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If u is piecewise C! and is discontinuous only along isoated curves, and if u satisfies the PDE when it is
C1!, and the Rankine-Hugoniot (RH) condition along all discontinuous cruves, then u is a weak solution of

Example 1. Consider the following Riemann problem:
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The IC is just propagated in time to form a weak solution. (a shock)
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Example 2. Now flip the initial conditions:
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The propagated ICs also form a weak solution. But consider

-1 x<—t,
u(z,t)=¢ x/t —t<z<t,
1 x>t

This is also a weak solution. (a rarefaction wave)



Figure 3.9. Entropy-violating shock.
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Figure 3.10. Rarefaction wave.
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Pick a function U(u) called the entropy function if U"”(u) > 0, i.e. if it is convex. Then multiply the
conservation law with viscosity by U’(u®):
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To support our argument as € — 0, once again take a test function ¢ € C§(R x R*), ¢ >0.
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Definition 3. A conservation law is called genuinely nonlinear iff f”(u) # 0. If f"(u) > 0, it is called
convex, if f"”(u) <0 it is called concave.

Shocks must appear for genuinely nonlinear conservation laws under periodic or compactly supported
initial conditions.
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Consider a box containing the support of a test function ¢ € CS°(R x R*) and let u(z,t) be piecewise
C'! with one discontinuity along (¢, z(t)).

Then consider
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We obtain
2'(O)(U(u™) =U(u™)) — (F(u™) = F(u™)) <O0.

If we introduce the notation [f]:= f(u™)— f(u~), then this condition becomes

2'(O[U] = [F]-



Oleinik entropy condition: For all u between v~ and u™, we need to have

flu) = f(u™) > /() > flu) = f(u™)

u—u" ~— u—ut
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where s is the shock speed, known from the Rankine-Hugoniot condition.
Laz’s entropy condition:

f'w™)>s> fi(uh).

It is easy to see that the Oleinik condition implies Lax’s condition. Unfortunately, the converse does
not hold. Lax’s entropy condition does not guarantee uniqueness—but it is a necessary condition. However,
if f”(u) 2 0 uniformly (i.e. the conservation law is genuinely nonlinear), then Lax’s entropy condition is
sufficient for v to be the entropy solution.

For f’(u) >0, Lax’s condition becomes even simpler. Consider

fu)> sz% > f/(ut)

and note that f’(u) is monotonically increasing, such that the middle part is automatically satisfied.
Thus, Lax’s condition becomes

f'w™) = f'wh).
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[> Theorem 4. The solutions to
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are L'-contractive. I.e. let v¢ be the solution of
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2_) The entropy solution has a non-increasing total variation.
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%) the analytic solution satisfies a maximum principle, i.e.

minu’(z) <u(€,t) <maxu®(z).
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Definition 5. A scheme to solve conservation laws is called conservative iff it can be written as
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where f 18

1. Lipschitz continuous,

2. f(u,-,u)= f(u) (consistency).
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Theorem 6. (Lax-Wendroff)| If|the solution {u}} to a conservative scheme converges (as At, Az —0)
boundedly a.e. to a function u(z,T), then u is a weak solution of the conservation law.

Proof. Let ¢} = p(z;,t") for p € Cj. Then
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Riemann solution u(x,t) is a function of only one variable £ = x/t
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Definition 8. A scheme

Wit = = A (W U g) = (U1 Uy 1))

G(Uj—p—15esUjtq)

is called a montone scheme if G is a monotonically nondecreasing function G(1,7,...,T) of each argument.
In the special case of 3-point schemes
fug,ujia) - _t
OX

the scheme is a monotone if f(T,]) plus a restriction on A:
Guj1,uj, 1) = — A[f (uj,uj41) = f(uj—1,u)).
Clearly, if f (T,1), then G(1,7,7). To clean up the second argument, consider
oG s
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If )‘(fAl - fZ) < 17 then G(T) Ta T)

Examples: The Lax-Friedrichs flux is monotone:
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Theorem 9. Good properties of monotone schemes:
1. uj<vj for all j (‘u<v”) implies G(u); < G(v); for all j.

2. Local maximum principle:

min u; <G(u); < max Us.
1€ stencil around j 1€ stencil around j

8. Ll-contraction: (this was already obtained for the PDE)
1G(u) = G(0)|| 2 < flu— ]|,
4. This immediately implies the Total Variation Diminishing (TVD) property:

1G(W)lgy < llullgy-



Proof. 1 is just the definition.
2. Fix j. Take

v, —  MaXkestencil arond i Uk if 7 € stencil around 7,
! u; otherwise.

Then clearly u; <v; for all 7, so that

Gu); <G)j=v;= max ;.
iEstencil around j

Other way around runs in an analogous fashion.

3. Define
aVb=max (a,b), aAb=min(a,b), at=aA0, a =aVO0.
Then let
wi=ujVuj=v;+ (uj—v;)t. (%)
We have

G(u); <G(w); 2 G(v); Vj
by property 1. Then
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Thus
G(w); —G(v); = (G(u); — G(v);)™
Therefore

> (G, =Gt < Y (Gw); =G, =Y wy = v 2 Y (- u)*

because we are treating a conservation law, meaning
S =Y, (o0
J J
which holds for conservative schemes. (Why?) Also consider
S G, - G), = 3 (G, -G+ Y (G, - G),)-
J J J
<Y (=) T+ (v —uy)t
J J
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J

(This is also called the Crandall-Tartar lemma.)
4: Take Vj=Uj41 in 3. ]
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