the per capita death rate of uninfected cells,
k is the rate constant at which uninfected cells are infected by free virus. δ is the per capita
death rate of infected cells, N (burst size) is the total number of virus particles released
by a productively infected cell over its lifespan and c is the clearance rate of virus.

Significant insights into virus dynamics have been derived by estimating the kinetic
parameters δ and c when antiretroviral drug is used to perturb the pretreatment steady
states in HIV infected patients (Perelson et al., 1996, 1997; Wei et al., 1995). The stability
of the steady states of model (1) is determined entirely by the basic reproductive ratio R0.
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R0 is usually defined as the number of secondary infections in a healthy host caused by a
single infected cell, and is given by

R0 = kλN

dc
.

The infection-free steady state is globally attracting if R0 < 1, while the infected steady
state is globally asymptotically stable when R0 > 1 (De Leenheer and Smith, 2003).

2.1. Two-strain mathematical model

HIV-1 replicates at an exceptionally high rate in untreated patients, with more than 1010

virus particles produced per day in mid-stage HIV-1 infected patients (Perelson et al.,
1996). The process by which the HIV-1 RNA genome is reverse transcribed into DNA
is highly error prone, and the probability that mutations occur is quite high (the average
number of changes per genome is 0.3 per replication cycle, which implies that after re-
verse transcription about 22% of infected cells should carry proviral genomes with one
mutation Perelson et al., 1997; Perelson and Nelson, 2002). As a single mutation or a num-
ber of mutation combinations can result in drug resistance, there is a reasonable chance
that drug-resistant variants of HIV preexist even before the initiation of therapy (Ribeiro
and Bonhoeffer, 2000). Here we use a mathematical model including both wild-type, i.e.,
drug sensitive, and drug resistant strains to study the viral load of each strain in the ab-
sence of ARV drugs. The model can be described by the following system of ordinary
differential equations:

d

dt
T (t) = λ − dT − ksVsT − krVrT ,

d

dt
Ts(t) = (1 − u)ksVsT − δTs,

d

dt
Vs(t) = NsδTs − cVs,

d

dt
Tr(t) = uksVsT + krVrT − δTr ,

d

dt
Vr(t) = NrδTr − cVr,

(2)

where Ts(t) is the concentration of cells productively infected by drug sensitive virus;
Tr(t) is the concentration of cells productively infected by drug-resistant virus; Vs(t) and
Vr(t) represent the respective concentrations of drug sensitive and drug-resistant virus.
ks and kr represent the rate constants at which uninfected cells are infected by drug sen-
sitive and drug-resistant virus, respectively. u (0 ≤ u < 1) is the rate at which cells in-
fected by the drug sensitive virus mutate and become drug-resistant during the process
of reverse transcription of viral RNA into proviral DNA. Both types of infected cells
are assumed to have the same death rate δ. We suppose that the drug sensitive and re-
sistant strains differ in their burst sizes, Ns and Nr , while they have the same virion
clearance rate c. It should be noted that the backward mutation from drug-resistant
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to drug-sensitive strain is neglected since the wild-type virus dominates the popula-
tion before the initiation of therapy (Bonhoeffer and Nowak, 1997; Nowak et al., 1997;
Shiri et al., 2005). We discuss our assumptions about parameters and their possible effects
on our results in Section 5.

Several two-strain models have been studied in the literature (Bonhoeffer et al., 1997;
Bonhoeffer and Nowak, 1997; McLean and Nowak, 1992; Nowak et al., 1997; Ribeiro
et al., 1998). However, many of them focus on the question of whether drug-resistant
mutants preexist before the therapy and are selected in the presence of drugs or if they
are produced only in the course of treatment. Here we aim to study in depth the virus
dynamics as well as the development of drug-resistant strains. Particularly, we attempt to
address the following questions: Under what condition does the wild-type strain dominate
in the absence of therapy? How does the drug-resistant strain develop when ARV drugs
are used? Is it possible to eradicate both strains of virus? How soon will resistance appear
if a small number of drug doses is missed? What is the situation if more doses are missed?

2.2. Model parameters

We use the following model parameters in all the simulations in this paper. An uncertainty
and sensitivity analysis is carried out to study the influence of the uncertainty of these
parameters on the outcome variable in Section 2.4.

Within uninfected individuals the average density of CD4+ T cells remains relatively
constant at about 106 cells per milliliter (Bofill et al., 1992; Sedaghat and Siliciano, 2004).
Here we assume all these cells are possible targets of infection, i.e., T0 = 106 ml−1. The
death rate of uninfected cells is chosen to be d = 0.01 day−1 (Mohri et al., 1998). Before
infection, the density of target cells is at equilibrium, thus λ = dT0 = 104 ml−1 day−1.
The rate constant for target cells becoming infected by drug-sensitive virus, ks , is not well
known and assumed to be ks = 2.4 × 10−8 ml day−1 (Perelson et al., 1993). The estimate
of burst size of wild-type strain, Ns , varies from 100 to a few thousands (Haase et al.,
1996; Hockett et al., 1999) and possibly could be significantly larger (Yuan Chen et al.,
2007). Here, as an example, we choose Ns = 3000.

Since mutant strains are often associated with the changes of highly conserved amino-
acid residues that are believed to be important for enzyme function, many resistant mu-
tants display some extent of resistance-associated loss of fitness when compared with
drug-sensitive strains (Clavel et al., 2000). Recent evidence also shows that the emer-
gence of drug resistance reduces the inherent replicative capacity of resistant strains al-
though it increases the ability of HIV to replicate in the presence of drugs (Barbour et al.,
2002). However, there have not been direct experimental measurements to date determin-
ing whether the replicative defect is due to impaired infectivity of HIV or reduced viral
production. Thus, in this paper, we assume that both the infection rate and burst size of
resistant strain are less than those of the wild-type strain, i.e., kr < ks and Nr < Ns , as
has been done previously (Snedecor, 2003). We choose kr = 2.0 × 10−8 ml day−1 and
Nr = 2000 in our numerical simulation.

The death rate of infected cells, δ, and the clearance rate of virus, c, are chosen to
be our current best estimates: δ = 1 day−1 (Markowitz et al., 2003) and c = 23 day−1

(Ramratnam et al., 1999). The mutation rate from the wild-type strain to a drug-resistant
strain is u = 3 × 10−5 (Mansky and Temin, 1995). This mutation rate applies only when
the wild-type and the mutant strains differ by a single point mutation. In the case of
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Table 1 Parameter definitions and values used in numerical simulations

Parameter Value Description Reference

λ 104 ml−1 day−1 Recruitment rate of uninfected
cells

See text

d 0.01 day−1 Death rate of uninfected cells Mohri et al. (1998)
ks 2.4 × 10−8 ml day−1 Infection rate of target cells by

wild-type virus
Perelson et al. (1993)

kr 2.0 × 10−8 ml day−1 Infection rate of target cells by
drug-resistant virus

See text

u 3 × 10−5 Mutation rate from sensitive strain
to resistant strain

Mansky and Temin (1995)

δ 1 day−1 Death rate of infected cells Markowitz et al. (2003)
Ns 3000 Burst size of drug-sensitive strain See text
Nr 2000 Burst size of drug-resistant strain See text
c 23 day−1 Clearance rate of free virus Ramratnam et al. (1999)
εs
RT

Varied Efficacy of RTIs for wild type See text

εr
RT

Varied Efficacy of RTIs for mutants See text

εs
P I

Varied Efficacy of PIs for wild type See text

εr
P I

Varied Efficacy of PIs for mutants See text

εs Varied Overall drug efficacy for wild type See text
εr Varied Overall drug efficacy for mutants See text
α Varied Resistance level of mutant strain See text

two or more point mutations, the probability of mutation directly from the wild-type to
a resistant strain will be much smaller (an approximation is un where n is the number
of point mutations they differ by). We will discuss the evolution of drug-resistant strains
with multiple mutations later. A summary of the parameters used in this paper and their
values adopted in our simulations is given in Table 1.

2.3. Analysis of the pretreatment model

Model (2) has three possible steady states. The existence and stability of these steady
states are considered and shown to be dependent on the magnitudes of the reproductive
ratios of both strains as well as the mutation rate.

2.3.1. Steady states of model (2)
Let Ē = (T̄ , T̄s , V̄s , T̄r , V̄r ) denote a constant solution (steady state) of model (2). There
are three possible steady states: the infection-free steady state

E0 =
(

λ

d
,0,0,0,0

)
, (3)

the boundary steady state (only the drug-resistant strain is present)

Er =
(

c

krNr

,0,0, (Rr − 1)
dc

krNrδ
, (Rr − 1)

d

kr

)
, (4)
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and the interior steady state (coexistence of both the wild-type and the drug-resistant
strains)

Ec =
(

c

(1 − u)ksNs

, T̃s,
Nsδ

c
T̃s, T̃r ,

Nrδ

c
T̃r

)
, (5)

where

T̃s = [(1 − u)σ − 1][(1 − u)Rs − 1]λ
(σ − 1)(1 − u)Rsδ

> 0,

T̃r = [(1 − u)Rs − 1]uσλ

(σ − 1)(1 − u)Rsδ
> 0,

σ = Rs/Rr , and Rs and Rr are the basic reproductive ratios of the wild-type strain and
the drug-resistant strain, respectively, and are given by

Rs = (ksNsλ)/(dc), Rr = (krNrλ)/(dc). (6)

Notice that in the special case u = 0 (i.e., there is no mutation), the interior steady
state Ec reduces to another boundary steady state Es (at which only the wild-type strain
is present):

Es =
(

c

ksNs

, (Rs − 1)
dc

ksNsδ
, (Rs − 1)

d

ks

,0,0

)
, (7)

and the other steady states (E0 and Er ) remain the same.
It is clear that Er exists if and only if Rr > 1, and Ec exists if and only if Rs >

1/(1 − u) and σ > 1/(1 − u). We will show that these existence conditions also provide
threshold conditions for the stability of these steady states.

From the expressions of the infected steady states (Er and Ec), we observe that drug-
resistant mutants will always be present as long as mutation from the wild-type to the
mutant strain is possible (i.e., u �= 0). The fact that the resistant virus can completely
out compete the wild-type strain is due to the assumption that mutation only occurs in
one direction from the wild-type to the resistant. If we also include back mutation in the
model, then the resistant strain can not exist alone although it can out-compete the wild-
type strain. Which strain will dominate the virus population depends on the competition
of these two strains.

From the assumptions kr < ks and Nr < Ns , we have Rs > Rr > 1 in the absence
of treatment (with the parameters given in Table 1). Hence, σ is greater than 1 but not
close to 1. Therefore, from the formula for Ṽr (see (5)) we know that the viral load of the
resistant strain is very low (e.g., it is below the detection limit when the parameter values
in Table 1 are used, see Fig. 1) due to the low mutation rate u despite the coexistence of
both strains. The more point mutations needed to confer drug resistance for the mutant
strain, the lower the viral load of the resistant strain in the steady state. This explains why
the wild-type virus dominates the virus population before the initiation of ART.

Figure 1 presents some simulation results for the CD4+ T cells count and viral
loads of both strains before treatment (with the parameters from Table 1). The initial
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Fig. 1 Simulation of uninfected T cells and viral loads of both wild-type and drug-resistant strains for
the pretreatment model (2) with initial values: T (0) = 106 ml−1, Vs(0) = 10−6 ml−1, Ts(0) = Tr (0) =
Vr (0) = 0. The basic reproductive ratios for the two strains are Rs = 3.13 and Rr = 1.74. Steady
states are T = 3.19 × 105 ml−1, Ts = 6.81 × 103 ml−1, Vs = 8.88 × 105 ml−1, Tr = 0.46 ml−1,
Vr = 39.95 ml−1. Before treatment, both strains of virus coexist. However, the drug-resistant strain re-
mains at a very low level after an initial increase and the wild-type virus dominates the population.

value of uninfected CD4+ T cells is chosen to be T (0) = 106 ml−1 (Bofill et al., 1992;
Perelson et al., 1993; Sedaghat and Siliciano, 2004). The initial viral load Vs(0) is ar-
bitrarily set to 10−6 ml−1 (Stafford et al., 2000), which represents a small quantity of
virions leading to primary infection. The other initial values are set to 0. We observe
that the steady state of the resistant viral load is much smaller than that of the wild-type
strain in the absence of therapy. These steady state values of the pretreatment model will
be used as the initial conditions to perform simulations of virus dynamics during drug
therapy.

2.3.2. Stability results
We now study the stability of the steady states. We begin with the case of u > 0. Recall
that the coexistence steady state exists if and only if Rs > 1/(1 − u) and σ > 1/(1 − u),
and σ > 1/(1 − u), and that the drug-resistant steady state Er exists if and only if
Rr > 1.
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Linearizing the system (2) about the steady state Ē, we get

d

dt
T (t) = −(d + ksV̄s + kr V̄r )T − ksT̄ Vs − kr T̄ Vr ,

d

dt
Ts(t) = (1 − u)ksV̄sT + (1 − u)ksT̄ Vs − δTs,

d

dt
Vs(t) = NsδTs − cVs,

d

dt
Tr(t) = (uksV̄s + kr V̄r )T + uksT̄ Vs − δTr + kr T̄ Vr ,

d

dt
Vr(t) = NrδTr − cVr .

(8)

The corresponding characteristic equation is

∣∣∣∣∣∣∣∣∣

−(d + ksV̄s + kr V̄r ) − ζ 0 −ksT̄ 0 −kr T̄

(1 − u)ksV̄s −δ − ζ (1 − u)ksT̄ 0 0
0 Nsδ −c − ζ 0 0

uksV̄s + kr V̄r 0 uksT̄ −δ − ζ kr T̄

0 0 0 Nrδ −c − ζ

∣∣∣∣∣∣∣∣∣
= 0, (9)

where ζ denotes an eigenvalue of the Jacobian matrix.
By considering the characteristic equation (9) at each steady state, we can prove the

following stability results.

Proposition 1. (1) The infection-free steady state E0 is locally asymptotically stable
(l.a.s.) if Rs < 1/(1 − u) and Rr < 1, and it is unstable if Rs > 1/(1 − u) or Rr > 1.

(2) The steady state with only drug-resistant virus, Er , exists if and only if Rr > 1. It
is l.a.s. if Rr > (1 − u)Rs and unstable if Rr < (1 − u)Rs .

(3) The coexistence steady state Ec exists and is l.a.s. if and only if Rs > 1/(1 − u)

and Rr < (1 − u)Rs .

Similarly, we have the corresponding stability properties of the steady states for the
case u = 0.

Proposition 2. Let u = 0 in model (2). Then
(1) The infection-free steady state E0 is l.a.s if Rs < 1 and Rr < 1, and it is unstable

if Rs > 1 or Rr > 1.
(2) The steady state with only drug-resistant virus, Er , exists if and only if Rr > 1. It

is l.a.s. if Rr > Rs and unstable if Rr < Rs .
(3) The steady state with only wild-type virus, Es , exists if and only if Rs > 1. It is

l.a.s. if Rs > Rr and unstable if Rs < Rr .

All the stability results for the pretreatment model (2) are summarized in Fig. 2.
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Fig. 2 Steady states of model (2) and stability regions (the steady state in bold type is stable in that
region).

2.4. Uncertainty and sensitivity analysis

The analysis in last subsection suggests that the basic reproductive ratio plays an impor-
tant role in predicting viral persistence or eradication. An uncertainty analysis is carried
out in this section to assess the variability of the basic reproductive ratio Rs due to the
uncertainty in estimating the input model parameters. A sensitivity analysis that extends
the uncertainty analysis can identify which parameters are important in contributing to
the variability of Rs (Blower and Dowlatabadi, 1994).

For the uncertainty analysis of Rs , we have to assign specific distributions to para-
meters ks , Ns , λ, d and c. Here ks is sampled from a uniform distribution over the in-
terval (1.2 × 10−8,3.6 × 10−8) ml day−1 to account for 1–3% of its diffusion-limited
value (Perelson et al., 1993) and Ns is sampled from another uniform distribution over
the interval (2000,4000) with the mean 3000 that has been assumed in previous simula-
tions. We assume an asymmetric triangular distribution (Blower and Dowlatabadi, 1994)
(0.005,0.01,0.016) day−1 for d , the death rate of uninfected T cells, where 0.005 is the
lower value, 0.01 is the peak value and 0.016 is the upper value (Mohri et al., 1998). λ is
sampled from a T0 multiple of the above triangular distribution and c is sampled from an-
other asymmetric triangular distribution (9.1,23,36) day−1 with the peak value 23 (Ram-
ratnam et al., 1999).

We generate 5 Monte Carlo samples of 105 repetitions from the parameter distributions
chosen above and use these input vectors to assess the variability of Rs . Statistical results
are listed in Table 2. The mean and standard deviation of the distribution of Rs are 3.57
and 2.09, respectively. The probability of Rs being greater than 1 is 0.98.

To study the sensitivity of Rs due to the uncertainty of the input parameters we as-
sess the partial rank correlation coefficients (PRCCs) between Rs and each parameter
(Conover, 1980). These coefficients measure the independent influence of each input pa-
rameter on the variability of Rs (Blower and Dowlatabadi, 1994). A value close to 1
suggests a strong correlation between Rs and the corresponding variable. We list these
coefficients according to their absolute values in decreasing order in Table 3. We ob-
serve that there exists a strong correlation between Rs and each input parameter, and
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Table 2 Statistics for Rs from 5 Monte Carlo samples of 105 repetitions

Sample Mean Std. Dev. Median P(Rs > 1)

1 3.571 2.080 3.082 0.980
2 3.576 2.101 3.076 0.980
3 3.573 2.089 3.086 0.979
4 3.573 2.100 3.078 0.980
5 3.565 2.095 3.078 0.980

Mean 3.57 2.09 3.08 0.98

Table 3 PRCC value for each parameter

Parameter PRCC p-value

ks 0.914 <0.0001
c −0.877 <0.0001
λ 0.849 <0.0001
d −0.848 <0.0001
Ns 0.818 <0.0001

that ks is the most influential variable. Therefore, decreasing the effective infection rate
(for example, increasing the drug efficacy of the RT inhibitor, see model (11) in next
section) is more effective in reducing Rs for the set of parameter values. However, we
should note that the difference of each coefficient for the corresponding parameter is not
significant and these PRCCs depend on the parameter distributions chosen above. If we
broaden the ranges of ks and Ns , e.g., let ks be sampled from a uniform distribution over
(1.2 × 10−8,1.2 × 10−7) ml day−1 to account for 1–10% of its diffusion-limited value
and Ns vary uniformly from 100 to 10000, then the mean and standard deviation of the
distributions of Rs are 16.54 and 16.02, respectively. The probability of Rs being greater
than 1 is 0.96. The PRCC values between Rs and each parameter are listed in decreasing
order: 0.911(Ns), 0.859(ks), −0.593(c), 0.546(λ), −0.545(d). In this case the burst size
Ns is the most influential variable.

3. Model with antiretroviral therapy

In last section, we have shown that for chronically infected HIV-1 patients the drug-
resistant strain exists before the initiation of antiretroviral therapy. However, the viral
level of resistant mutants is expected to be very low and wild-type virus dominates the
population. Given a small mutation rate u, the steady state of mutant virus can be approx-
imated as:

Ṽr = d(Rs − 1)

kr(σ − 1)
u. (10)

The viral load of the resistant strain is proportional to the mutation rate. This implies that
drug-resistant mutants are less likely to arise if they differ from wild type by two or more
points mutations. In this section, we analytically study the mechanisms underlying the
emergence of resistant strains during ART.
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Two classes of ARV drugs are generally used in HIV treatment. One class is reverse
transcriptase inhibitors (RTIs), which can effectively block the infection of target cells by
free virus; the other is protease inhibitors (PIs), which prevent HIV protease from cleaving
the HIV polyprotein into functional units, causing infected cells to produce immature
virus particles that are noninfectious. Let εs

RT, εr
RT be the efficacies of RTIs and εs

PI, εr
PI be

the efficacies of PIs for the drug sensitive strain and drug-resistant strains, respectively.
We incorporate the effect of ARV regimens in the two-strain model (2) and obtain the
following equations:

d

dt
T (t) = λ − dT − ks

(
1 − εs

RT

)
VsT − kr

(
1 − εr

RT

)
VrT ,

d

dt
Ts(t) = (1 − u)ks

(
1 − εs

RT

)
VsT − δTs,

d

dt
Vs(t) = Ns

(
1 − εs

PI

)
δTs − cVs,

d

dt
Tr(t) = uks

(
1 − εs

RT

)
VsT + kr

(
1 − εr

RT

)
VrT − δTr ,

d

dt
Vr(t) = Nr

(
1 − εr

PI

)
δTr − cVr .

(11)

In the above equations, Vs and Vr are used to represent infectious wild-type virus and
infectious drug-resistant virus, respectively. We have left out two equations that represent
the noninfectious virus of both strains since they can be decoupled from system (11).

Provided that all the efficacies are constant, the incorporation of these drugs will not
affect our analysis of the steady states of the post-treatment model (11). The new repro-
ductive ratios in the presence of drug therapy can be expressed as:

R′
s = (

1 − εs
RT

)(
1 − εs

PI

)
Rs , R′

r = (
1 − εr

RT

)(
1 − εr

PI

)
Rr , (12)

where Rs and Rr are given in (6). Similarly, we can define the ratio σ ′ as R′
s/R′

r .
Because of the reduced viral fitness of the drug-resistant strain compared with the wild-

type strain, Rs > Rr > 1 and hence the wild-type strain dominates the virus population
before the onset of therapy. After the initiation of treatment, the reproductive ratios of both
wild-type and drug-resistant strains decrease. However, we have εs

RT > εr
RT and εs

PI > εr
PI

as the wild type is more susceptible to drugs, thus R′
s decreases more than R′

r . For the
ease of illustration, we define an overall treatment effect for each strain, i.e.,

εs = 1 − (
1 − εs

RT

)(
1 − εs

PI

)
, εr = 1 − (

1 − εr
RT

)(
1 − εr

PI

)
. (13)

We begin with the assumption εr = αεs , where α (0 < α < 1) represents the resistance
level of the HIV mutants, a smaller α indicates that the resistant strain is more resistant to
the drug used. Estimates of drug efficacies for the wild-type and the drug-resistant strains
will be provided in the next section. Here we aim to obtain some explicit conditions for
the emergence of drug resistance by assuming a fixed drug efficacy.

Typical scenarios of the variation of reproductive numbers R′
s and R′

r are depicted in
Fig. 3. We observe that both R′

s and R′
r decrease as the drug efficacy εs increases. When
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Fig. 3 The upper panel: the reproductive ratio of each strain as a function of the overall drug efficacy
for the sensitive strain εs (see (12) and (13)). (a) α = 0.5; (b) α = 0.2. εr is reduced by a factor α,
i.e., εr = αεs . For the ease of illustration, we intentionally enlarge the difference between two lines R′

s
and (1 − u)R′

s . The lower panel: steady states of the wild-type and resistant virus as the function of
reproductive ratios, R′

s and R′
r , respectively, where α = 0.5. We observe that the wild-type virus can be

completely suppressed even when the reproductive ratio R′
s is greater than 1. The resistant virus dies out

only when R′
r < 1, and remains at a very low level (not clearly shown in the figure due to the magnitude

of the vertical axis) when R′
r > 1.21 (i.e. when εs < ε1, see Fig. 4(a)).

α is 0.5 (Fig. 3(a)), there are two threshold values for εs . One is ε1, the intersection of
(1 − u)R′

s and R′
r , which is given by

ε1 = (1 − u)Rs −Rr

(1 − u)Rs − αRr

, (14)

and the other one is ε2 with the expression

ε2 = Rr − 1

αRr

. (15)

If the drug efficacy εs is less than ε1 then (1 − u)R′
s > R′

r > 1. Thus, both the wild-
type and the drug-resistant strains will coexist (similar to the pretreatment case), and the
treatment fails primarily due to the wild-type virus. It is interesting to explore the variation
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Fig. 4 α = 0.5. Steady state of virus of model (11) as a function of the overall drug efficacy for the
sensitive strain εs . For simplicity, we choose εs

PI = εr
PI = 0. Thus, εs

RT = εs , εr
RT = εr . We also assume

that εr = αεs . (a) The steady state of resistant virus as the drug efficacy approaches 0.61 (the threshold
value for the two strains to coexist, i.e., σ ′ = R′

s/R′
r > 1/(1 −u)). At first, the steady state increases very

slowly (sometimes it decreases) as the therapy becomes more effective. When εs → 0.61, the steady state
increases substantially to the maximum value. (b) When εs increases from 0.61 to 0.85, the steady state of
resistant virus decreases from its maximum to zero. When the drug efficacy is greater than 0.85, both of the
two strains die out. (c) Steady state of the wild-type virus as a function of the drug efficacy εs . When the
drug efficacy increases, the wild-type viral level decreases. When approaching the threshold value 0.61,
the wild-type virus decreases to 0. (d) Total virus population as the function of drug efficacy. Although the
drug-resistant strains undergo a rapid increase during therapy, the total virus keeps decreasing as the drug
efficacy increases. When εs > 0.85, both strains of virus will be eradicated.

of the viral steady state levels for the two strains. When εs is small, the viral load of
the resistant strain is very low (see (10)) compared with the wild-type virus although
two strains coexist. As the drug efficacy is increased from 0, the steady state level of
the resistant strain increases very slowly (see Fig. 4(a)), whereas the wild type decreases
quickly (Fig. 4(c)). As εs approaches ε1, σ ′ = R′

s/R′
r increases and approaches 1/(1−u).

From the formula for Ṽr given in (5), a direct calculation shows that the steady state of
the resistant virus in the presence of therapy increases substantially to (R′

r −1)d/(krε
r
RT).

Coincidentally, this maximum value of the resistant virus load is identical to the steady
state of the drug-resistant virus when only the mutant strain exists (see (4)). The steady
state of the wild-type virus decreases rapidly to 0 as εs approaches ε1 (see Fig. 4(c)).
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Fig. 5 Similar to Fig. 4 except α = 0.2. When the drug efficacy approaches the threshold value 0.49,
the sensitive strain goes extinct and the resistant strain undergoes a great increase. Even when the drug is
100% effective against the wild-type virus, the (drug-resistant) virus still persists.

Mathematical analysis shows that the slope of the decreasing curve is about the order
of 1/u.

For intermediate values of εs in the interval (ε1, ε2), R′
r > 1 and R′

r > (1−u)R′
s . Thus,

from Proposition 1 only the drug-resistant virus will persist (see Figs. 2(b) and 4(b)).
When the drug efficacy increases from ε1 to ε2, the steady state level of the drug-resistant
virus decreases from its maximum value to 0 (Fig. 4(b)).

It is important to note that under drug therapy when εs > ε1, the wild-type virus can be
suppressed even when the reproductive ratio of the wild-type strain is greater than 1 (see
Figs. 3(a, c) and 4(c)). This is not surprising because the two viral strains compete for the
exact same resources—uninfected target T cells, hence the resistant strain that becomes
more fit as εs > ε1 will outcompete the sensitive one due to the competitive exclusion
principle. In Figure 3(c), we plot the steady state of the wild-type virus, Vs , as a function
of the reproductive ratio R′

s . We observe that, as the drug efficacy increases, the steady
state of Vs decreases to 0 even when R′

s is greater than 1. Figure 3(d) is for the steady
state of the resistant virus. The resistant virus dies out only if R′

r < 1. When R′
r > 1.21,

the steady state of Vr remains at a very low level, which is not clearly shown in the figure
due to the magnitude of the vertical axis.
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Fig. 6 Time evolution of uninfected T cells and both strains of virus of model (11). α = 0.2, εs
RT = 0.40,

εr
RT = αεs

RT, εs
PI = εr

PI = 0. The other parameters can be found in Table 1. The initial condition is the

steady state of the pretreatment model (2), i.e., T = 3.19 × 105 ml−1, Ts = 6.81 × 103 ml−1, Vs =
8.88 × 105 ml−1, Tr = 0.46 ml−1, Vr = 39.95 ml−1. Both strains of virus persist and uninfected T cells
converge to nearly 530 cells/µl.

Finally, for a large value of drug efficacy, εs > ε2, we have that R′
r < 1 and R′

s <

1/(1−u). It follows from Proposition 1 that both strains will be eradicated by the therapy
(Fig. 4(b, c, d)).

In Fig. 3(b), we use a smaller α (α = 0.2) to illustrate another case in which the mutant
strain is more resistant to the drug than that in Fig. 3(a). We observe that the new repro-
ductive ratio of the resistant strain will never decrease to below unity even when the drug
efficacy εs increases to 1. Consequently, there is only one threshold value ε1, which is
about 0.49. When εs < 0.49, the two strains coexist (Fig. 5(b, c)), and the wild-type virus
dominates the population if εs is not close to 0.49. The steady state level of the resistant
virus undergoes a substantial increase when εs approaches 0.49. When εs > 0.49, only
the resistant strain can persist (Fig. 5(b, c)).

From Figs. 4(d) and 5(d), we also observe that the steady state of the total virus de-
creases as the drug efficacy increases. There is a sharp decrease when εs → ε1. This is
due to the fact that the increase in the drug-resistant virus is less than the decrease in the
wild-type virus as εs → ε1. The comparison can be clearly observed from Fig. 5(b, c).
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Fig. 7 Similar to Fig. 6 except εs
RT = 0.51. Only the resistant strain persists. The evolution of each strain

can be seen clearly. Uninfected T cells oscillate to the steady state: 650 cells/µl.

Fig. 8 Dynamics of uninfected T cells and the drug-resistant virus for different drug efficacies: εs
RT = 0.6

and εs
RT = 0.8. The other parameters and the initial condition are the same as those in Fig. 6. Only the

resistant strain persists. The larger the drug efficacy, the lower steady state of virus and the higher steady
state of uninfected cells.
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The treatment success shown in Fig. 4(d) is because we have assumed that the resistant
strain is still very susceptible to the drug regimen. When it is less susceptible to the drug,
the virus can not be eradicated even with a treatment highly effective against the sensitive
strain (see Fig. 5(d)).

Figures 6, 7 and 8 illustrate the dynamics of uninfected T cells and viral loads for
different drug efficacies. We use the steady state values of variables in the pretreatment
model (Fig. 1) as the initial values in the simulations to study the effect of drug therapy
on the evolution of the resistant strains. In all the simulations, α is assumed to be 0.2
(see Fig. 3(b)). In Fig. 6, εs = 0.40, both strains of virus coexist, but the wild-type virus
dominates the population. Drug-resistant mutants arise several weeks after the initiation
of drug treatment, and oscillate to a low level set-point value after more than one year.
Figure 7 is for a more effective drug regimen, εs = 0.51. We clearly observe the suppres-
sion of the wild-type virus and an increase of the drug resistant virus in Fig. 7(b, c). The
resistant virus emerges gradually and eventually out-competes the wild-type virus. For
higher values of drug efficacy εs , illustrated in Fig. 8, the wild-type virus is suppressed
quickly and only the drug-resistant strain persists. When the drug efficacy increases, we
also observe that the number of uninfected T cells converges to a higher level (Fig. 8(a)),
while the amplitude of the (resistant) viral peak and the value at the steady state are de-
creased. However, with a higher drug efficacy it takes a longer time for the viral load to
reach the first viral peak than that with a lower drug efficacy (Fig. 8(b)).

4. Time-varying drug efficacy and effect of adherence

In our analysis so far, the drug efficacies of RTIs and PIs were assumed to be con-
stant for both the wild-type and the drug-resistant strains. This assumption may not
be realistic since drug concentrations continuously vary due to drug absorption, dis-
tribution, and metabolism in the body. Another important factor affecting the drug ef-
ficacy is nonadherence to the regimen protocol. In clinical practice, it is widely be-
lieved that the level of compliance with ARV regimens is one of the crucial de-
terminants of a successful treatment (Deeks, 2003; Friedland and Williams, 1999;
Mugavero and Hicks, 2004). Suboptimal adherence is associated with the emergence of
drug resistance, viral rebound, and consequently an increased risk of transmitting drug-
resistant virus (Bajaria et al., 2004; Deeks et al., 2003; Tesoriero et al., 2003). In this
section, we employ a pharmacokinetic model to determine drug efficacies for both strains
of virus. Then different patterns of non-adherence to drug regimens are considered in or-
der to study the effects of time-varying drug efficacies on the emergence of drug-resistant
virus.

4.1. Models for drug efficacy and adherence

There are some existing models that use the plasma drug concentrations to deter-
mine the efficacy of antiviral treatment (Dixit et al., 2004; Dixit and Perelson, 2004;
Huang et al., 2003; Wahl and Nowak, 2000; Wu et al., 2005). Huang et al. used a stan-
dard pharmacokinetic one-compartment model to estimate the drug efficacy and studied
how drug pharmacokinetics affects antiviral response (Huang et al., 2003). However, it is
the intracellular concentration rather than plasma concentration of drugs that determines
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drug effectiveness. Thus we will employ a two-compartment pharmacokinetic model de-
veloped recently by Dixit and Perelson (2004) to estimate the treatment efficacy of two
ARV drugs, tenofovir disoproxil fumarate (an RTI) and ritonavir (a PI), for wild-type and
drug-resistant strains.

We first describe the two-compartment model briefly (refer to Dixit and Perelson, 2004
for a detailed description of the model formulation).

The instantaneous drug efficacy ε(t) can be estimated by a simple function (Dixit et al.,
2004; Gabrielson and Weiner, 2000)

ε(t) = Cc(t)

IC50 + Cc(t)
, (16)

where Cc(t) is the intracellular concentration of the drug used, IC50 is a phenotype marker
representing the intracellular concentration of drug needed to inhibit viral replication
by 50%.

If multiple doses of a drug are administered on a regular schedule, then the concentra-
tion of drug in the blood is given by

Cb(t) = FDkae
−ket

Vd(ke − ka)(ekaId − 1)

[
1 − e(ke−ka)t (1 − eNdkaId )

+ (ekeId − ekaId )(e(Nd−1)keId − 1)

ekeId − 1
− e((Nd−1)ke+ka)Id

]
, (17)

where F is the bioavailability of drug, D is the mass of drug administered in one dose,
Vd is the volume of distribution, ka and ke are pharmacokinetic parameters that can be
estimated from experiments. Id is the dosing interval and Nd is the number of doses until
time t .

For PIs, the intracellular concentration, Cc , can be derived directly according to the
drug transport from the blood into the cell compartment:

dCc

dt
= ka cellCx − ke cellCc, (18)

where

Cx =
{

(1 − fb)HCb − Cc if (1 − fb)HCb − Cc > 0,

0 else.
(19)

In the above equations, drug absorption is being driven by an effective concentration
gradient. H quantifies the drug partitioning effect of the cell membrane, fb denotes the
fraction of drug that can not be transported into cells due to binding plasma proteins, ka cell

and ke cell represent the cellular absorption and elimination rate constants, respectively. See
(Dixit and Perelson, 2004) for further details.

For RTIs, the drug action is more complicated. They need to be phosphorylated to their
active forms in cells. Dixit and Perelson (2004) used the following equations to model the
phosphorylation of tenofovir disoproxil fumarate (DF):
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dCc

dt
= ka cellCx − ke cellCc − k1f Cc + k1bCcp,

dCcp

dt
= −ke cellCcp + k1f Cc − k1bCcp − k2f Ccp + k2bCcpp, (20)

dCcpp

dt
= −ke cellCcpp + k2f Ccp − k2bCcpp,

where Cc , Ccp and Ccpp represent the respective intracellular concentrations of the native
(monophosphorylated), diphosphorylated and triphosphorylated forms of the drug, Cx is
given in (19), k1f , k1b , k2f and k2b characterize the phosphorylation reactions among Cc ,
Ccp and Ccpp .

Solving (20) with the initial condition

Cc(0) = Ccp(0) = Ccpp(0) = 0

and substituting Ccpp for Cc in (16), we obtain the time-dependent efficacy of the RT in-
hibitor, which is plotted in Fig. 9(a). Here we choose parameters characteristic of tenofovir
DF (Dixit and Perelson, 2004): D = 300 mg, Id = 1 day, F = 0.39, Vd = 87500 ml, ka =
14.64 day−1, ke = 9.6 day−1, H = 1800, fb = 0.07, k1f = 9.6 day−1, k1b = 30.3 day−1,
k2f = 270.7 day−1, k2b = 95.5 day−1, ka cell = 24000 day−1, ke cell = 1.1 day−1, IC50 is
0.54 mg ml−1 for the wild-type strain.

Similarly, solving (18) with initial condition Cc(0) = 0 and plugging the solution
into (16), we get the efficacy of the protease inhibitor, which is plotted in Fig. 9(b).
The parameters characteristic of ritonavir are (Dixit and Perelson, 2004): D = 600 mg,
Id = 0.5 days, F = 1, Vd = 28000 ml, ka = 14.64 day−1, ke = 6.86 day−1, H = 0.052,
fb = 0.99, IC50 is 9 × 10−7 mg ml−1 for the wild-type strain.

In Fig. 9, we also estimate the drug efficacy for the resistant strain with perfect or sub-
optimal drug adherence. We assume that drug resistance increases the virus IC50 10-fold
(Larder and Kemp, 1989). The efficacy for the resistant strain is plotted in Fig. 9(a, b) for
comparison with that of the wild-type strain. Figure 9(c, d) plots the drug efficacy when
every other dose of tenofovir DF and ritonavir is missed. It is clear that when a dose of
drug is missed, the drug efficacy decreases to a very low level before the next dose is
administered.

As a comparison, we present in Fig. 9(e, f) the time-dependent efficacies of tenofovir
DF and ritonavir using the plasma drug concentration rather than the intracellular con-
centration in (16). For tenofovir DF, the plasma drug concentration decays more rapidly
than the intracellular concentration. The IC50 for the wild-type strain corresponding to
the plasma concentration is 3.6 × 10−4 mg ml−1 (Dixit and Perelson, 2004). The efficacy
εRT is depicted in Fig. 9(e). Using the area under the efficacy curve, we can also estimate
the average drug efficacy. From Fig. 9(a, e) we observe that the average drug efficacy us-
ing the plasma concentration is less than that using the intracellular concentration. On the
contrary, the drug concentration of ritonavir in plasma remains sufficiently high compared
with the corresponding IC50 value, 1.7 × 10−5 mg ml−1. Thus the efficacy εPI using the
plasma drug concentration is ∼1 (Dixit and Perelson, 2005), which is plotted in Fig. 9(f).
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Fig. 9 The top and middle panels: drug efficacy using the intracellular concentration; the bottom panel:
drug efficacy using the plasma concentration. The left column: drug efficacy εRT; the right column: drug
efficacy εPI. The horizontal line represents the average drug efficacy. See the text for parameter values.
(a, b, e, f) Standard daily dosing. (c) Every other dose of tenofovir DF is missed, i.e., Id = 2 days. (d) Every
other dose of ritonavir is missed, i.e., Id = 1 day.

4.2. Effects on virus dynamics

We conduct numerical simulations to study the time evolution of uninfected T cells and
two strains of virus based on the time-varying drug efficacies obtained in the previous
subsection.
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Fig. 10 Dynamics with perfect adherence. The solid line represents the dynamics of uninfected T cells and
virus when drug resistance increases the baseline IC50 10-fold. The dashed line is for 15-fold resistance.
In both cases, wild-type virus is predicted to be eradicated due to the perfect adherence to ART (in reality
viral eradication is not observed due to viral reservoirs, such as latently infected cells, which are not
discussed in the model). The higher resistance level of the mutant strain, the more quickly drug-resistant
virus will emerge and dominate. The viral peak and the final periodic orbit level of drug-resistant virus are
also increased when the resistance level increases. All the variables converge to periodic orbits with very
frequent oscillations because of the time-dependent drug efficacy.

We first consider the scenario of perfect adherence to the prescribed dose levels and
dosing times. We consider combination therapy with both the RTI and PI drugs and as-
sume that the mutant strain is resistant to both of them. As point mutations can confer
different levels of resistance to drug (Larder, 1996), we study two cases in which drug
resistance increases the baseline IC50 by different amounts. In Case 1, drug resistance is
assumed to increase the IC50 value 10-fold for both the RTI and PI; Case 2 deals with a
15-fold increase of IC50 for the resistant strain. Figure 10(a) presents the time evolution
of uninfected T cells during therapy. We observe that the number of uninfected T cells in
both cases oscillates to a periodic orbit lower than the normal CD4+ T level in uninfected
individuals (1000 cells/µl). Case 2 (15-fold resistance) has a lower periodic orbit level
of uninfected T cells than that of Case 1 (10-fold resistance). Figure 10(b) shows that the
viral load of the wild-type strain can be suppressed very well for each case if HIV-infected
individuals adhere to the treatment perfectly. The drug-resistant virus appears about one
year after the initiation of therapy in Case 1, while the emergence of resistance in Case 2
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is much earlier (see Fig. 10(c)). We can also observe that if the mutant virus is more resis-
tant to drugs, then the viral peak and the final periodic orbit level are higher than that of
the strain with a lower resistance level. In fact, if drug resistance increases the IC50 value
only 5-fold or less, then both strains will be suppressed if perfect adherence is followed
(figure not shown). The viral levels in Fig. 10 include noninfectious virus since a PI is
present in the treatment.

When we employ the drug efficacy estimated from the plasma concentration
(Fig. 9(e, f)), both the (infectious) wild-type and resistant virus will be completely sup-
pressed because of the nearly perfect drug effectiveness of the protease inhibitor (figure
not shown). Here we assumed that drug resistance increases the IC50 value 10-fold. Even
if the mutant strain is highly resistant to the protease drug (for example, 100-fold re-
sistance), both strains are still predicted to die out (figure not shown). This observation
suggests that the two-compartment pharmacokinetic model developed in (Dixit and Perel-
son, 2004) might be more appropriate to estimate the drug efficacy of ritonavir. Although
it is possible to obtain a good approximation of the intracellular efficacy by use of the
function of the plasma concentration like (16) and its variations (Huang et al., 2003),
the approximation does not capture the pharmacokinetic characteristics, e.g., drug trans-
port between the blood and the cell compartment, sequential phosphorylation reactions of
RTIs within cells.

In Fig. 11, we simulate the viral response under imperfect adherence. We still consider
two cases. In the first case, the individual misses every other dose of the RT drug and
protease drug. In the second case, the individual misses more doses: e.g., one dose of RT
inhibitor is taken and followed by two missed doses; and one dose of protease inhibitor
is taken and followed by three missed doses. In both cases, drug resistance is assumed to
increase the baseline IC50 10-fold. The dynamics of uninfected T cells are illustrated in
Fig. 11(a). When more doses are missed, the number of uninfected T cells converges to
a lower periodic orbit level. Figure 11(b) illustrates that the wild-type virus can still be
suppressed well if every other dose of both drugs is missed. However, if more doses are
missed, the wild-type virus can not be eradicated. Figure 11(c) shows the emergence of
the drug-resistant virus during treatment. When every other dose is missed, resistant virus
emerges quickly and substantially after the therapy compared with the case of perfect
adherence (Fig. 10(c)). If more doses are missed, drug resistant virus arises very slowly
and the viral load is kept at a low level for several years. The wild-type virus out-competes
the resistant virus. This is similar to the case discussed in previous sections, in which drug
treatment is less effective and the viral load of the resistant strain remains at a low level
although two strains coexist. Due to the periodic drug dosing schedule all the curves
undergo frequent oscillations converging to periodic orbits. When more doses are missed,
the oscillation of the total viral load can be seen clearly from Fig. 11(d).

4.3. Adherence pattern and average drug efficacy

The proceeding result shows that the emergence of the drug resistant virus depends heav-
ily on the relative susceptibilities of the two strains to drug therapy and the level of patient
adherence. If we use p, the fraction of prescribed doses taken, to characterize the degree
of adherence to a specific drug (Wahl and Nowak, 2000), then in last simulation (Fig. 11)
p = 1/2 when every other dose is missed, p = 1/3 when one dose is taken and followed
by two missed doses. Simulation results suggest that the resistant virus is more likely to
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Fig. 11 Dynamics with suboptimal adherence. Drug resistance is assumed to increase the virus IC50
10-fold. The solid line represents the dynamics of uninfected T cells and virus when every other dose of
both drugs is missed. Wild-type virus is eradicated and drug resistance arises quickly and substantially.
The dashed line illustrates the situation when more doses are missed (see the text for description). The
treatment can not suppress the wild-type strain and the drug-resistant virus increases very slowly and
remains at a low level.

emerge and stay at a relatively high level for intermediate values of p. When p is very
large, the resistant virus is predicted to be eradicated; when p is very small, the resistant
virus remains at a very low level. These results are consistent with the observations in
(Wahl and Nowak, 2000).

Now a natural question arises: given the same degree of adherence, does the adherence
pattern affect virus dynamics and long-term prediction of therapy? We attempt to address
this question in the following.

For simplicity, we just consider monotherapy with the RT inhibitor, tenofovir DF. In
Fig. 12, we present four adherence patterns with the same value of p (p = 1/2). Fig-
ure 12(a) shows the drug efficacies of both strains when every other dose is missed
(Pattern 1). Pattern 2 shows two doses are taken followed by two missed doses. Pat-
tern 3 shows three doses are taken followed by three missed doses and Pattern 4 shows
five doses are taken followed by five missed doses. In fact, Patterns 1–4 describe dif-
ferent adherence patterns by the block size, which is defined as the number of consec-
utive doses taken or missed each time a dose is taken or missed (Huang et al., 2003;
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Fig. 12 Drug efficacy of tenofovir DF for different adherence patterns with the same degree of adherence
p = 1/2. (a) Every other dose is missed. (b) Two doses are taken followed by two missed doses. (c) Three
doses are taken followed by three missed doses. (d) Five doses are taken followed by five missed doses.
The average drug efficacy is decreasing as the block size increases.

Wahl and Nowak, 2000). The block size for Patterns 1, 2, 3, 4 are 1, 2, 3, 5, respectively.
It is interesting to note that, as shown in Fig. 12, the average drug efficacy decreases
slightly when the block size increases.

As an illustration, we present in Fig. 13 the time evolution of the viral load and unin-
fected T cells for Pattern 1 and Pattern 4. From Fig. 13(a) we observe clearly that Pattern 1
performs better than Pattern 4 in keeping uninfected T cells at a higher level. However,
the final periodic orbit level of the resistant virus with Pattern 4 is lower than that with
Pattern 1 (Fig. 13(c)). From Fig. 13(b, d) we cannot tell which pattern is better in reducing
the wild-type virus or total virus due to frequent oscillations. However, the average levels
of the wild-type virus and total virus using Pattern 1 are lower than the viral levels using
Pattern 4. Thus Pattern 1 seems to perform better than Pattern 4 in increasing uninfected
T cells and reducing total viral load.

The above comparison can be observed clearly if we use the average drug efficacy
rather than the time-dependent efficacy to study the viral load and uninfected T cell level.
In fact, using the average drug efficacy can give a good prediction of the long-term out-
come of therapy although uninfected T cells and the viral load undergo frequent oscilla-
tions when the time-dependent drug efficacy is employed (figure not shown). When the
block size increases, the average drug efficacy decreases. Therefore, the final steady states
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Fig. 13 Time evolution of uninfected T cells and the viral load for Patterns 1 and 4 shown in Fig. 12. Here
we just consider monotherapy with the RT inhibitor. Pattern 1 seems to perform better than Pattern 4 in
increasing uninfected T cells and reducing total viral load.

of uninfected T cells and the resistant virus decrease, whereas the steady states of the
wild-type virus and total virus increase (see Fig. 4). They are consistent with the above
observations. This implies that the analysis using constant drug efficacy in Section 3 is
still helpful in predicting which periodic orbit the system variable will approach when we
use the time-varying drug efficacy.

5. Discussion

It is widely recognized that long-term antiretroviral treatment with incompletely sup-
pressive regimens is associated with the emergence of drug-resistant HIV mutants.
Resistance is the consequence of the selection of mutations in the genes coding for HIV-
1 reverse transcriptase or protease. Although there are models in the literature study-
ing the emergence of drug resistance in the course of therapy, many of them concern
the likelihood of mutant variants preexisting before treatment as opposed to them be-
ing produced during therapy (Bonhoeffer et al., 1997; Bonhoeffer and Nowak, 1997;
Ribeiro and Bonhoeffer, 2000; Ribeiro et al., 1998). In this paper, we employ a two-
strain mathematical model to study the mechanistic basis of the emergence of resistant
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strains under antiretroviral treatment. The following issues regarding virus dynamics and
antiretroviral responses have been investigated: understanding the evolution of both wild-
type and mutant strains before and during drug therapy; deriving conditions under which
mutant variants are selected in the presence of drug pressure and dominate the virus popu-
lation; incorporating realistic pharmacokinetics and adherence behavior to study antiviral
response and predict HIV treatment outcome. Analytical results show that notwithstand-
ing the coexistence of both wild-type and mutant strains the viral level of mutant strain is
very low compared with wild-type strain before treatment or when the treatment is poorly
effective. Drug resistance is more likely to arise for intermediate levels of treatment ef-
fectiveness, at which the reproductive ratios of both strains are close.

Although the model predicts that virus could be eradicated if the antiretroviral treat-
ment is potent enough, there are many viral and host factors that might hamper treatment
success. Even with effective ARV drugs, HIV-1 may replicate in body sites lacking ad-
equate drug exposure to ARV drugs for the selection of drug-resistant mutants (Zhang
et al., 1999). Kepler and Perelson (1998) showed that there is a relatively narrow win-
dow of drug concentrations that favors the evolution of resistant virus if one considers the
body as a single compartment. However, the window of opportunity for the generation of
resistance is significantly widened if spatial heterogeneity is taken into account. In some
regions, such as the brain and testes, the drug concentration may be low (drug sanctuary),
which enables resistant mutants to be generated more easily. Therefore, the model pre-
sented in this paper might underestimate the range of drug concentrations that allow the
emergence of drug resistance.

In our model, we have assumed that both the clearance of free virus and the death
rate of productively infected cells are the same for the wild-type and resistant strains.
However, they could be different for the two strains. The viral clearance could be the
result of natural death, immune elimination, or binding and entry into cells (Perelson
et al., 1996), which might be different for the two strains. The cell death rate, δ, could
be an increasing function with respect to the viral production rate (Coombs et al., 2003).
However, the main purpose of this paper is to investigate antiretroviral responses during
treatment. We aim to address the question how the resistant virus arises and is selected in
the presence of sufficient drug pressure. Therefore, the choice of these parameters as well
as the infection rate and the burst size will not affect the qualitative property illustrated in
Fig. 3 as long as the pretreatment reproductive ratios of two strains satisfy Rs > Rr > 1.

Another simplification of the two-strain model is that we have not considered latently
infected cells or long-lived infected cells. When the steady state is perturbed with combi-
nation therapy, the initial decrease of viral load is usually followed by a slower second-
phase viral decay. A number of sources might contribute to the second phase, for example,
long-lived infected cells with a half-life of 1–4 weeks (Perelson et al., 1997), virus parti-
cles released from follicular dendritic cells in peripheral lymphoid tissues (Hlavacek et al.,
2000; Hlavacek et al., 1999), and the activation of latently infected lymphocytes to pro-
ductively infected cells (Perelson et al., 1997). We have not considered latently infected
cells in this paper as they do not seem to play a large role in the second-phase viral decline
(Perelson et al., 1997) although the persistence of HIV reservoirs, including latently in-
fected resting CD4+ T cells, for a prolonged period of time remains a big challenge to the
long-term control or eradication of HIV-1 in infected patients receiving potent antiretro-
viral treatment (see a recent review in Kim and Perelson, 2006). For long-lived infected
cells, numerical investigation in (Wein et al., 1998) shows that they have little effect on
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the dynamics of mutant virus when eradication does not occur. Whether the incorporation
of these cells as well as immune response will affect the emergence of drug resistance and
the prediction of long-term treatment effect awaits future studies.

The level of adherence to the prescribed antiretroviral regimen is very important
among the determinants of drug therapy. In this paper we have considered two pat-
terns of imperfect adherence. In one pattern, infected individuals miss every other dose
for each drug (if p denotes the fraction of the prescribed doses of the drug that are
taken (Huang et al., 2003; Wahl and Nowak, 2000), then p = 0.5 in this case); in
the other pattern, more doses are missed (p < 0.5). Simulation results show that the
wild-type virus and the mutant variants with a low level of resistance (for example,
5-fold drug resistance) will be suppressed well even if every other dose is missed. How-
ever, the mutant strain with a high level of resistance (10-fold resistance in the sim-
ulation) will flourish several months after the initiation of antiretroviral treatment. If
more doses are missed, resistant strains evolve slowly while the wild-type virus domi-
nates the population (see Fig. 11). We realize that the patterns of adherence discussed
in this paper are not very realistic. In fact, quantifying the real-world patterns of adher-
ence and their influence on the effect of antiretroviral treatment is far from straightfor-
ward (Ferguson et al., 2005). Even for the same fraction of the prescribed doses that are
taken, different adherence patterns (for example, different block sizes) can induce dif-
ferent treatment outcomes (Huang et al., 2003; Wahl and Nowak, 2000). Future work
is required to combine pharmacokinetics with careful modeling of more realistic adher-
ence patterns to better predict the antiretroviral responses, particularly the evolution of
drug resistance. This might help provide a framework to improve the treatment bene-
fits through structured treatment interruptions (STIs) (Deeks et al., 2003; Gulick, 2002;
Lori et al., 2000; Ortiz et al., 2001). The observation that drug-resistant virus declines
to a low level after HIV-1-infected patients discontinue antiretroviral treatment for a
period leads to the hypothesis that STIs could be served as a new treatment protocol
to achieve similar clinical benefits while allowing patients drug holidays (Deeks, 2003;
Miller et al., 2000). However, more attention needs to be paid when designing treatment
schedule through STIs as some patients undergo virus rebound within days during STIs
(Fischer et al., 2003). A review of different responses to STIs during therapy can be found
in (Bajaria et al., 2004).

The present model assumes that the drug-resistant strain and the wild-type strain differ
by a single point mutation. Sometimes substitutions of single amino acids can confer a
high level of drug resistance and the strain carrying any single mutation is believed to
exist before the onset of therapy (Clavel and Hance, 2004; Coffin, 1995). Investigations
in this paper have also verified the preexistence of this type of mutant strain. On the other
hand, if single mutation only generates a low level of resistance to some agents, then high
levels of resistance or complete resistance requires gradual accumulation of additional
mutations (Clavel and Hance, 2004). In these cases, we still can obtain some information
about those mutant strains from the current model. We make an approximation that the
drug-resistant strain with multiple mutations is mutated directly from the wild-type strain
with a correspondingly smaller mutation rate. There are two possibilities: one is that the
multiple mutations confer an intermediate level of resistance (that is higher than that with
single mutation), and the other one is that a high level of resistance is generated. In the
first case, mathematical analysis and numerical simulations show that the viral load of the
wild-type strain remains at the same level, while the steady state level of the resistant strain
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with multiple mutations is much lower than that with a single mutation due to the small
mutation rate. In the second case, only the resistant strain will persist and the viral load
of HIV variants with multiple mutations is higher than that with a single mutation. This
is because the resistant strain with multiple mutations is less susceptible to the treatment.
All these conclusions can be drawn directly from the analysis of expressions of steady
states given in (4) and (5).

One of the important causes leading to treatment failure in HIV-1-infected individuals
is the large diversity of HIV genotypes (Vergu et al., 2002), particularly all the drug-
resistant mutants that are selected in the presence of drug pressure (as discussed in this
paper). Another source contributing to the resistance that cannot be ignored is the trans-
mission of drug-resistant HIV to susceptible individuals (see the recent review in Tang
and Pillay, 2004). HIV resistance testing might be a good way to overcome this problem.
Currently, there are two methods to investigate HIV resistance: genotypic assays and phe-
notypic assays (Richman, 2000). Genotypic assays detect key resistance-associated mu-
tations in the reverse transcriptase and protease genes, while phenotypic assays measure
the susceptibility of the virus to antiretroviral drugs in cell culture. Although the asso-
ciation between genotypic and phonotypic resistance still remains unclear (Dunn et al.,
2004), and in some cases genotypic testing might lead to wrong decisions when choosing
therapy (Roberts and Ribeiro, 2001), HIV resistance testing could provide worthwhile
information that potentially could allow the design of efficient individual strategies of
antiretroviral treatment.
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