
MA/CS 615 Spring 2017 Homework #2

Due before class starts on Mar. 2nd. Late homework will not be given any credit.
Collaboration is OK but not encouraged. Indicate on your report whether you
have collaborated with others and whom you have collaborated with.
1. (20 pts) The explicit third order strong stability preserving (SSP) Runge-Kutta method
can be written as

U (1) = Un + ∆tf(Un),
U (2) = 3

4
Un + 1

4
(U (1) + ∆tf(U (1))),

Un+1 = 1
3
Un + 2

3
(U (2) + ∆tf(U (2))).

(0.1)

in which U (1) and U (2) are obviously different from those in a standard form. The strong
stability here (different from what we defined for LMM) refers to the feature that Un+1 can
be written as a convex combination of several formal forward Euler steps, which is useful in
enforcing nonlinear stability for high order Runge-Kutta methods.

(a) (5 pts) Rewrite it in the standard form and find its Butcher tableau (c can be found
as the sum of each row in A).

c A
b

(b) (10 pts) Show that its local truncation error is third order for solving u′(t) = f(u)
(here we consider a simpler case in which f is a function of u only).

(c) (5 pts) After eliminating inner stages, any explicit 3-stage Runge-Kutta method can
be written as Un+1 = R(z)Un where R(z) = 1+zbT (I+zA+z2A2)e with z = ∆tλ and
e = [1, · · · , 1]T . Verify that R(z) = 1+z+z2/2+z3/6 for this third order Runge-Kutta
by plugging in A and b. So this scheme has the same region of absolute stability as
any other explicit 3-stage Runge-Kutta of order 3.

2. (20 pts) The explicit 4-stage fourth order Runge-Kutta for solving u′ = f(u, t) can also
be written/implemented as

F (1) = f(Un, tn)

F (2) = f(Un +
1

2
∆tF (1), tn +

1

2
∆t)

F (3) = f(Un +
1

2
∆tF (2), tn +

1

2
∆t)

F (4) = f(Un + ∆tF (3), tn + ∆t)

Un+1 = Un +
1

6
∆t(F (1) + 2F (2) + 2F (3) + F (4))

thus it requires four extra storage F (i), i = 1, 2, 3, 4 (or U (1), i = 1, 2, 3, 4 if implemented
in the standard form). In the context of solving time-dependent PDEs by an explicit ODE
solver, each F (i) or U (i) could be huge (think about solving the 3D Maxwell’s equation). As
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an alternative, a low storage explicit 5-stage fourth order Runge-Kutta (LSERK) method is
given by

U (0) = Un, V (0) = Un

V (i) = aiV
(i−1) + ∆tf(U (i−1), tn + ci∆t), i = 1, · · · , 5

U (i) = U (i−1) + biV
(i), i = 1, · · · , 5

Un+1 = U (5).

with the coefficients given by

rk4a = [
0.0 ...
−567301805773.0/1357537059087.0 ...
−2404267990393.0/2016746695238.0 ...
−3550918686646.0/2091501179385.0 ...
−1275806237668.0/842570457699.0];
rk4b = [ 1432997174477.0/9575080441755.0 ...
5161836677717.0/13612068292357.0 ...
1720146321549.0/2090206949498.0 ...
3134564353537.0/4481467310338.0 ...
2277821191437.0/14882151754819.0];
rk4c = [
0.0 ...
1432997174477.0/9575080441755.0 ...
2526269341429.0/6820363962896.0 ...
2006345519317.0/3224310063776.0 ...
2802321613138.0/2924317926251.0];

In each time step, it requires to evaluate the function f five times whereraz the explicit
4-stage fourth order Runge-Kutta only needs four times. In general, evaluating a nonlinear
function f (or nonlinear/linear operator f in solving PDEs) is the most computationally
expensive part. However, this does not necessarily mean that LSERK is more expensive
than the 4-stage fourth order RK. For instance, if LSERK has a larger stability region then
it may allow larger time steps to offset extra cost in one time step.

(a) (10 pts) The LSERK solving u′ = λu can be written as Un+1 = R(z)Un. Find what
R(z) is in terms of a, b and c. (Hint: The first five terms in R(z) are very easy to find
(why?). Once you know the first five terms, it becomes much simpler to find other
higher order terms because you can ignore lower order terms of z when finding the
coefficients for higher ones. There is no need to plug in the values of a, b and c. But
we need to use the fact that a1 = 0.)

(b) (10 pts) Plot the stability regions of LSERK and the 4-stage fourth order RK. Which
one is larger? Suppose we want solve the semidiscrete scheme U′(t) = − 1

∆x2
KU (K is

the tridiagonal −1, 2,−1 matrix) for the heat equation using these two Runge-Kutta
methods (with the largest possible stable time step), then for a given final time T =
1 which Runge-Kutta is more efficient (less number of matrix-vector multiplications
KU)?
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3. (20-25 pts) Consider the Kepler problem:

q′ = Hp, p′ = −Hq,

where p =

(
p1

p2

)
, q =

(
q1

q2

)
and the Hamiltonian is given by

H(q, p) =
p2

1 + p2
2

2
− 1

r
− 0.01

2r3

and r =
√
q2

1 + q2
2. The initial conditions are

q1(0) = 1− β, q2(0) = 0, p1(0) = 0, p2(0) =
√

(1 + β)/(1− β), β = 0.6.

Clearly, H ′ = Hqq
′ + Hpp

′ = 0, so H(q(t), p(t)) = H(q(0), p(0)). Thus |H(q(t), p(t)) −
H(q(0), p(0))| could be a simple error indicator, which underestimates the true error. The
solution can be visualized by plotting q2(t) vs. q1(t) in the q2-q1 plane (phase plane portrait),
which looks like curves on a torus. Download Kepler reference q.m and run the following
script in MATLAB to plot a reference solution in Figure 0.1

load('Kepler reference q.mat');plot(q(1,:),q(2,:));
axis equal;xlabel('q1');ylabel('q2');

Figure 0.1: phase plane portrait

(a) Use the fourth-order Runge-Kutta to solve this ODE system with ∆t = 0.0005 to the
final time T = 500 as a reference solution.

(b) Consider the second-order accurate A-stable implicit midpoint method

un+1 − un

∆t
= f

(
un+1 + un

2
, tn+ 1

2

)
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for the ODE u′ = f(u, t). Implement the midpoint method for the ODE system. Use
Newton’s iteration to solve the nonlinear equations.

(c) (20 points) Run the fourth-order Runge-Kutta and the midpoint method with ∆t = 0.1
and ∆t = 0.01 to the final time T = 500 (four runs in total). Plot the phase plane
portraits (four figures with the same scale). Monitor the maximum of |H(q(t), p(t))−
H(q(0), p(0))|. Let ū(t) denote the reference solution (u = (q, p) and you need to
generate this reference using 4th order RK). Define the true error as e(t) = |u(t)−ū(t)|.
Plot log e(t) vs. t (four curves in total).

(d) (Bonus 5 points) What are your observations and conclusions for this particular prob-
lem?

For instance, a forward Euler method to solve it can be implemented as (it will not
generate an accurate solution with ∆t = 0.001):

function Kepler forwardEuler

T=500;
dt=0.001;
Nt=T/dt;
% u(:,i) is a vector of size 4 at time (i−1)*dt
% u(1)=q1, u(2)=q2, u(3)=p1, u(4)=p2
u=zeros(4,Nt+1);
% The initial condition
beta=0.6;
u(1,1)=1−beta;
u(4,1)=sqrt((1+beta)/(1−beta));
% forward Euler
for i=1:Nt

u(:,i+1)=u(:,i)+dt*RHS Kepler(u(:,i));
end
% Phase Portrait of q1−q2
plot(u(1,:),u(2,:));axis equal
xlabel('q1');ylabel('q2')
set(0,'DefaultTextFontSize',18,'DefaultAxesFontSize', 18)

function f = RHS Kepler(u)
% The right hand side functiosn
% H p and −H q for the modified Kepler problem
% u(1)=q1, u(2)=q2, u(3)=p1, u(4)=p2

r = sqrt(u(1)ˆ2+u(2)ˆ2);
f=zeros(size(u));
f(1)=u(3);
f(2)=u(4);
f(3)=−u(1)/rˆ3−0.015*u(1)/rˆ5;
f(4)=−u(2)/rˆ3−0.015*u(2)/rˆ5;

4. (25 pts) The simplified 1D Maxwell’s equations can be written as{
Et = Hx

Ht = Ex
, (0.2)
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which is equivalent to Ett = Exx or Htt = Hxx. The leapfrog method (second order centered
difference for time and space derivatives) for the two-way wave equation utt = uxx is

Un+1
i − 2Un

i + Un−1
i

∆t2
=
Un
i+1 − 2Un

i + Un
i−1

∆x2
. (0.3)

The FDTD method (second order centered difference for time and space derivatives) for (0.2)
is defined on staggered grid for H:

En+1
i −En

i

∆t
=

H
n+1

2

i+1
2

−H
n+1

2

i− 1
2

∆x

H
n+1

2

i+1
2

−H
n− 1

2

i+1
2

∆t
=

En
i+1−En

i

∆x

(0.4)

(a) (5 pts) By eliminating H, show that (0.4) is equivalent to the leapfrog method for
solving Ett = Exx.

(b) Implement the leapfrog method (0.3) for solving the scalar 1D two-way equation with
periodic boundary conditions on a finite interval [−1, 1]. The exact solution for the
initial value problem

utt = c2uxx,

u(x, 0) = f(x), ut(x, 0) = g(x),

is given by

u(x, t) =
1

2
f(x+ ct) +

1

2
f(x− ct) +

1

2c

∫ x+ct

x−ct
g(z)dz.

(c) (5 pts) To initiate the computation, there are many ways. For instance, we can sim-
ply do a Taylor expansion in time around time=0 to get a second order accurate
approximation at t = ∆t: U1 = f(x) + g(x)∆t. Let D2

∆x denote the central differ-

ence discretization, i.e., D2
∆xUj =

Uj+1−2Uj+Uj−1

∆x2
. The semi-discrete equation can be

rewritten as a first order ODE system:(
Uj
U ′j

)′
=

(
U ′j

c2Uj+1−2Uj+Uj−1

∆x2

)
=

(
0 1

c2D2
∆x 0

)(
Uj
U ′j

)
.

Use the fourth order Runge-Kutta to solve this system for the first time step to initiate
your leapfrog scheme (you can use the exact solution at time=∆t first to initiate the
computation if there is any bug in your code).

(d) (15 pts) Set c = 3, f(x) = cos(πx)3 and g(x) = − sin(πx). Use time step ∆t = 0.7∆x
c

(the CFL number c∆t
∆x
≤ 1 is necessary to ensure the stability, try a bit larger time

step violating this constraint and see what happens). Valid your code by check the
maximum error at time=1 for spatial grid points=40, 80, 120, 160, 200. Show loglog
plot of the errors and compare it the second order slope line. Plot the numerical
solution v.s. the exact solution for the finest grid at time=1. Also try the Taylor
expansion method to initiate the computation, and compare it with 4th order RK,
which method is more accurate?
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5. (15-20 points) Consider 2D wave equation utt = c2(uxx + uyy) with periodic boundary
conditions on a square [−L,L]× [−L,L].

a. Implement the leapfrog scheme. Use 4th order RK to initiate the computation. For
MATLAB users, you should notice that loops might be inefficient because MATLAB
is an interpreted language. Instead, vectorize loops whenever possible. For instance,
to compute the discrete laplacian, using loops is straightforward but very slow:

% U and Laplacian are both 2D arrays of size Nx by Ny.
for j = 2:Ny−1
for i = 2:Nx−1

LaplacianU(i,j)=(U(i+1,j)−2*U(i,j)+U(i−1,j))/dxˆ2...
+(U(i,j+1)−2*U(i,j)+U(i,j−1))/dyˆ2;

end
end

One way to vectorize the discrete Laplacian with homogeneous Dirichlet boundary
condition is by Kronecker tensor product kron function:

Nx = 10; % number of grid points in the x−direction;
Ny = 15; % number of grid points in the y−direction;
ex = ones(Nx,1);
% 1D discrete Laplacian in the x−direction ;
Dxx = spdiags([ex −2*ex ex], [−1 0 1], Nx, Nx)/dxˆ2;
ey = ones(Ny,1);
% 1D discrete Laplacian in the y−direction ;
Dyy = spdiags([ey, −2*ey ey], [−1 0 1], Ny, Ny)/dyˆ2;
% L is a matrix of size Nx*Ny by Nx*Ny
L = kron(Dyy, speye(Nx)) + kron(speye(Ny), Dxx) ;
% U is a matrix of Nx by Ny.
LaplacianU=L*reshape(U,Nx*Ny,1);
LaplacianU=reshape(LaplacianU, Nx, Ny);

b. (10 points) u(x, y, t) = cos
(√

2c2π
L
t
)

cos
(

2π
L
x
)

cos
(

2π
L
y
)

is a solution to the equation.
Use this smooth exact solution to check the second order accuracy of the scheme. Let
L = 2π and c = 1. The initial conditions are u(x, y, 0) = cos x cos y and ut(x, y, 0) = 0.
Boundary conditions are periodic. Fix ∆y = ∆x and ∆t = 0.9∆x/

√
2. Define the

L∞ error at the final time T as max
i,j
|Ui,j − u(xi, yj, T )| where Ui,j is the numerical

solution at the final time at the grid point (xi, yj). Run the code till T = 1 with
Nx = Ny = 8, 16, 32, 64, 128, 256. Show an error table in the following form (the
numbers were made up in the following table):

Nx Error Order
8 2.98e-1 –
16 4.21e-2 2.01
32 2.35e-3 1.99
64 8.00e-4 2.00
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The order is computed as the following. Assume the error is equal to C∆xm and eN
denotes the error for the N -point mesh. Suppose we have eN for N = 8, 16, 32, · · · ,
we want to find m. Then eN

e2N
= C(2L

N
)m/C( 2L

2N
)m = 2m thus m = log eN

e2N
/ log 2. For

instance, fill the cross of third column and the row Nx = 16 with log e8
e16
/ log 2, which

should be around 2 or larger than 2 if your code is correct.

c. (5 points) Let L = 1.1 and T = 1. Use initial condition u(x, y, 0) = 1
a2
e−(x2+y2)/a2 and

ut(x, y, 0) = 0 with a = 0.02. Fix ∆t = 0.99∆x/
√

2. Run with N = 800 till T = 1.
Plot three figures: 1) the solution Ui,j as a 2D image with color bars; 2) the solution
along the line x = 0, i.e., a 1D slice of the 2D solution along x = 0; 3) the diagonal of
the solution, i.e., the 1D cut along the line x = y, label the horizontal axis with
the distance to the origin

√
x2 + y2. Do the same thing to another initial condition

u(x, y, 0) = 0 and ut(x, y, 0) = 1
a2
e−(x2+y2)/a2 with a = 0.02.

d. (Bonus: 5 points) Compare them to your 1D solver with the same initial conditions
1) u(x, 0) = 1

a2
e−x

2/a2 and ut(x, 0) = 0 with a = 0.02 2) u(x, 0) = 0 and ut(x, 0) =
1
a2
e−x

2/a2 with a = 0.02. Observe the fundamental difference between 2D and 1D
wave equations. Recall that 3D is equivalent to 1D with the assumption of spherical
symmetry. Wave equations in even dimensions are fundamentally different from those
in odd dimensions.
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