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ABSTRACT. The “magical" identity discovered by M. Cotlar in 1955 for the
Hilbert transform is established here in the setting of martingale transforms and,
in particular, for conformal martingales. This, together with the probabilistic
representation of the Riesz transforms, shows that, at the level of martingale
transforms and in odd dimensions, they exhibit the same analytic-type structure
as the Hilbert transform on the real line. Consequently, Cotlar’s proof of the
sharp Lp inequality for powers of 2 applies. The significance of the martingale
Cotlar identity, whose proof is entirely elementary, does not lie in providing an
alternative proof of this well-known and relatively simple estimate, but rather in
the structural viewpoint it reveals. This structure is explored further.

Independent of Cotlar’s identity, asymptotic bounds for the Lp norm of the
vector of Riesz transforms are investigated. It is shown that, in the limit as
p → ∞, this norm coincides asymptotically with that of the Hilbert transform
on the real line.

The study of the Cotlar identity in the martingale setting is motivated by the
desire to gain new insight into two longstanding open problems: T. Iwaniec’s
1983 conjecture on the norm of the Beurling-Ahlfors operator and the problem
of determining the sharp constant in E. M. Stein’s 1984 inequality for the vector
of Riesz transforms. Related problems are also discussed.

The paper contains both a survey of known results and new contributions. An
effort has been made to keep the exposition as self-contained as possible and to
present the material in an accessible, largely expository style.
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1. INTRODUCTION

The purpose of this work is to present a Cotlar identity for martingales and to
describe its relationship to the classical Riesz transforms on Rd. Although, as we
shall see, a Cotlar identity does not hold for the Riesz transforms, their representa-
tion à la Gundy-Varopoulos [56] shows that, at the level of martingale transforms
and in odd dimensions, a conformal Cotlar-type structure is nevertheless present.
More precisely, when d is odd, the Riesz transforms arise as conditional expecta-
tions of martingale transforms associated with certain (d + 1) × (d + 1) matrices
which we call Cotlar matrices and for which the Cotlar martingale identity holds.

These matrices naturally extend to Cn, with n = d + 1, the structural features
underlying the Hilbert transform and its connection with analytic functions in the
complex plane; see Remark 4.14, Example 4.20, and equation (4.32). As a con-
sequence of this connection, we obtain the known sharp Lp bounds for the Riesz
transforms when p = 2n, n ∈ N, exactly as in Cotlar’s classical result for the
Hilbert transform and without appealing to the method of rotations, the Pichorides
inequality [80], martingale inequalities from [5] or Bellman function techniques
[91]. These ideas also apply to other geometric settings where no method of rota-
tions is available, including the discrete operators studied in [13, 14, 21, 22] which
use the inequalities form [5].

The now extensive literature, see for example [9, 10, 13, 18, 27, 27, 40] and
the many reference contained therein, on applications of martingale techniques to
Riesz transform and related singular integrals motivates the following questions. Is
there a martingale version of Cotlar’s identity? Could such a martingale identity,
together with the probabilistic representation of the Riesz transforms, lead to ap-
plications in higher dimensions? In particular, might a martingale Cotlar formula
shed new light on the over 40-year old unsolved problems:

(1) the sharp Lp bounds for the vector of Riesz transforms (E. M. Stein [85]),
and

(2) the conjecture of T. Iwaniec [60] concerning the Lp norm of the Beurling-
Ahlfors operator on C,
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even for special values of p such as, for example, powers of 2?
Both problems, and especially (2), have been studied extensively over the past

four decades, with martingale inequalities playing a central role in many of the key
developments. From the martingale point of view, which fails to yield even the
simplest case of p = 2 that follows trivially from Fourier transform, the level of
abstraction required to make further progress on these problems seems remarkably
similar as discussed below.

1.1. Notation. Throughout we will mainly work with smooth real-valued func-
tions of compact support. That is, we assume that f : Rd → R and f ∈ C∞0 (Rd).
Once the Lp inequalities of interest are proved for this class of functions the usual
density arguments give the results for all functions in Lp. There will also be occa-
sions when f : Rd → C and this will be explicitly stated.

The standard notion ‖f‖Lp(Rd) is used for the p-norm of functions in Lp(Rd).
By abuse of notation, ‖T‖Lp(Rd) will denote the norm of an operator T : Lp(Rd)→
Lp(Rd). A notable exception to this will be the norm of the Hilbert transform H
which will always be denoted by ‖H‖p. For functions f : Rd → C we will write
‖f‖Lp(Rd;C) and similarly for operator norms.

For a random variable X defined on a probability space (Ω,P,F) we will use
the notation ‖X‖p for its p-norm.

In what follows 1 < p < ∞ and p∗ = max{p, q}, where q is the conjugate
exponent of p. Define

(1.1) p∗ − 1 =

{
1
p−1 , 1 < p ≤ 2,

p− 1, 2 ≤ p <∞.

The constant p∗ − 1, which is the sharp constant for martingale transforms [32], is
often called the Burkholder constant. Similarly the constant

‖H‖p = cot

(
π

2p∗

)
=

tan
(
π
2p

)
, 1 < p ≤ 2

cot
(
π
2p

)
, 2 ≤ p <∞,

(1.2)

which is the p-norm of the Hilbert transform is often called the Pichorides constant
[80] (independently found by B. Cole [48]).

Our normalization for the Fourier transform is

f̂(ξ) =

∫
Rd

f(x)e2πx·ξdx, f(x) =

∫
Rd

f̂(ξ)e−2πx·ξdξ.

2. COTLAR’S "MAGICAL" IDENTITY

The Hilbert transform H is the most basic singular integral defined on R by

Hf(x) =
1

π
p.v.

∫
R

f(x− y)

y
dy.
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The following well-known and "magical" identity was proved by M. Cotlar in [37,
pg 159]:

(2.1) |Hf |2 = 2H(fHf) + |f |2.
There are other variants of this identity in the literature including those for discrete
and free Hilbert transforms. See for example [13, 14, 53, 70] and references given
there.

Cotlar’s proof of (2.1) is simple using either analytic function arising from the
harmonic extensions of f and Hf to the upper half-space, or by taking Fourier
transforms of both sides and using the fact that

(2.2) Ĥf(ξ) = i sign(ξ)f̂(ξ)

For completeness, and since this argument will be adapted to the setting of
conformal martingales, we outline the proof based on analytic functions. Let
uf (x, y) be the harmonic extension of f to the upper half-space–its convolution
with the Poisson kernel Py(x). Set z = x + iy and consider the analytic function
F (z) = uf (z) + ivf (z), with vf (z) the conjugate harmonic function of uf . Since
F is analytic so is F 2 = u2

f − v2
f + 2iufvf . Set

U = u2
f − u2

Hf , and V = 2ufuHf .

Recall that vf (z) = uHf (z), or equivalently that vHf = u−f , using the fact that
H2 = −I . Taking boundary values we obtain |f |2 − |Hf |2 = −2H(f Hf) and
rearranging gives (2.1).

An application of this identity gives a simple proof of the Lp boundedness of H
with the optimal constant for p = 2k, k ∈ N. Indeed, applying the Minkowski and
Cauchy-Schwarz inequalities, it follows from (2.1) that

‖Hf‖22p = ‖(Hf)2‖p ≤ ‖f2‖p + 2‖H (f ·Hf) ‖p
≤ ‖f‖22p + 2‖H‖p ‖f ·Hf‖p
≤ ‖f‖22p + 2‖H‖p ‖f‖2p ‖Hf‖2p
≤ ‖f‖22p + 2‖H‖p ‖H‖2p ‖f‖22p.

This gives the inequality

‖H‖2p ≤ ‖H‖p +
√

1 + ‖H‖2p.

Note that the last inequality is in fact valid for any 1 < p < ∞. From ‖H‖2 = 1,
induction on n and the trigonometric identity

cot
(α

2

)
= cot(α) +

√
1 + cot2(α),

it follows that

‖H‖p ≤ cot

(
π

2p

)
, p = 2k, k = 1, 2, . . . .(2.3)
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By duality, a similar bound holds for p = 2k

2k−1
with p in cot(·) replaced by its

conjugate exponent. That is, this argument gives Pichorides bound for powers of
2.

For some history of the use of the trigonometric identity in the context of Hilbert
transforms in other settings, see [14, 51, 52] and references therein.

Except for the best constant that arises from the (clever) connection to the
trigonometric identity the above argument and the Marcinkiewicz interpolation
theorem is what Cotlar used to give a proof of the boundedness of the Hilbert
transform on Lp, for 1 < p <∞.

Remark 2.1. It may be of interest to note that in his original proof of the bounded-
ness of the Hilbert transform (conjugate function), Riesz [82] first established the
result for p = 2m by using the fact that if f is analytic so is fp, and then applying
the Marcinkiewicz interpolation theorem; see [54, p. 213].

For j = 1, 2, . . . , d and f ∈ Lp(Rd), the classical Riesz transforms on Rd are
the singular integrals defined by

Rjf(x) = cd p.v.

∫
Rd

yj
|y|d+1

f(x− y)dy, cd = π−
d+1

2 Γ(d+1
2 ),(2.4)

with their Fourier transform given by

(2.5) R̂jf(ξ) =
iξj
|ξ|
f̂(ξ).

When d = 1 both formulations agree with the Hilbert transform. Since the Riesz
transforms or Rd, d > 1, are Fourier multipliers extensions of the Hilbert trans-
form, it follows from de Leeuw’s extension theorem, [39], [54, Theorem 2.5.15],
that ‖H‖p ≤ ‖Rj‖Lp(Rd). On the other hand, the Calderón-Zygmund method of
rotations gives that ‖Rj‖Lp(Rd) ≤ ‖H‖p. Thus,

(2.6) ‖Rj‖Lp(Rd) = ‖H‖p = cot
( π

2p∗

)
, 1 < p <∞.

The equality (2.6) was first verified in [61] with this argument. This fact (i.e., (2.6))
will be use several times below.

In [5], sharp inequalities for orthogonal martingales are proved from which the
upper bound inequality (2.6) follows. A fair questions that one may ask here
is: given the simplicity of the above proof based on the method of rotation, why
the need for martingale inequalities? One advantage of the martingale approach is
their applications to Riesz transforms on different geometric settings beyond Rd,
as the literature already cited shows.

It follows from Cotlar’s Fourier transform proof of (2.1), [37, p. 155], that if
Tm is Fourier multiplier with the function m ∈ L∞(Rd) then the identity for Tm
replacing H is equivalent to

(m(ξ + γ)−m(ξ)) (m(−ξ)−m(γ)) = 0, a.e. ξ, γ ∈ Rd.(2.7)
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This imposes rigid conditions on the multiplier that are rarely satisfied outside of
simple variations of the Hilbert transform. With mj(ξ) =

iξj
|ξ| , it is straightforward

to verify that Cotlar’s identity fails for the Riesz transforms. For example, take
j = 1, ξ = e1, η = e2 (the standard unit vectors) and use continuity at (ξ, η) to
find a neighborhood of this point where the identity does not hold. Similarly, there
is no Cotlar identity for the Beurling-Ahlfors operator or various other classical
Fourier multiplier operators.

Despite the failure of Cotlar’s identity for Riesz transforms, it is shown here
that a version of the identity does hold in odd dimensions for a special subclass
of orthogonal martingales transforms. Moreover, this identity, together with their
probabilistic representation, can be used to prove the sharp Lp-bound for the Riesz
transforms when p = 2n without appealing to the method or rotations, sharp mar-
tingale inequalities or other Burkholder-Bellman function techniques.

The proof of the martingale Cotlar identity is entirely elementary, relying only
on the basic form of Itô’s formula applied to the product of two martingales. Nev-
ertheless, applying the martingale identity to the Riesz transform requires viewing
the martingale transform in a different light than what has typically been used in
previous applications. In particular, the martingale Cotlar identity developed here
isolates the role of conformality at the martingale level for Riesz transforms in odd
dimensions.

Since the application treated here, the sharp Lp bound for p = 2k for the Riesz
transforms, is a special case of (2.6) which admits a simple analytic proof via the
method of rotations and also follows from the martingale inequalities in [5], the
question raised above on the need for martingale for the upper bound in (2.6) be-
comes even more compelling. The value of the martingale Cotlar identity therefore
does not lie in providing an alternative proof for the special case of this estimate,
but rather in the structural viewpoint it reveals. Such identities expose hidden al-
gebraic relationships at the martingale level and may extend to situations where
analytic methods are unavailable. This perspective may be particularly relevant
in settings such as in [13], where Cotlar-type identities and inequalities play a
role in identifying the norm of the discrete Riesz–Titchmarsh Hilbert transform for
p = 2k, k ∈ N.

3. COTLAR’S IDENTITY FOR MARTINGALES

Let us first recall two inequalities for martingales with continuous paths. Fix
d ≥ 2 and let Bt = (B1

t , . . . , B
d
t ) be the standard d-dimensional Brownian motion

equipped with its standard Brownian filtration Ft = σ(Bs : 0 ≤ s ≤ t) on the
probability space (Ω,F ,P). Let Kt = (K1

t , . . . ,K
d
t ) ∈ Rd be predictable with

E
∫ t

0
|Ks|2 ds <∞, for all t > 0.
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For any two vectors u, v ∈ Rd, we use u · v = 〈u, v〉 to denote the standard Eu-
clidean inner product on Rd. Define the martingale given by the stochastic integral

Mt = M0 +

∫ t

0
Ks · dBs, with quadrant variation 〈M〉t =

∫ t

0
|Ks|2ds.(3.1)

We will often refer to martingales of this form as Brownian martingales. If Nt is
another martingale given by a predictable processHt ∈ Rd, the covariation process
of M and N is given by

〈M,N〉t =

∫ t

0
Ms ·Ksds.

Definition 3.1. Consider two martingales Nt and Mt as above. The martingale
Mt is said to be subordinate toNt if for all t, 〈M〉t ≤ 〈N〉t. They are said to be or-
thogonal if 〈M,N〉t = 0, for all t. Throughout the paper, ‖M‖p = supt>0 ‖Mt‖p.

Theorem A ([5, 32]). Suppose M and N are two martingales as above.

(1) Suppose M is subordinate to N . Then

‖M‖p ≤ (p∗ − 1)‖N‖p, 1 < p <∞.(3.2)

(2) Suppose M and N are orthogonal martingales and M is subordinate to
N . Then

‖M‖p ≤ cot

(
π

2p∗

)
‖N‖p, 1 < p <∞.(3.3)

Both inequalities are sharp.

Inequality (3.2) is a case of the celebrate inequalities of Burkholder [32] which
have had multiple applications in different areas of analysis, probability and related
fields. Burkholder inequality hold for Hilbert space-valued martingalesn with the
same cosnatnt. The notion of subordinate orthogonal martingales was introduced
in [5] where the inequality is proved. This too has Hilbert space-valued versions
[24, Theorem A]. The main application in that paper is to prove the sharp inequal-
ity for Reisz transforms in (2.6). An advantage of the martingale approach is their
applications to Riesz transforms on different geometric settings beyond Rd, as the
now large subsequent literature has shown. For parallel weak-type (1, 1) inequali-
ties, we refer the reader to [25] and references therein.

In addition to the literature already mention above, the interested reader is highly
encouraged to consult [79] where many extensions and applications are presented
as well as the survey article [77] where the Burkholder-Bellman function method,
which is at the heart of the sharp martingale inequalities and their applications, is
discussed.

In what follows, our goal is to present a martingale analogue of Cotlar’s identity
and to use it to derive (3.3) in the special case where 〈M〉t = 〈N〉t and p = 2k,
k ∈ N, paralleling Cotlar’s original argument for the Hilbert transform.
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With M and N as above, by Itô’s formula

NtMt =

∫ t

0
MsdNs +

∫ t

0
NsdMs + 〈N,M〉t(3.4)

=

∫ t

0
MsHs · dBs +

∫ t

0
NsKs · dBs +

∫ t

0
Hs ·Ksds.

Taking Mt = Nt gives

M2
t = 2

∫ t

0
MsdMs + 〈M〉t = 2

∫ t

0
MsKs · dBs +

∫ t

0
|Ks|2ds.(3.5)

Let A = (aij) be a d× d matrix with real coefficients. Set ‖A‖2 = sup{|Av|2 :

v ∈ Rd, |v| = 1}. The martingale transform of Mt by A is defined as

A ∗Mt =

∫ t

0
AKs · dBs.(3.6)

Theorem 3.2. Suppose A is a d × d matrix such that Av·v = 0 for all v ∈ Rd.
Then

|A ∗Mt|2 = 2A ∗ (M(A ∗M))t +

∫ t

0
|AKs|2ds− 2

∫ t

0
[MsA

2Ks] · dBs(3.7)

Proof. Applying (3.4) to the product of Mt and (A ∗M)t gives

MtA ∗Mt =

∫ t

0
A ∗MsKs · dBs +

∫ t

0
MsAKs · dBs +

∫ t

0
AKs ·Ksds

=

∫ t

0
K̃ · dBs,

where K̃s = [A ∗MsKs + MsAKs]. The assumption on A gives AKs ·Ks = 0
and 〈M,A ∗M〉t,= 0. Thus Mt(A ∗M)t is a martingale of the above form. Its
martingale transform by A is

A ∗ (M(A ∗M)t =

∫ t

0
AK̃s · dBs =

∫ t

0
[(A ∗M)sAKs +MsA

2Ks] · dBs.

(3.8)

Similarly applying (3.5) to (A ∗M)t gives

|A ∗M)t|2 = 2

∫ t

0
[A ∗MsAKs] · dBs +

∫ t

0
|AKs|2ds.(3.9)

It follows from (3.8) and (3.9) that

2A ∗ (M(A ∗M)t = [(A ∗Mt]
2 + 2

∫ t

0
[MsA

2Ks] · dBs −
∫ t

0
|AKs|2ds.

Equivalently,

|A ∗Mt|2 = 2A ∗M(A ∗M)t − 2

∫ t

0
[MsA

2Ks] · dBs +

∫ t

0
|AKs|2ds,(3.10)

which is the claimed identity. �
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Corollary 3.3. Suppose A is as in the statement of the Theorem. Then,

|A ∗Mt|2 ≤ 2A ∗M(A ∗M)t + ‖A‖2|Mt|2

− 2

∫ t

0
[MsA

2Ks + ‖A‖2MsKs] · dBs.

Proof. Notice that by (3.10),

|(A ∗M)t|2 ≤ 2(A ∗ (M(A ∗M))t

− 2

∫ t

0
[MsA

2Ks] · dBs + ‖A‖2
∫ t

0
|Ks|2ds

Applying (3.5) with Yt = Mt gives∫ t

0
|Ks|2ds = M2

t − 2

∫ t

0
MsKs · dBs

and it follows that

|(A ∗M)t|2 ≤ 2A ∗ (M(A ∗M))t − 2

∫ t

0
[MsA

2Ks] · dBs + ‖A‖2[M2
t

− 2

∫ t

0
MsKs · dBs]

= 2A ∗ (M(A ∗M))t + ‖A‖2M2
t

− 2

∫ t

0
[MsA

2Ks + ‖A‖2MsKs] · dBs,

which gives competes the proof. �

4. MARTINGALE TRANSFORMS

4.1. Cotlar martingale transforms.

Definition 4.1. Supposed d = 2n is even and A = (aij) is a d× d real matrix. We
will say A is a Cotlar matrix if it has the following properties: (1) Av · v = 0 for
all v ∈ Rd and (2) A2 = −I , where I denotes the identity matrix. A martingale
transform by a Cotlar matrix will be called a Cotlar martingale transform.

Note that since det(A2) = (det(A))2 = (−1)d, there are no such d×dmatrices
when d is odd.

The Cotlar martingale identity now follows from Theorem 3.2.

Corollary 4.2 (Cotlar’s martingale identity). Suppose d is even and A is a Cotlar
matrix. Let Mt be a martingale as in (3.1). Then

|A ∗Mt|2 = 2A ∗ (M (A ∗M))t +M2
t .(4.1)

Proof. Since A is a Cotlar matrix,∫ t

0
|AKs|2ds− 2

∫ t

0
[MsA

2Ks] · dBs =

∫ t

0
|Ks|2ds+ 2

∫ t

0
[MsKs] · dBs = M2

t ,

by (3.5). This completes the proof. �
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Since 2A∗(M (A ∗M))t is a martingale, its expectation is 0. Thus E|A∗Mt|2 =
E|Mt|2. From this and (4.1) the exact same induction proof as in (2.3) gives

Theorem 4.3. Suppose d = 2n is even and A is a Cotlar matrix. Then,

‖A ∗Mt‖p ≤ cot

(
π

2p∗

)
‖Mt‖p, p = 2k or p =

2k

2−1
, k ∈ N.(4.2)

Remark 4.4. For the applications to Riesz transforms on Rd we will need to work
with (d+1)×(d+1) matrices. In order to make the connection to Cotlar matrices
we need to restrict to odd dimensions so that d+ 1 is even.

Here are some examples. When d = 1, the following Cotlar matrix

H2 =

[
0 1
−1 0

]
(4.3)

gives the probabilisitic representation of the Hilbert transform on R.
When d = 3 the following three 4× 4 Cotlar matrices

H1
4 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 , H2
4 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 , H3
4 =


0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

 ,
(4.4)

give the probabilisitic representation of the three Riesz transforms: R1, R2, R3 on
R3, respectively. They also have the property that 〈Hj

4v,H
k
4 v〉 = 0, for all j 6= k

and all vectors v ∈ R4, which gives a complex structure on C2.
In general, suppose d is odd so that d + 1 = 2n. Then the following Cotlar

matrix

H2n =



0 1 0 0 · · · 0 0
−1 0 0 0 · · · 0 0
0 0 0 1 · · · 0 0
0 0 −1 0 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 0 1
0 0 0 0 · · · −1 0


= diag(H2,H2, . . . ,H2︸ ︷︷ ︸

n−times

),(4.5)

corresponds to the first Riesz transform R1 on Rd. The other (d − 1) Riesz trans-
forms arise from orthogonal rotations of this matrix.

4.2. Conformal martingales. Before we make the connection] to Riesz trans-
forms on Rd, we present two other (and more general) version of Theorem 4.3.

Definition 4.5 (Conformal martingale). Let (Ω,F , {Ft, t ≥ 0},P) be a filtered
probability space with the usual conditions; the filtration is right continuous and
F0 contains all sets of probability 0.
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(i) A C-valued continuous local martingale Z = X + iY is called conformal
if

〈X〉t = 〈Y 〉t and 〈X,Y 〉t = 0, for all t ≥ 0.

(ii) For any n ≥ 1, a Cn-valued continuous local martingaleZ = (Z1, . . . , Zn)
is called conformal if Zj is conformal for every j = 1, . . . , n.

(iii) A Cn-valued conformal local martingale is said to satisfy the orthogonality
property if

〈Zkt , Z
j
t 〉 = 0, for all j, k.(4.6)

Note that we always have (4.6) for j = k for any Cn-valued conformal martingale

Remark 4.6. In many of the papers in the literature on sharp martingale inequal-
ities and applications to singular integrals starting with [5], and [24], conformal
martingales with the extra cross orthogonality condition (4.6) are simple called
orthogonal martingales.

Since all the martingales here are assumed to be Lp-bounded we will omit the
local martingale terminology and simple use martingale.

Conformal martingales and their connections to analytic functions in the plane
and Cn, in general, have been extensively studied in the literature. For some of
these literature and applications, see [47, 50, 72, 90].

Throughout the rest of this section we assume that all our martingales start at
zero. Notice that if A is a Cotlar matrix the martingale Zt = Mt + iA ∗Mt on
the Brownian filtration is a conformal martingale. The proof of (4.1) and that of
Cotlar’s original identity (2.1) using analytic functions immediately give a similar
identity for C-valued conformal martingales.

We start with a lemma connecting conformal martingales to analytic functions
on C. The lemma is a special case of Proposition 5.4 in [50, pg. 291] valid for
holomorphic functions on Cn. For our needs here it suffices to take of f : C→ C
given by F (z) = z2. However, the proof of the case z2 is really the same as the
proof for the case zk and for completeness we give the proof.

Lemma 4.7. If Z = X + iY is a C-valued conformal martingale and k ∈
{1, 2, 3, . . . }. Then

Z
(k)
t := (Zt)

k

is again a continuous conformal martingale. Writing Z(k)
t = Ut + iVt, we have

〈U〉t = 〈V 〉t, 〈U, V 〉t = 0.

Moreover,

d〈Z(k)〉t = k2|Zt|2k−2 dAt, where At = 〈X〉t = 〈Y 〉t.

Proof. Set F (z) = zk. Since f is analytic we write F (z) = f(x, y) = U(x, y) +
iV (x, y), where U and V are conjugate harmonic functions satisfying the Cauchy-
Riemann equations. It follows from Itô’s formula that both Ut = U(Xt, Vt) and
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Vt = V (Xt, Yt) are martingales. Applying (3.4) and (3.5) with these two martin-
gales gives:

d〈U〉t = |∇U |2dAt, d〈V 〉t = |∇V |2 dAt,

d〈U, V 〉t = (UxVx + UyVy) dAt.

By the Cauchy–Riemann equations,

|∇U |2 = |∇V |2

UxVx + UyVy = Ux(−Uy) + Uy(Ux) = 0

Thus 〈U〉t = 〈V 〉t and 〈U, V 〉t = 0. Recalling that |∇U(z)|2 = |F ′(z)|2 com-
pletes the proof of the Lemma. �

Definition 4.8. For any t > 0 and 1 < p <∞, define

βp := sup
{ ‖Yt‖p
‖Xt‖p

}
,(4.7)

where the sup is taken over all pairs (X,Y ) of martingales such that Z = X + iY
is a conformal martingale.

Since 〈X〉 = 〈Y 〉 for all conformal pairs, β2 = 1. The fact that βp is finite fol-
lows from any one of the multiple versions of the the classical Burkholder-Gundy
inequalities.

Our interest here is in showing that

βp ≤ cot

(
π

2p

)
, p = 2k, k ∈ N.

By Lemma 4.7,

Z2 = X2 − Y 2 + 2iXY = U + iV(4.8)

is a C-valued conformal martingale with real and imaginary parts given by

Ut = X 2
t − Y 2

t , Vt = 2XtYt,

X2
t − Y 2

t = 2

∫ t

0

(
Xs dXs − Ys dYs

)
, 2XtYt = 2

∫ t

0

(
Xs dYs + Ys dXs

)
.

In this setting,

(4.9) Y 2
t = X 2

t −<Z2
t

is the needed Cotlar identity.
Note that without conformality we would have

Z2
t = 2

∫ t

0
ZsdZs + 〈Z〉t,

with 〈Zt〉 6= 0 and Z2 would not be a martingale.
12



Theorem 4.9. Let Z = X + iY be a conformal martingale. Then

‖Y ‖p ≤ cot

(
π

2p

)
‖X‖p, p = 2k, n ∈ N.(4.10)

Proof. Suppose we can show that for every p > 1,

(4.11) β2p ≤ βp +
√

1 + β2
p ,

where βp is the constant in (4.7). Since E(Y 2
t ) = E〈Y 〉t = E〈X〉t) = E(X2

t ),
it follows that β2 = 1. The induction argument as before gives that for p = 2k,

βp ≤ cot
(
π
2p

)
, and (4.10) follows.

To show (4.11), applying the definition of βp to the pair (U, V ) in (4.8) we have

‖X2
t − Y 2

t ‖p ≤ βp ‖2XtYt‖p.

Writing
Y 2
t = X2

t − (X2
t − Y 2

t )

and applying the Minkowski and Cauchy–Schwarz inequalities, exactly as in Cot-
lar’s proof, we obtain

‖Yt‖22p = ‖Y 2
t ‖p ≤ ‖X2

t ‖p + βp‖2XtYt‖p
≤ ‖X2

t ‖p + 2βp‖Yt‖2p‖Xt‖2p
≤ ‖X2

t ‖p + 2βpβ2p‖Xt‖22p
= ‖Xt‖22p + 2βpβ2p‖Xt‖22p.

Hence,
‖Yt‖22p
‖Xt‖22p

≤ 1 + 2βpβ2p,

which again together with the definition of βp gives

β2
2p ≤ 1 + 2βpβ2p.

This competes the proof of (4.11) and (4.10) follows.
�

The inequality (4.10) is a especial ase of the inequality in [5] valid for 1 < p <
∞. We end this section by pointing out the version of Theorem 4.9 for Cn-valued
conformal martingales for any n ≥ 1. This directly follows from the next lemma.

Lemma 4.10. Suppose Z = (Z1, . . . , Zn) ∈ Cn is a conformal martingale with
the orthogonality property (4.6). Set Zk = Xk + iY k. Then

Γt := Zt · Zt =

n∑
k=1

(Zkt )2 =

n∑
k=1

[(Xk)2 − (Y k)2 + 2iXkY k] = Ut + iVt

is a complex-valued conformal martingale with

Ut = ‖Xt‖2`2 − ‖Yt‖
2
`2(4.12)
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and

Vt = 2Xt · Yt = 2
n∑
k=1

∫ t

0

(
Xk
s dY

k
s + Y k

s dX
k
s

)
(4.13)

= 2

∫ t

0
(Xs · dYs + Ys · dXs).

Proof. Since the function F (z) = z2
1 + · · · + z2

k is holomorphic, it follows from
Itô’s formula that Γ is a complex-valued conformal martingale. This is again a
special case of Proposition 5.4 in [50, pg. 291] which states that if F : Cn →
C is holomorphic and Z = (Z1, . . . , Zn) is a Cn-valued conformal martingale
satisfying (4.6), then F (Z) is a C-valued conformal martingale.

However, verifying F (Z) is a conformal martingale for our function F is very
simple without appealing to the general result. Indeed, by Lemma 4.7, (Zk)2 is a
martingale and hence so is their sum Γ. It remains to show that Γ is conformal.
Computing the covariance and using (4.6),

〈Γ〉t = 〈
n∑
j=1

(Zj)2,

n∑
k=1

(Zk)2〉t =

n∑
j,k=1

〈(Zj)2, (Zk)2〉t

= 4

n∑
j,k=1

Zjt Z
k
t 〈Zj Zk〉t.

= 0.

�

Remark 4.11. For a concrete example of a Cn, n = 2d, valued conformal martin-
gales with the orthogonal property that arises from a Beurling-Ahlfors operators
on Rd, see (6.30) and the discussions that follows.

From Lemma 4.10 and the same proof as that of Theorem 4.9 we have the vector-
valued version.

Theorem 4.12. Let Z = X + iY conformal Cn-valued martingale with the or-
thogonality property. Then for p = 2k, k ∈ N,

‖ ‖Y ‖`2‖p ≤ cot
( π

2p

)
‖ ‖X‖`2 ‖p.

4.3. Riesz transforms as projections of Cotlar martingale transforms. Before
we return to the Cotlar-Hilbert martingale transforms, we explain how the mar-
tingale transform on Rd arise as projections operators, equivalently conditional
expectations, of the martingale transforms. This is the celebrated work of Gundy-
Varopoulos [56] that has been so extensively used in the literature. Here, we use
the notation in [6, 8]. Let Bt = (Xt, Yt) = (X1

t , . . . , X
d
t , Yt) be (d + 1) dimen-

sional Brownian motion in the upper half-space of Rd+1
+ = Rd × (0,∞) starting

with the Lebesgue measure on the hyperplane {(x, y) : x ∈ Rd, y = a}, a > 0.
14



Let τ = inf{t > 0 : Yt = 0} be its exit time. We identify Bτ = (Xτ , 0) with Xτ .
If P(x,a) is the probability measure associated with Bt = (Xt, Yt) starting at the
point (x, a) with x ∈ Rd and a > 0, define the measure Pa by

Pa(Bt∧τ ) ∈ Θ) =

∫
Rd

P(x,a)(Bt∧τ ∈ Θ)dµ(x),

for any Borel set Θ ∈ Rd ×R+. In particular, for any Borel set Θ ⊂ Rd, Py(Xτ ∈
Θ) = m(Θ), where m is the Lebesgue measure on Rd. Hence,

(4.14) Ea(f(Xτ )) =

∫
Rd

f(x)dµ(x).

In the same way, by independence, the transition probability of {Bt; τ > t} is
the product of the heat kernel in Rd and the heat kernel for the half-line (0,∞).
Integrating away the heat kernel in the x-variable (since the Brownian motion has
the Lebesgue measure as its initial distribution) and computing the Green’s func-
tion for the half-line gives
(4.15)

Ea
∫ τ

0
F (Bs) ds =

∫ ∞
0

Ea[F (Bs); τ > t] = 2

∫ ∞
0

∫
Rd

(y ∧ a)F (x, y) dx dy,

for all nonnegative functions F on Rd+1
+ . Both (4.14) and (4.15) continue to hold

for those f and F for which the integrals are finite.
At this point we could apply the martingale inequalities with respect to the prob-

ability measure of Brownian motion starting at the (x, a) and then let a → ∞ to
get our results for their projections. This is done in [6]. Here we will proceed
as in the original paper of Gundy and Varopoulos [56] where they used a time-
reversal argument to let a → ∞ and construct a filtered probability space and a
process {Bt = (Xt, Yt)} indexed by t ∈ (−∞, 0], which they called the back-
ground radiation process. Heuristically speaking, the paths of Bt are Brownian
paths which originate from "{a = ∞}" at time t = −∞ and exit Rd+1

+ at time
t = 0 with Lebesgue measure as their distribution. Letting E be the expectation
with respect to the measure associated with the background radiation process, the
identities (4.14) and (4.15) become, respectively,

(4.16) Ef(B0) =

∫
Rd

f(x) dx

and

(4.17) E
∫ 0

−∞
F (Bs) ds = 2

∫ ∞
0

∫
Rd

yF (x, y) dx dy.

For f ∈ C∞0 (Rd), let Uf (x, y) = Pyf(x) be the convolution of f with the
Poisson kernel

Py(x) =
cd y

(|x|2 + |y|2)
d+1
2

,
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where cd is the constant as in the definition of the Riesz transforms (2.4). We set

∇Uf (x, y) = (∂yUf (x, y), ∂x1Uf (x, y), . . . , ∂xdUf (x, y))

= (∂yPyf(x), ∂x1Pyf(x), . . . , ∂xdPyf(x),)

and
dBs =

(
dYs, dX

1
s , . . . , dX

d
s

)
.

Apply Itô’s formula to get the martingale

Mf
t = Uf (Xt, Yt) =

∫ t

−∞
∇Uf (Xs, Ys) · dBs, t ∈ (−∞, 0).

Note that

(4.18) Mf
0 = f(B0) =

∫ 0

−∞
∇Uf (Xs, Ys) · dBs.

For any (d+ 1)× (d+ 1) matrix A define the martingale transform

A ∗Mf
t =

∫ t

−∞
A∇Uf (Xs, Ys) · dBs, t ∈ (−∞, 0]

and its projection operator (conditional expectation) on Rd by

TAf(x) = E[A ∗Mf
0

∣∣B0 = (x, 0)] = E
(∫ 0

−∞
A∇Uf (Xs, Ys) · dBs

∣∣X0 = x

)
.

(4.19)

Since the conditional expectation is a contraction on Lp for any 1 < p <∞ and
the distribution of B0 is the Lebesgue measure, we immediately have

‖TAf‖p ≤
(
E|A ∗Mf

0 |
p
)1/p

= ‖A ∗Mf
0 ‖p 1 < p <∞.(4.20)

From this and Theorem 4.3 we have

Corollary 4.13. Suppose d is odd andA is a (d+1)× (d+1) Cotlar matrix. Then

‖TAf‖p ≤ cot

(
π

2p∗

)
‖f‖p, p = 2k or p =

2k

2n − 1
, n ∈ N.(4.21)

Remark 4.14. An important distinction for the case d = 1 comes from the fact
that the Cauchy-Riemann equations give

H2∇Uf = ∇UHf .

Consequently,

H2 ∗Mf
0 = MHf

0 = Hf(B0).(4.22)

Thus the conditional expectation plays no role in this case and equality holds in
(4.20).
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For any d > 1, consider the (d + 1) × (d + 1) matrices Rj , j = 1, 2, . . . , d,
defined by

Rj = [ajlm] =


1, l = 1,m = j + 1

−1, l = j + 1,m = 1

0, otherwise,

(4.23)

and for j, k = 1, 2, . . . , d, j 6= k, the matrices R(j,k) defined by

R(j,k) =
[
a

(j,k)
`m

]
=


−1, ` = k + 1, m = j + 1,

−1, ` = j + 1, m = k + 1,

0, otherwise.

Example 4.15. For example, with d = 3, we have the following:

R1 =


0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

 ,R2 =


0 0 1 0
0 0 0 0
−1 0 0 0
0 0 0 0

 ,R3 =


0 0 0 1
0 0 0 0
0 0 0 0
−1 0 0 0.


(4.24)

and

R(1,2) =


0 0 0 0
0 0 −1 0
0 −1 0 0
0 0 0 0

 ,R(1,3) =


0 0 0 0
0 0 0 −1
0 0 0 0
0 −1 0 0

 ,R(2,3) =


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 −1 0

 .
In Addison, R(1,2) = R(2,1), R(1,3) = R(3,1) and R(2,3) = R(3,2).

The above matrices can be decompose as the sum of two matrices in the form of

Rj = R1
j + R2

j , and R(j,k) = R1
(j,k) + R2

(j,k)

where,

R1
j =

{
1, l = 1,m = j + 1

0, otherwise,
, R2

j =

{
−1, l = j + 1,m = 1

0, otherwise,
(4.25)

and

R1
(j,k) =

{
−1, ` = k + 1, m = j + 1,

0, otherwise,
,(4.26)

R2
(j,k) =

{
−1, ` = j + 1, m = k + 1,

0, otherwise.
(4.27)

For {j, k = 1, . . . , d}, the second order Riesz transforms are the Fourier multi-
plier operators with

R̂(j,k)f(ξ) =
−ξ1ξ2

|ξ|2
f̂(ξ).
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Lemma 4.16. For all f ∈ C∞0 (Rd) the following hold.

(i) For all j ∈ {1, . . . , d},

TR1
j
f = TR2

j
f =

1

2
Rjf. Hence TRjf = Rjf.

(ii) For all j 6= k ∈ {1, . . . , d},

TR1
(j,k)

f = TR2
(j,k)

f =
1

2
R(j,k)f. Hence TR(j,k)

f = R(j,k)f.

Proof. This follows from Gundy-Varopoulos [56]. Here we give the proof of (i)
following the computation in [8, pg. 817]. The proof of (ii) is exactly the same.
Recall that

P̂yf(ξ) = e−2πy|ξ|f̂(ξ) and ∂̂xjf(ξ) = −2iπξj f̂(ξ)

Let g be another smooth function of compact support. Set

N = g(B0) =

∫ 0

−∞
∇Ug(Xs, Ys) · dBs

and

M = R1
j ∗M

f
0 =

∫ 0

−∞
R1
j∇Uf (Xs, Ys) · dBs =

∫ 0

−∞
∂xjUf (Xs, Ys)dYs.

By (3.4) and (4.17) we have

E[NM ] = E〈N,M〉 = E
∫ 0

−∞
∂xjUf (Xs, Ys)∂yUg(x, y)ds

=

∫ ∞
0

∫
Rd

2y ∂x1Uf (x, y)∂yUg(x, y)dx dy.

This gives,∫
Rd

g(x)TR1
j
f(x)dx = E[g(B0)TR1

j
f(B0)]

= E
(
E
(
g(B0)

∫ 0

−∞
∂xjUf (Xs, Ys)dYs

) ∣∣∣B0

)
= E[NM ] = E

∫ 0

−∞
∂xjUf (Xs, Ys)∂yUg(x, y)ds

=

∫ ∞
0

∫
Rd

2y ∂x1Uf (x, y)∂yUg(x, y)dx dy

= 2

∫ ∞
0

y

∫
Rd

̂∂xjUf (ξ, y) ̂∂yUf (ξ, y), dξ,

= 8π2

∫
Rd

iξj |ξ| f̂(ξ) ĝ(ξ)

(∫ ∞
0

ye−4πy|ξ| dy

)
dξR̂jf(ξ) ĝ(ξ) dξ

=
1

2

∫
Rd

Rjf(x) g(x) dx.
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This shows that TR1
j
f = 1

2Rjf and competes the proof of (i). The proof of (ii) is
exactly the same. �

Remark 4.17. The use of the background radiation process can be entirely avoided
by defining the operators

T aAf(x) = Ea
(∫ τ

0
A∇Uf (Xs, Ys) · dBs

∣∣Xτ = x

)
.

Taking A = Rj and integrating against another smooth function as above and
letting a → ∞ shows that T aRj

f → Rjf in L2. Since all the Lp-bounds of the
operators T aRj

are independent of a, they remain valid for Rj . For more details on
this construction, see [6].

The lemma immediately gives the following

Corollary 4.18. Consider the (d+ 1)× (d+ 1) matrix

R̃(j,k) =
[
ã

(j,k)
`m

]
=


1, ` = j + 1, m = k + 1,

−1, ` = k + 1, m = j + 1

0, otherwise,

then

TR̃(j,k)
f =

1

2

(
R(j,k)f −R(k,j)f

)
= 0.(4.28)

Theorem 4.19. Suppose d > 2 is odd so that d + 1 = 2n for and integer n > 1.
Let R1 be the first Riesz transform on Rd. Consider the Cotlar matrix H2n given
in (4.5). Then the projection of the Cotlar martingale transform H2n ∗Mf

t is R1f .
That is,

TH2nf = R1f(4.29)

and

‖R1f‖p ≤ cot

(
π

2p∗

)
‖f‖p, p = 2k or p =

2k

2k − 1
, k ∈ N.(4.30)

Proof. Observe that the matrix H2n is the sum of the elementary skew symmetric
matrices generating the 2 × 2 blocks on the index pairs (1, 2), (3, 4), . . . , (2n −
1, 2n). For k = 1, . . . , n−1, define as above the (d+1)×(d+1) matrix R̃(2k,2k+1)

by

R̃(2k,2k+1) =
[
ã

(2k,2k+1)
`m

]
=


1, ` = 2k + 1,m = 2k + 2),

−1, ` = (2k + 2,m = 2k + 1),

0, otherwise.

That is, R̃(2k,2k+1) is zero except for a single 2 × 2 skew-symmetric block acting
on rows and columns 2k + 1 and 2k + 2. Then H2n = R1 +

∑n−1
k=1 R̃(2k,2k+1)
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and

H2n ∗Mf
t = R1 ∗Mf

t +
n−1∑
k=1

R̃(2k,2k+1) ∗M
f
t .(4.31)

Taking conditional expectation and employing (4.28) we obtain

TH2nf(x) = R1f(x) +
n−1∑
k=1

T
R̃(2k,2k+1)

f(x) = R1f(x).(4.32)

The bound in (4.30) follows from Corollary 4.13, completing the proof of the the-
orem. �

Example 4.20. Suppose d = 3 and consider the Cotlar matrices H1
4,H

2
4,H

3
4 given

in (4.4). The above construction gives:

(1) TH1
4

= R1 + 1
2(R(2,3) −R(3,2)) = R1

(2) TH2
4

= R2 + 1
2(R(1,3) −R(3,1)) = R2

(3) TH3
4

= R3 + 1
2(R(1,2) −R(2,1)) = R3

Remark 4.21. Extending the Lp bound from odd to even dimensions presents no
problem. Recall that by de Leeuw’s extension theorem ([39], [54, Theorem 2.5.15])
the Riesz transforms on Rd2 are Fourier extensions of those on Rd1 , d2 > d1.
Hence the upper bound for ‖R1‖p→p in the Corollary holds for all d > 1. Of
course, we already knew that but here we have shown it in the case of powers of 2
directly from the Cotlar identity.

Remark 4.22. By a rotation of the matrix H2n, as in the example for d = 3, we
can verify that Rj , j = 2, . . . , d, are projection of a Cotlar martingale transforms
and hence we have the same bound for Rj as for R1. However, if the only thing we
want is to get the same Lp norm for Rj as that of R1, this is immediate. Indeed,
for j = 2, . . . , d, let ρ be orthogonal matrix ρ ∈ O(d) (the orthogonal group in
Rd) with ρe1 = ej and define (Uρf)(x) = f(ρ−1x). Then Rj = U−1

ρ R1Uρ.
Consequently, ‖Rjf‖p = ‖R1(f ◦ ρ−1)‖p and hence ‖Rj‖p→p = ‖R1‖p→p.

4.4. On a theorem and a problem of R. Durrett. As we showed above, for any
d > 1 the (d + 1) × (d + 1) matrices Rj , j = 1, . . . , d in (4.23) have the prop-
erty that TRj = Rj . That is, the Riesz transforms Rj are projections (condi-
tional expectations) of the martingale transforms by the matrices Rj applied to the
Brownian martingales obtained by composting the harmonic extensions of func-
tions with Brownian motion in the upper half-space of Rd+1. Motivated by Davis
[38] probabilistic proof of Stein and Wiess [88] theorem that the distribution of
the the conjugate function on the circle, equivalently of Hilbert transform, of an
indicator function of a Lebesgue measurable set depends only on measure of the
set, Durrett proved the following
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Theorem A (R. Durret [47]). Let B ∈ F∞, 0 < P(B) < 1. There are constants
C and γ which only depend on P(B) and the matrices so that

P

(
sup
j

sup
t
|Rj ∗ 1B| > y

)
≥ Ce−γy.(4.33)

Problem 4.23. The validity of such an inequality for the Riesz transforms is raised
in [47, p. 34]. To the best of our knowledge this problem remains open.

As we have already seen, when d is odd, equivalent d + 1 = 2n, the Riesz
transforms on Rd are given by the projection operators TH1 , . . . , THd

where the
matrices H1, . . . ,Hd are 2n× 2n, d+ 1 = 2n, and satisfy

(1) Cotlar property

x ·Hjx = 0, |Hjx| = |x|, for all x ∈ R2n.

(2) Mutual orthogonality

(Hix) · (Hjx) = 0 i 6= j, for all x ∈ R2n.

Using these matrices a sharp version of (4.33) with an explicit constants is possi-
ble. This fact was already indicated in Durrett’s paper following Davis’s argument
for the Stein-Weiss result. Here we also the compute the exact distribution of the
martingale transform.

Towards that end, let Bt = (B1
t , . . . , B

2n
t ) be the standard 2n-dimensional

Brownian motion equipped with the standard Brownian filtration Ft = σ(Bs :
0 ≤ s ≤ t) on the probability space (Ω,F ,P). Let E ∈ F∞ with 0 < P(E) < 1.
Consider the martingale

Mt = E(1E | Ft)
which can be written as

(4.34) Mt := P(E) +

∫ t

0
Ks · dBs,

where Ks ∈ R2n predicable. To simplify notation set Y j
t = (Hj ∗ 1E)t, the

martingale transforms by the matrices Hj , j = 1, . . . , 2n, and Y 0
t = Mt − P(E).

By properties (1) and (2) the martingale

Zt := (Y 0, Y 1
t , . . . , Y

2n
t ) = (Y 0

t , Y
1
t , . . . , Y

2n
t ) ∈ R2n+1

is an orthogonal martingale. That is, 〈Y j , Y k〉t = 0, for all j 6= k and d〈Y j , Y j〉t =
|Kt|2dt. Hence

d〈Z〉t = |Kt|2I2n+1 dt.

By Dambis-Dubins-Schwarz theorem (see [47, (1), p. 78]) there exists an (2n+1)-
dimensional Brownian motion B̃t such that Zt = B̃〈X〉t . Moreover, if we set τ :=
〈X〉∞, then

(Y 1
∞, . . . , Y

2n
∞ )

d
= (B̃(1)

τ , . . . , B̃(2n)
τ ),

and since M∞ = 1E ∈ {0, 1}, τ is the first exit time of one dimensional Brownian
motion from the interval (−P(E), 1− P(E)).
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Lemma 4.24. Set β = P(E). Let τ be the first exit time of planar Brownian motion
(B1

t , B
2
t ) started at (0, 0) from the strip

S = (−β, 1− β)× R.

Then the distribution of the vertical coordinate B2
τ has density

fβ(λ) =
sin(πβ) cosh(πλ)

sinh2(πλ) + sin2(πβ)
, y ∈ R.(4.35)

which in particular depends only on the probability of the event E .

These type of lemmas are usually proved by conformally mapping the upper
half-space, whose Poisson kernel is

1

π

y

(|x|2 + y2)
,

onto the strip by the exponential map F (z) = eiπz . We leave this to the reader as an
easy exercise in basic complex analysis. For examples of these type of applications,
see [38, Theorem 3] and [64, Lemma 2,1].

Applying the Lemma with the pair (Y 0
t , Y

j
t ), j ≥ 1, it follows that

P (|Y (j)
∞ | > λ) = P(|B̃(j)

τ | > λ) = 2

∫ ∞
λ

fβ(x) dx =
2

π
arctan

(
sin(πβ)

sinh(πλ)

)
.

(4.36)

For the last equality, we make the substitution t = sinh(πx), dt = π cosh(πx) dx
and get

2

∫ ∞
λ

fβ(x) dx =
2 sin(πβ)

π

∫ ∞
sinh(πy)

dt

t2 + (sin(πβ))2
=

2

π
arctan

(
sin(πβ)

sinh(πλ)

)
.

Proposition 4.25. For every 0 < β < 1 and every λ > 0,

2 arctan 2

π
sin(πβ)e−πλ ≤ 2

π
arctan

(
sin(πβ)

sinh(πλ)

)
(4.37)

≤ min

{
1,

8

π
sin(πβ)e−πλ

}
.

Proof. To simplify notation, set a = sin(πβ) ∈ (0, 1) and t = πλ > 0.

Upper bound: Since arctan(x) ≤ π/2 for x ≥ 0,

(4.38)
2

π
arctan

( a

sinh t

)
≤ 1.

Moreover, for t > 0, sinh t > 0, so a
sinh t > 0 and, using arctan(x) ≤ x, for

x ≥ 0, we have
2

π
arctan

( a

sinh t

)
≤ 2

π

a

sinh t
.

If t ≥ 1
2 log 2, then

sinh t =
et − e−t

2
=
et

2
(1− e−2t) ≥ et

4
,
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and hence
a

sinh t
≤ 4ae−t.

Therefore,
2

π
arctan

( a

sinh t

)
≤ 8

π
ae−t.

Combining this estimate with (4.38) gives

2

π
arctan

( a

sinh t

)
≤ min

{
1,

8

π
ae−t

}
.

which is the righthand side of (4.37)

Lower bound. For all t ≥ 0,

sinh t =
et − e−t

2
≤ et

2
,

so
a

sinh t
≥ 2ae−t.

Since arctan is increasing,

arctan
( a

sinh t

)
≥ arctan

(
2ae−t

)
.

For 0 ≤ x ≤ 2, the function u 7→ arctanx/x is decreasing, hence

arctanx ≥ arctan 2

2
x.

Since 0 ≤ 2ae−t ≤ 2, we obtain

arctan
(
2ae−t

)
≥ arctan 2 ae−t.

Therefore,
2

π
arctan

( a

sinh t

)
≥ 2 arctan 2

π
ae−t,

proving the lefthand side of (4.37) and the claim. �

From (4.36) and (4.37), it follows that for all λ > 0,

2 arctan 2

π
sin(πβ)e−πλ ≤ P(|Hj ∗ 1E | > λ) ≤ min

{
1,

8

π
sin(πβ)e−πλ

}
.

By the reflection principle for Brownian motion, we have

P(|B̃τ | > λ) ≤ P
(

sup
0≤s≤τ

|B̃τ | > λ

)
≤ 2P(|B̃τ | > λ).

2 arctan 2

π
sin(πβ)e−πλ ≤ P

(
sup
t>0
|(Hj ∗ 1E)t| > λ

)
(4.39)

≤ 2 min

{
1,

8

π
sin(πβ)e−πλ

}
.
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Finally,

2 arctan 2

π
sin(πβ)e−πλ ≤ P

(
sup

1≤j≤2n
sup
t>0
|(Hj ∗ 1E)t| > λ

)
(4.40)

≤ 4nmin

{
1,

8

π
sin(πβ)e−πλ

}
,

gives the lower bound in (4.33) with explicit constants. For a single Hj the upper
bound is also independent of dimension. independent.

We summarize the above in the following theorem.

Theorem 4.26. Suppose d is odd and set d + 1 = 2n. Let H1, . . . ,Hd be the
above 2n × 2n matices so that the operators TH1 , . . . THd

correspond to the Riez
transforms R1, . . . Rd as in (4.32). Then for any set E ∈ F∞ with 0 < P(E) < 1
the distribution of (Hj ∗ 1E) is given by (4.36) and in particular, it dependents
only on the β = P(E). Furthermore, the distribution of supt |(Hj ∗ 1E)t| and
sup1≤j≤2n supt>0 |(Hj ∗ 1E)t| satisfy the exponential bounds given by (4.39) and
(4.40), respectively.

Remark 4.27. The argument in [47] is based on decomposing the martingale
transform as

(Rj ∗ 1E)t = Yt + Zt,

where Yt is the component parallel to the martingale direction and Zt is obtained
by projecting the integrand Ks in (4.34) onto its orthogonal complement. Then Zt
can be represented as a time–changed Brownian motion Bt run up to the random
time u0 = 〈Z〉∞. It is then shown that u0 is independent of σ (Mt; t ≥ 0) and
conditioning on u0,

P
(

sup
t
|(Rj ∗ 1E)t| > λ

∣∣∣∣u0

)
≥ 1

2
P
(

sup
0≤u≤u0

|Bu| > λ

∣∣∣∣u0

)
.

The right-hand side is just the usual Brownian tail with time parameter u0. Thus
the constant γ in (4.33) ultimately depends on the distribution of u0, and hence on
the law of the underlying martingale, not merely on P(E).

This is in contrast with the Cotlar setting, where the exponential rate equals π
and it is independent of E , reflecting the exact identity rather than the decompo-
sition. In particular, for degenerate matrices such as R1, u0 may be arbitrarily
small, so no exponential rate depending only on P(E) can be extracted from this
argument. See [47] for details.

As it has already being mentioned, in [38, Theorem 1] Davis gave a probabilistic
proof of classical result of Stein and Weiss [88, p. 240] that the distribution of the
conjugate function of an indicator function of a measurable set A on the circle
depends only on its measure. This result follows from the explicit formula given
above. We give the proof here for the Hilbert transform on R.
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Let Bt = (Xt, Yt) be Brownian motion in the upper half-space of R2 starting at
the point (0, a), a > 0 and let τ = inf{t : Yt = 0}; its first exit time. Let A ⊂ R
be Lebesgue measurable with 0 < |A| < ∞. Its harmonic measure at the point
(0, a) is

P(0,a)(Bτ ∈ A) = U1A(0, a) =
1

π

∫
A

a

|s|2 + a2
ds = βa.

It has the following properties:

(1) (πa)βa → |A| and (2) βa → 0, both as a→∞.
From (4.36) and Remark 4.14 (Itô’s formula plus the Cauchy-Riemann equations)

P(0,a) (|H1A(Bτ )− βa| > λ) =
2

π
arctan

(
sin(πβa)

sinh(πλ)

)
.(4.41)

Fix λ > 0. Since,

πa
2

π
arctan

(
sin(πβa)

sinh(πλ)

)

=
2

π

arctan

(
sin(πβa)

sinh(πλ)

)
sin(πβa)

sinh(πλ)

sin(πβa)

βa

1

sinh(πλ)
πaβa,

using (1) and (2), we have, as a→∞,

arctan

(
sin(πβa)

sinh(πλ)

)
sin(πβa)

sinh(πλ)

→ 1,
sin(πβa))

βa
→ π.

This gives the following

Corollary 4.28.
(4.42)

|{x ∈ R : |H1A(x)| > λ}| = lim
a→∞

πa
2

π
arctan

(
sin(πβa)

sinh(πλ)

)
=

2|A|
sinh(πλ)

.

From the density formulas restricted to the two boundary components of the
strip, for every λ > 0 we have

P(0,a)

(
Bτ ∈ A, |H1A(Bτ )− βa| > λ

)
=

∫
|u|>λ

sin(πβa)

2(cosh(πu) + cos(πβa))
du,

and

P(0,a)

(
Bτ ∈ Ac, |H1A(Bτ )− βa| > λ

)
=

∫
|u|>λ

sin(πβa)

2(cosh(πu)− cos(πβa))
du.

Multiplying by πa and using sin(πβa) ∼ πβa and cos(πβa)→ 1, we obtain

πaP(0,a)

(
Bτ ∈ A, |H1A(Bτ )− βa| > λ

)
→ |A|

∫
|u|>λ

π

2(cosh(πu) + 1)
du.
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By symmetry and the identity cosh t+ 1 = 2 cosh2(t/2),∫
|u|>λ

π

2(cosh(πu) + 1)
du = π

∫ ∞
y

du

cosh(πu) + 1

=
π

2

∫ ∞
λ

sech2
(πu

2

)
du

=

∫ ∞
πy/2

sech2 v dv

= 1− tanh
(πλ

2

)
=

2

eπy + 1
.

Hence

lim
a→∞

πaP(0,a)

(
Bτ ∈ A, |H1A(Bτ )− βa| > y

)
=

2|A|
eπy + 1

.

On the other hand,

P(0,a)

(
Bτ ∈ A, |H1A(Bτ )− βa| > y

)
=

1

π

∫
A∩{|H1A(s)−βa|>y}

a

s2 + a2
ds,

so

πaP(0,a)

(
Bτ ∈ A, |H1A(Bτ )− βa| > y

)
=

∫
A∩{|H1A(s)−βa|>y}

a2

s2 + a2
ds.

Letting a→∞ yields

Corollary 4.29. ∣∣{x ∈ A : |H1A(x)| > y}
∣∣ =

2|A|
eπy + 1

.(4.43)

Similarly, ∣∣{x ∈ Ac : |H1A(x)| > y}
∣∣ =

2|A|
eπy − 1

.(4.44)

Both equalities (4.43), (4.44) were first proved in [67] by different analysis
methods.

Versions of the above inequalities hold for the martingale transforms associated
with the matrices Hj in all odd dimensions constructed by the harmonic extension
of indicator of Lebesgue sets in Rd. These results do not apply, at least not directly,
to the operators Rj = THj since their distributions need not be controlled by those
of the corresponding martingale transforms, as is the case for Lp norms, 1 ≤ p <
∞. For closely related Lp, LLogL and versions of weak-type inequalities that
hold in all dimensions and apply to Riesz transforms in other geometric settings,
see [18, 76, 78].

These types of arguments have been used to identify the best constants in the
Kolmogorov weak-type inequality for the Hilbert transform, as originally done in
[38] for p = 1, and subsequently for the general case of orthogonal martingales in
[64] for 1 ≤ p ≤ 2. While the weak-type inequalities hold for the Hilbert transform

26



as well as for martingale transforms associated with the matrices Hj , the problem
of proving similar estimates for Rj = THj remains open.

In particular, it is not known whether these operators satisfy a weak-type (1, 1)
inequality with constant independent of the dimension, a problem raised by E. M. Stein
[87, Problem (b), p. 203] in his Berkeley 1986 ICM address. It was shown in [65]
that the weak-type constant grows at most logarithmically in d, which, to the best
of our knowledge, is the best result currently available in the literature. The proof
uses a modification of the Calderón-Zygmund decomposition which in its classical
form leads to exponential growth with in the dimension.

In [83] a different proof of Janakiraman’s result is presented which shows that
the problem can be reduced to studying Riesz transforms applied to finite sums of
Dirac masses. Even such logarithmic growth does not appear attainable using the
current martingale methods.

5. PROBLEM 1: E.M. STEIN’S INEQUALITY FOR VECTOR OF RIESZ

TRANSFORMS

5.1. Brief history. Set

Rf = (R1f,R2f, . . . , Rdf)

and

‖R‖Lp(Rd) = sup
‖f‖

Lp(Rd)≤1

∥∥∥( d∑
k=1

|Rkf |2
)1/2 ∥∥∥

Lp(Rd)
.(5.1)

It follows from Calderón-Zygmund theory [84] that

‖R‖Lp(Rd) ≤

{
Cd
p−1 , 1 < p ≤ 2,

Cd(p− 1), 2 ≤ p <∞,
(5.2)

where the constant Cd grows exponentially with d. The behavior in p, as→ 1 and
p→∞, is best possible. In his landmark paper [85] E. M. Stein proved (5.2) with
a constant Ap independent of d. His proof uses Lp-inequalities for Littlewood-
Paley square functions [86]. His constant, although independent of dimension, did
not give the correct behavior in p. It uses the fact that ‖g(f)‖Lp(Rd) is comparable
to ‖f‖Lp(Rd), 1 < p < ∞, with constants depending only on p. Here g denotes
the (horizontal, vertical or full) Littlewood-Paley function as in [84, Chapter IV].
While it is well-known that ‖g(f)‖Lp(Rd)) ≤ bp‖f‖Lp(Rd) with bp ∼ O(

√
p), as

p → ∞ and that this growth is best possible, the best known behavior for the
constant ap in the inequality ‖f‖Lp(Rd) ≤ ap‖g(f)‖Lp(Rd) is O(p), as p → ∞.
Hence the Littlewood-Paley function argument will give, at best, Ap ∼ p3/2, as
p→∞.

It is worth noting here that proving that the behavior of ap is O(
√
p) for the

Littlewood-Paley function g is a well-known open (and perhaps forgotten by now)
problem which is related to the sub-gaussian behavior of functions with bounded
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Luzin area integral studied by Chang, Wilson and Wolff [35]. For more information
on this type of behavior of constants for square functions on Rd, see [16].

A different proof of (5.2) (and a version for Wiener space) was given by P. A. Meyer
in [71] using the Burkholder-Gundy martingale square function inequalities to
prove the needed Littlewood-Paley inequalities. A similar argument was used in
A. Bennett’s 1984 thesis [29] written under Stein. These proofs did not yield the
correct behavior in p either.

Stein’s papers on dimension-free bounds for Riesz transforms, maximal func-
tions, and other classical operators in analysis generated great interest in the har-
monic analysis community; interest that continues to this day. In particular, soon
after [85] appeared, several alternative proofs of (5.2) were obtained, including
probabilistic proofs based on the stochastic integral representation of Gundy–Varopoulos
[56], as in [6], as well as the approach in [46] using techniques from the method of
rotations. None of these proofs yields the correct behavior in p both as p→ 1 and
p→∞.

In [81], G. Pisier gave an elegant proof based on the transference method of
Coifman and Weiss which extends ideas from the method of rotations to a much
broader setting (see, for example, “Some classical examples of transference,” [36,
pp. 5–9]) together with a projection operator onto the first Wiener chaos. Pisier’s
argument gives the correct order as p→∞. However, for 1 < p ≤ 2 his resulting
estimate is of order (p−1)−3/2, which is not optimal. This is also the same behavior
giving in [46].

The correct behavior for the full range of p first appeared in [7], where it is
derived from an exponential vector-valued martingale together with a sharp vector-
valued good-λ inequality that follows from it. Nevertheless, Pisier’s proof remains
remarkable: it not only captures the correct growth as p → ∞, but also provides
the best known uniform upper bound currently available in the literature for the
range 2 ≤ p <∞.

5.2. Known upper bounds. Although there is a vast literature now on sharp in-
equalities for Riesz transforms and their variants in different geometric settings, the
problem of identifying the sharp constant Ap (not just its correct dependance on p)
in Stein’s (5.2) inequality for any d > 1 remains open, except for the trivial case of
p = 2. Below we present a short survey of some known estimates with the caveat
that the list is not exhaustive and that improved or more refined estimates that we
are not aware of may be available in the literature. We restrict our discussion to
the classical case of Riesz transforms on Rd, which we regard as the fundamental
setting and the natural starting point in the search for optimal bound. Thus there
are many missing references in our discussion below to similar bounds for Reisz
transforms in many different settings with a variety of different techniques such as
those in [1, 4, 19, 20, 33, 69, 92], and references therein.

Before we discuss Pisier’s theorem, we present other developments related to
Stein’s inequality on Rd.
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Theorem A (T Iwaniec and G. Martin [61]). Set HC = R1 + iR2 where R1 and
R2 are the Riesz transforms on R2. Then,

‖R‖Lp(Rd) ≤
√

2‖HC‖Lp(Rd), 2 ≤ p <∞.(5.3)

Iwaniec and Martin proved this and other related results by extending the clas-
sical method of rotations on Rd to the complex setting on C2d. They called the
operator HC "the complex Hilbert transform." It is also called the “complex Riesz
transform" in other places in the literature. The value of the norm of its powers,
‖(HC)k‖Lp(R2), k ∈ N, and is applications, has been investigated by several au-
thors. For some of this literature we refer to [3], [34], [45], [43], [63] and the many
references contained therein.

Remark 5.1. For clarity of comparison with results in the literature (such as [34]
and [3]), we remind the reader that we use ‖T‖Lp(Rd) and ‖T‖Lp(Rd;C) to denote
the norm of the operator T acting on real-valued and complex-valued functions,
respectively. This is an important distinction when dealing with norms of operators
that map real-valued functions to complex-valued functions such as HC and the
Beurling-Ahlfors operators defined in (6.1) below.

Since the operatorR1 + iR2 on Rd is a Fourier multiplier extension ofR1 + iR2

on R2, it follows from de Leeuw, [39], [54, Theorem 2.5.15], that

‖HC‖Lp(R2) ≤ ‖R1 + iR2‖Lp(Rd) ≤ ‖R‖Lp(Rd), 1 < p <∞.(5.4)

Thus,

‖HC‖Lp(R2) ≤ ‖R‖Lp(Rd) ≤
√

2‖HC‖Lp(R2), 2 ≤ p <∞.(5.5)

Clearly a lower bound is given by the norm of either R1 or R2. Applying
Minkowski and using (2.6) gives

cot
( π

2p∗

)
≤ ‖HC‖Lp(R2) ≤ 2 cot

( π

2p∗

)
, 1 < p <∞(5.6)

and hence,

cot
( π

2p

)
≤ ‖R‖Lp(Rd) ≤ 2

√
2 cot

( π
2p

)
, 2 ≤ p <∞.(5.7)

In [5, Corollary 4.5], the sharp martingale inequalities of Burkholder [32] are
used to prove that

‖R‖Lp(Rd) ≤ 2(p∗ − 1) =

{
2

(p−1) , 1 < p ≤ 2,

2(p− 1), 2 ≤ p <∞.
(5.8)

This inequality holds for complex-valued functions.
How does this compare with the bound in (5.7) for p > 2? Setting f(p) =

(p − 1) −
√

2 cot(π/2p), it is not difficult to see that there exist a p0 (≈ 9) such
that f(p0) = 0 and f(p) < 0 for 2 < p < p0 and f(p) > 0 for p > p0. Thus
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there is some small improvement for 2 < p < p0. It is clear however that triv-
ially estimating the norm of HC from above using Minkowski’s inequality is not
efficient.

In what follows we aim to provide some better bounds for ‖HC‖Lp(R2) and
‖R‖Lp(Rd) for p ≥ 2. We begin with the classical method or rotations. This method
has been used in various palaces in the literature to estimate norm of (HC)k when
k is odd; see for example [34, 45, 63]. From (2.5), HC has Fourier multiplier

i
ξ1 + iξ2

|ξ|

and therefore, (HC)k has multiplier

(i)keikθ, ξ = (|ξ| cos θ, |ξ| sin θ).

Let

Hφf(x) := p.v.
1

π

∫
R

f(x− teφ)

t
dt.

be the Hilbert transform Hφ in direction eφ = (cosφ, sinφ). Its multiplier is
i sgn(cos(θ − φ)). Using the Fourier expansion

sgn(cos t) =
4

π

∞∑
m=0

(−1)m

2m+ 1
cos((2m+ 1)t),

we see that only odd angular frequencies occur. Thus, for each odd integer k ≥ 1,

(5.9) (HC)k = ωk
π

2
k

∫ 2π

0
eikφHφ

dφ

2π
, |ωk| = 1.

In particular, it follows immediately

(5.10) ‖ (HC)k ‖Lp(R2) ≤ k
π

2
‖H‖p, 1 < p <∞,

which for k = 1 improves the bound in (5.7).
For d = 2, we obtain from (4.23) and Lemma 4.16 that with

R1 =

 0 1 0
−1 0 0
0 0 0

 , R2 =

 0 0 1
0 0 0
−1 0 0

 ,(5.11)

we can write
HC = TR1 + iTR2 ,

where TR1 and TR2 are the projection of the martingale transforms. Applying the
vector valued inequality [24, Theorem A] gives a further improvement over (5.10)

(5.12) ‖R1 + iR2‖Lp(R2) ≤
√

2 cot
( π

2p

)
, 2 ≤ p <∞.

Both, the method of rotations and the martingale method, are not any better than
what follows from the elementary inequality (a2 +b2)p/2 ≤ 2p/2−1(a2 +b2) which
already improves the Minkowski estimate (5.7) to

√
2. On the other hand, both
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(5.10) and (5.12) hold for complex-valued functions in the range of 2 ≤ p < ∞.
Regardless, we have the following bound

cot
( π

2p∗

)
≤ ‖HC‖Lp(R2) ≤ ‖R‖Lp(Rd) ≤

{
2(p∗ − 1) 1 < p ≤ 2,

2 cot
(
π
2p

)
, 2 ≤ p <∞,

(5.13)

The problem of determining the exact Lp-norm HC (which is the same as the
best constant in Stein’s inequality for d = 2) remains open both in the complex and
real case, as far as we know. Thus, further improvements on the upper bound for
‖R‖Lp(Rd) in terms of the norm of HC appear unlikely at present. Moreover, the
constant

√
2 in the Iwaniec-Martin inequality (5.3), which is obtained in two steps:

(1) from the Fourier extension to Cn combined with de Leeuw’s extension theorem
and (2) from the complex method of rotations, also seems quite challenging.

Similarly, applying the vector value martingale inequality from [5] on Rd, which
gives the constant

√
2 in (5.12) on R2, would give the dimension depending bound

‖R‖Lp(Rd) ≤
√
d cot(π/2p), for any 2 ≤ p < ∞. In addition, the inequality

‖R‖Lp(Rd) ≤ 2(p∗ − 1) proved in [5] uses the matrix representation for 1
2Rj as

in Lemma 4.16. With those matrices, which are no longer orthogonal but have the
differential subordination property independent of d, Burkholder’s vector-valued
inequality gives the bound (p∗ − 1) and multiplying by 2 gives the bound in (5.8)
valid for all 1 < p <∞. This it is difficult to see improvements with the techniques
discussed above.

5.3. G. Pisier’s bound. We now state Pisier’s theorem inserting the explicit value
of Cp given on page 466. For completeness, and because the technique will be
discussed further below, we also include its proof. Our presentation follows Pisier’s
original argument, supplemented with additional clarifications where appropriate
in order to make the exposition as accessible as possible and self-contained. The
aim of [81], as stated in the introduction, was to give a proof of the inequality for
the Ornstein-Uhlenbeck Riesz transforms; Meyer’s [71] theorem. Here we only
discuss the classical case, [81, Theorem 1.1].

The proof for the Ornstein–Uhlenbeck case [81, Theorem 2.1], although more
technical, follows a similar pattern. While the resulting universal bound is not as
sharp as in the classical case, it exhibits the same asymptotic behavior as p→ 1 and
p→∞. See also [58, Theorem 7.5], where Pisier’s proof of Meyer’s inequality is
adapted to the setting of abstract Wiener space.

Theorem B (G. Pisier 1986 [81]). Let 1 < p <∞ and q be its conjugate exponent.
For a standard normal random variable X , i.e., X ∼ N(0, 1), we set γ(p) =
‖X‖p. Then,

(5.14) ‖R‖Lp(Rd) ≤

{
γ(q)
γ(p)

√
π
2 ‖H‖p, 1 < p ≤ 2,√

π
2 ‖H‖p, 2 ≤ p <∞.
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Before presenting the proof, we give some upper bounds on γ(q)
γ(p) for 1 < p ≤ 2.

By trivial computation using the normal distribution,

γ(q) =

2q/2 Γ
(
q+1

2

)
√
π

1/q

.

By Stirling’s approximation of the gamma function, γ(q) ∼
√

q
e , q → ∞. On

the other hand γ(p)→ γ(1) =
√

2/π as p→ 1+. Thus

γ(q)

γ(p)
∼
√
π

2e

1√
p− 1

, p→ 1+.

Form this and the fact that ‖H‖p = cot
(

π
2p∗

)
, the Big-O behavior, (1 − p)−3/2,

as p → 1, and p as p → ∞ follow as stated in [81, p. 488]. One can go a step
further and give the sharp universal bound on γ(q)

γ(p) for the case 1 < p < 2. Here
we discuss three estimates and give the bound that follows from the theorem in the
Corollary 5.3 below.

(1) Nelson–Gross Hypercontractivity [55, 74]: Let (Pt)t≥0 denote the Ornstein–
Uhlenbeck (OU) semigroup on R with the Gaussian measure γ. Then for all 1 <
r < s <∞, ‖Ptf‖Ls(γ) ≤ ‖f‖Lr(γ) whenever s− 1 = (r − 1)e2t. Applying this
with r = 2, s − 1 = e−2t, and f(x) = x, which is an eigenfunction of Pt with
eigenvalue e−t, gives γ(s) = et ‖Ptf‖Ls ≤ et =

√
s− 1, for s > 2. Applying this

with s = q and using the fact that γ(1) =
√

2/π ≤ γ(p), since γ(r) is increasing
by Jensen’s inequality, it follows that

(5.15)
γ(q)

γ(p)
≤
√
π

2

√
q − 1 =

√
π

2

1√
p− 1

, 1 < p < 2.

(2) Gautschi/Kershaw and Stirling A different way to get the upper bound above
is as follows; set q = 2r so that

E|X|2r =
2rΓ
(
r + 1

2

)
√
π

.

From the Gautschi/Kershaw and Stirling inequalities it follows that

Γ
(
r + 1

2

)
≤
√
rΓ(r) ≤

√
r
√

2π rr−
1
2 e−r, r ≥ 1,

This gives,

E|X|2r ≤ 2r
√
r√
π

√
2π rr−

1
2 e−r = 2r rr

√
2 e−r ≤ 2r rr, r ≥ 1.

Taking roots we have γ(q) ≤ √q, for 2 < q <∞, equivalent for 1 < p < 2. This
gives the same upper bound as (5.15).

32



(3) Hypercontractivity and log-convexity of absolute moments [75]: The Hy-
percontractivity inequality shows that the function ϕ(r) = γ(r)√

r−1
is monotone de-

creasing for r > 1 which implies that ϕ(r) = γ(r)√
r

is decreasing for r > 2. From
the fact that the absolute moments M(r) = E|X|r is log-convex it can be shown
that ϕ(r) = γ(r)√

r
is decreasing for r > 1. Thus for any 1 < p < q, γ(q)√

q ≤
γ(p)√
p . If

q = p/(p− 1), then
√
q/p = (p− 1)−1/2 and it follows that

γ(q)

γ(p)
=
γ(q)/

√
q

γ(p)/
√
p

√
q

p
≤
√
q

p
=

1√
p− 1

Remark 5.2. Although the above observations (all known) may be interesting in
the search for sharp constants, the real problem is to remove the factor 1/

√
p− 1

even at the expense of another constant that does not match the bound for the case
2 ≤ p <∞.

We summarize the explicit bound in (5.14) as a corollary.

Corollary 5.3.

(5.16) ‖R‖Lp(Rd) ≤

{√
π
2

1√
p−1
‖H‖p, 1 < p ≤ 2,√

π
2 ‖H‖p, 2 ≤ p <∞

Combining the case p ≥ 2 with the estaminet in (5.8), we have

Corollary 5.4.

(5.17) ‖R‖Lp(Rd) ≤

{
2
p−1 , 1 < p ≤ 2,√
π
2 ‖H‖p, 2 ≤ p <∞.

Remark 5.5. Notice that for 2 ≤ p < ∞ the constant
√

π
2 ≈ 1.25331413 is

better than all others discussed above. Of course, it still does not attain the sharp
constant 1 at p = 2. It is natural to ask whether the same bound

√
π/2 ‖H‖p

might hold for the entire range 1 < p < ∞ in Corollary 5.3. That is, without the
additional factor (p − 1)−1/2 appearing for 1 < p < 2. This value is an integral
part of the proof and removing it by some simple modification of the argument does
not seem possible. Hence a different approach would be required.

Proof of Theorem B. Consider the product space (Rn × Rn, dx⊗ dγd), where

dγd = (2π)−d/2e−|y|
2/2 dy.

For f ∈ Lp(Rd), let the function f(x + ty) be define on Rd × Rd × R. By the
translation invariance of the Lebesgue measure,

(5.18)
∫
Rn

∫
Rd

|f(x+ ty)|p dx dγn =

∫
Rd

|f(x)|p dx,

Thus, as Pisier states it, the function (x, y)→ f(x+ ty) is an isometric embedding
Lp(dx) ↪→ Lp(dx⊗ dγd), for each fixed t.
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Define an operatorH acting on functions of (x, y) by

(Hf)(x, y) :=
1

π
p.v.

∫
R

f(x+ ty)

t
dt.

Then by (5.18),

(5.19) ‖Hf‖Lp(dx⊗dγd) ≤ ‖H‖p ‖f‖Lp(dx).

This is the transference argument as in [36].
Pisier now uses the orthogonal projection Q from L2(γd) onto the first the first

Wiener chaos. For completeness, we elaborate further. Let Hn denote the (proba-
bilist’s) Hermite polynomials in one variable,

Hn(y) = (−1)ney
2/2 d

n

dyn
e−y

2/2.

For a multi-index α = (α1, . . . , αd) ∈ Nd, define the multivariate Hermite poly-
nomial

Hα(y) =

d∏
j=1

Hαj (yj), |α| = α1 + · · ·+ αd.

The family {Hα : α ∈ Nd} forms an orthogonal basis for L2(γd). The m Wiener
chaos is defined as Hm = span{Hα : |α| = m} and the following is the Wiener
chaos decomposition on Rd (see, [58, Theorem 5.1 & Example 5.12])/. That is,

L2(γd) =
∞⊕
m=0

span{Hα(x) : |α| = m}.(5.20)

In particular, the first Wiener chaos is H1 = span{Hα : |α| = 1}. Since |α| = 1
implies α = ej for some j = 1, . . . , d, and since Hej (y) = H1(yj) = yj we
have H1 = span{y1, . . . , yd}. Thus the first Wiener chaos consists of all linear
functions y → a · y, a ∈ R. For h ∈ L2(γd) define the orthogonal projection onto
H1 by

(Qh)(y) =
d∑
j=1

〈h, yj〉 yj = a · y, a ∈ Rd,(5.21)

where
aj = 〈h, yj〉 =

∫
Rd

h(y) yj dγd, j = 1, . . . , d.

Since the coordinate functions yj are i.i.d standard normal random variables,
Qh is a normal random variable X ∼ N(0, σ2) with σ2 = ‖Qh‖2L2(γd). Thus for
any 2 ≤ p <∞, the boundedness ofQ on L2(γd) and Jensen’s inequality give that
for 2 ≤ p <∞,

‖Qh‖Lp(γd) = γ(p) ‖Qh‖L2(γd)

≤ γ(p) ‖h‖L2(γd)(5.22)

≤ γ(p) ‖h‖Lp(γd).
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By duality, for 1 < 2 ≤ p, this gives

(5.23) ‖Qh‖Lp(γd) ≤ γ(q) ‖h‖Lp(γd),

where q is the conjugate exponent of p.
For (x, y) ∈ Rd × Rd, denote by Qy the operator Q acting on the y variable.

Pisier’s crucial identity, his equation (1.5), is:

(5.24) Qy(Hf)(x, y)) =

√
2

π

d∑
j=1

yj (Rjf)(x).

Let us assume this for the moment. Taking the Lp(dx ⊗ dγd) norms of both
sides, applying (5.19), (5.22) and (5.23) we have

√
2

π

∥∥∥ d∑
j=1

yjRjf(x)
∥∥∥
Lp(dx⊗dγd)

≤

{
γ(q) ‖H‖p ‖f‖Lp(Rd), 1 ≤ p ≤ 2,

γ(p) ‖H‖p ‖f‖Lp(Rd), 2 ≤ p <∞.

(5.25)

Exactly as above, for each x,
∑d

j=1 ykRjf(x) is he sum of i.i.d. standard nor-
mals and hence a mean 0 normal with variance

∑d
j=1 |Rjf(x)|2. This gives∥∥∥ d∑

j=1

ykRjf(x)
∥∥∥
Lp(γn)

= γ(p)
( n∑
j=1

|Rjf(x)|2
)1/2

, 1 < p <∞(5.26)

This identity is what we call Gaussian averaging and to which we will return below
when we explore asymptotic behavior. Taking theLp(dx) norm of both sides (5.26)
gives

(5.27) ‖R‖Lp(Rd) ≤

{
γ(q)
γ(p)

√
π
2 ‖H‖p, 1 < p < 2,√

π
2 ‖H‖p, 2 ≤ p <∞,

which is the statement of the Theorem.
It remains to verify (5.24). As Pisier says, this “is easy to check using the Fourier

transform in the x variable." Fix y ∈ Rd. Applying (2.2) the Fourier transform of
the left-hands side of (5.24) in the x variable gives

(5.28) ̂Qy(Hf(·, y))(ξ) = Qy
[
i sign(ξ · y)

]
f̂(ξ) = iQy

[
sign(ξ · y)

]
f̂(ξ).

By definition of the first Wiener chaos,

Qy
[

sgn(ξ · y)
]

= a · y, a ∈ R.

Let ρ be orthogonal matrix ρ ∈ O(d) (the orthogonal group in Rd) which fixes ξ.
Since sign(ξ · ρy) = sign(ξ · y) and γd is rotationally invariant, we have

a · (ρy) = Qy
(

sgn(ξ · ρy)
)

= Qy
(

sgn(ξ · y)
)

= a · y.
This shows that a is invariant under all orthogonal transformations fixing ξ and
hence it must be a multiple of ξ. This gives a = α(ξ) ξ and it follows that

Qy
(

sgn(ξ · y)
)

= α(ξ)ξ · y,(5.29)
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To determine α(ξ), set X = ξ · y ∼ N(0, |ξ|2). By orthogonality,

E
[(

sign(ξ · y)−Qy(sign(ξ · y))
)
ξ · y

]
= E

[(
sign(ξ · y)− α(ξ) ξ · y

)
ξ · y

]
= 0

Equivalently,

E[sign(X)X] = E|X| =
√

2

π
|ξ| = α(ξ)E|X|2 = α(ξ)|ξ|2

Thus α(ξ) =
√

2
π

1
|ξ| and

̂Qy(Hf(·, y))(ξ) = iQy
[

sign(ξ · y)
]
f̂(ξ)

=

√
2

π

i ξ · y
|ξ|

f̂(ξ)

=

√
2

π

d∑
j=1

i ξj yj
|ξ|

f̂(ξ)

=

√
2

π

d∑
j=1

R̂jf(ξ) yj ,

which gives (5.24) and completes the proof of the theorem. �

Remark 5.6 (Complex-valued functions; Pisier’s method). As Pisier points out in
[81, Remark, p. 498], his method applies to functions taking values in a Banach
space with the unconditional martingale differences property, U.M.D. for short.
Details on how the constant change are not given. Here we explain the modification
for the case of complex-values functions.

The identity

(5.30) Qy(Hf)(x, y) =

√
2

π

d∑
j=1

yj Rjf(x)

holds for complex-valued functions f , since both H and Qy are linear operators.
The difference between the real and complex cases appears in the Gaussian mo-
ment step. For real coefficients aj one has the exact identity

‖
d∑
j=1

yjaj‖Lp(γ) = γ(p)

 d∑
j=1

a2
j

1/2

.
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When the coefficients aj are complex this identity no longer holds. Instead we use

the Kahane–Khintchine Gaussian inequality. Let α(p) = Γ
(
p+2

2

)1/p
. Then

α(p)

 d∑
j=1

|aj |2
1/2

≤

∥∥∥∥∥∥
d∑
j=1

yjaj

∥∥∥∥∥∥
Lp(γ)

≤ γ(p)

 d∑
j=1

|aj |2
1/2

, 2 ≤ p <∞,

(5.31)

γ(p)

 d∑
j=1

|aj |2
1/2

≤

∥∥∥∥∥∥
d∑
j=1

yjaj

∥∥∥∥∥∥
Lp(γ)

≤ α(p)

 d∑
j=1

|aj |2
1/2

, 1 < p ≤ 2

(5.32)

With this, (5.27) becomes

(5.33) ‖R‖Lp(Rd) ≤

{√
π
2 α(p) γ(q)

γ(p) , ‖H‖p, 1 < p ≤ 2,√
π
2
γ(p)
α(p) ‖H‖p, 2 < p <∞.

The constants simplify to

γp√
2/π αp

=
√
π

 Γ
(
p+1

2

)
√
π Γ
(
p+2

2

)
1/p

=
√
π Cp(2) ≤

√
π, 2 ≤ p <∞,

where the inequality follows from Remark 5.10 below. Similarly,√
π

2
αp

γq
γp
≤
√
π

2
(p− 1)−1/2.

We summarize the above in the following

Corollary 5.7. The Lp-norm of the vector of Riesz transforms when acting on
complex-valued functions has the bounds

(5.34) ‖R‖Lp(Rd;C) ≤

{√
π
2

1√
p−1
‖H‖p 1 < p < 2,

√
π ‖H‖p, 2 ≤ p <∞.

In combination with (5.8) which holds for complex-valued functions we have

Corollary 5.8.

(5.35) ‖R‖Lp(Rd;C) ≤

{
2
p−1 1 < p < 2,
√
π ‖H‖p, 2 ≤ p <∞.

We observe that for complex-valued functions and d = 2, the method of rota-
tions (5.9) gives

‖HC‖Lp(R2;C) ≤
π

2
cot
( π

2p

)
, 2 ≤ p <∞,
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and the martingale inequality (5.12) gives

‖HC‖Lp(R2;C) ≤
√

2 cot
( π

2p

)
, 2 ≤ p <∞,

which are better than the estimate in the Corollary 5.8 for the particular case of
d = 2. The "dimensional dependence" of the constant

√
2 in the second inequality

will be clarified below.

5.4. Asymptotic bounds for vector of Riesz transforms, averaging. A stan-
dard technique in probability and analysis when estimating norms of operators
in Hilbert spaces is to average with respect to Rademacher, Gaussian, or uniform
distributions. An example of this is Pisier’s (5.26) where the length of the vector
v = Rf(x) = (R1f(x), . . . , Rdf(x)) is written as the expectation of a mean 0
variance |v|2 normal random variable. The crux of Pisier’s proof is to combine this
simple tool with the deeper idea of projecting onto the first Wiener chaos, thereby
reducing the dimensional dependence from Rd to R. In what follows we will ex-
plore averaging techniques to obtain sharper asymptotic behavior of Lp-norms as
p→∞. We recall the following

Conjecture (Problem 6, p. 819 [8])

(5.36) ‖R‖Lp(Rd) = ‖H‖p = cot
( π

2p∗

)
.

Although this may be false, we have the the following

Theorem 5.9.

lim
p→∞

‖R‖Lp(Rd)

‖H‖p
= 1.(5.37)

Proof. To proof this, we will use the averaging technique. Given Theorem B which
produces such a good uniform bound one might expect that applying the averaging
technique with Gaussians would yield the best asymptotic result of the three meth-
ods mentioned above. However, as it turns out, averaging with the Gaussian and
uniform distributions give the same result while averaging with the Rademacher
distribution is less effective. We explore all three averaging distributions.

We begin with uniform averaging. We denote by dσ the normalized surface
measure on the (d − 1)-dimensional sphere Sd−1. For d = 2 this is just the arc-
length measure on the circle S1. That is, dσ(θ) = dθ

2π on [0, 2π). Recall that (by
rotational invariance of dσ) for any x ∈ Rd, 0 < p <∞,∫

Sd−1

|ω · x|p dσ(ω) = |x|p
∫
Sd−1

|ω1|p dσ(ω).

Define

(5.38) Cp(d) = ‖ω1‖p =

(∫
Sd−1

|ω1|p dσ(ω)

)1/p

=

Γ
(
d
2

)
Γ
(
p+1

2

)
√
π Γ
(
d+p

2

)
1/p

.

38



Remark 5.10. Fix d. Then Cp(d), as a function of p, has the following simple
properties that will be use several times below:

(i) C2(d) = 1√
d

. This follows from the fact that Γ
(
d+2

2

)
= d

2Γ(d2), Γ(3/2) =
√
π/2.

(ii) Cp(d) is increasing, equivalently 1
Cp(d) is decreasing, in p. This follows

from Jensen’s inequality.
(iii) Cp(d)→ ‖ω‖∞ = 1, as p→∞. This is a simple exercise in introductory

analysis or by looking at asymptotic behavior of the Γ function.

For ω = (ω1, . . . , ωd) ∈ Sd−1 define the directional Riesz transform

Rωf := ω1R1f + · · ·+ ωdRdf.

Then,(
|R1f(x))|2 + · · ·+ |Rdf(x)|2

)p/2
=

1

(Cp(d))p

∫
Sd−1

|Rωf(x)|pdσ(ω).

Integrating on x gives

‖Rf‖p
Lp(Rd)

=
1

(Cp(d))p

∫
Sd−1

‖Rωf(x)‖p
Lp(Rd)

dσ(ω).

We claim that for every ω ∈ Sd−1 and 1 < p <∞,

‖Rω‖|Lp(Rd) = ‖R1‖Lp(Rd).

This is proved exactly as in Remark 4.21. Let U ∈ SO(d) be an orthogonal matrix
with Ue1 = ω. Define (Uf)(x) := f(U−1x). Then U is an Lp-isometry. A
Fourier multiplier computation shows Rω = UR1U

−1. Indeed,

R̂ωf(ξ) = i
ω · ξ
|ξ|

f̂(ξ) = i
e1 · (U−1ξ)

|U−1ξ|
f̂(ξ),

and similarly,

̂UR1U−1f(ξ) = ̂R1(U−1f)(U−1ξ) = i
e1 · (U−1ξ)

|U−1ξ|
f̂(ξ).

Thus we have

‖Rf‖Lp(Rd) ≤
1

Cp(d)
‖R1‖Lp(Rd) =

1

Cp(d)
‖H‖p, 1 < p <∞.(5.39)

Combined with the trivial bound from below we have

1 ≤
‖R‖Lp(Rd)

‖H‖p
≤ 1

Cp(d)
,

and (5.37) follows from (iii) in Remark 5.10, completing the proof of the proposi-
tion. �
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For fix d, (5.39) can be used to give universal bounds for ‖R‖Lp(Rd) which,
unfortunately, are not dimension independent and in fact they are of order

√
d.

More precisely, since 1
Cp(d) is decreasing in p we have

‖R‖Lp(Rd) ≤
1

C1(d)
‖H‖p, 1 < p <∞(5.40)

or the explicit bound bound using (i)

‖R‖Lp(Rd) ≤
1

C2(d)
‖H‖p =

√
d ‖H‖p, 2 ≤ p <∞(5.41)

These type of bounds can just be obtained from `2, `1 comparisons. But it is
interesting to note that the bound for p ≥ 2 in the preceding inequity is exactly
the same bound that follows from the vector-valued version of the orthogonal sub-
ordination argument using [24, Theorem A]. It is precisely for this reason that
Burkholder’s inequality is used there to obtain the bound 2(p∗ − 1) in (5.8). More
precisely consider the matrices Rj with the orthogonality property for which the
projection operator TRj = Rj , and the matrices R1

j which do not have the orthog-
onal property but for which TR1

j
= 1

2Rj , as in Lemma 4.16. For a real-valued
martingale Mt, the quadratic variation of the vector valued martingale transform
has

∑d
j=1〈Rj ∗Mt〉 ≤ d〈Mt〉 and the inequality from [24, Theorem A] (also [5])

gives (5.41). On the other hand,
∑d

j=1〈R1
j ∗Mt〉 ≤ 〈Mt〉 and Burkholder’s vector-

valued inequality, which does not require orthogonally give, the bound (p∗−1) for
the vector of 1/2 Riesz transforms. This is the argument that proves (5.8).

Next we consider Gaussian averaging. This, essentially, follows from (5.26).
Here we re-do the identity with different notation to simplify matters a bit. Set
Z = (Z1, . . . , Zd), where Zj are i.i.d. N(0, 1) random variables. Then |Z|2 is a
chi-square random variable with d-degrees of freedom, that is, a Gamma(d/2, 2)
distribution. From this it follows that the density of |Z| is given by

f|Z|(r) =
1

2
d
2
−1Γ

(
d
2

) rd−1 e−r
2/2, r ≥ 0

and

E|Z|p = 2p/2
Γ(p+d2 )

Γ(d2)
, 0 < p <∞.

Setting

m(p) = E|N(0, 1)|p =
2p/2 Γ

(
p+1

2

)
√
π

we see that if v(x) = (R1f(x), . . . , Rdf(x)), then Z · v ∼ N(0, |v|2). Hence

(5.42)
(
|R1f(x)|2+· · ·+|Rdf(x)|2

)p/2
=

1

mp
E
∣∣Z1R1f(x)+· · ·+ZdR2f(x)

∣∣p,
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for all 1 < p < ∞, which is the same as identity (5.26). Integrating both sides in
x and using Fubini’s theorem

‖Rf‖p
Lp(Rd)

=
1

mp
E
∥∥Z1R1f + · · ·+ ZdR2f

∥∥p
Lp(Rd)

.(5.43)

Fix ω ∈ Ω and let z = Z(ω) ∈ Rd, then (by taking Fourier transform)

z1R1 + · · ·+ zdRd = |z|Rψ, ψ =
z

|z|
∈ Sd−1.

As before, the rotation invariance of the Riesz transforms gives

‖Rψ‖Lp(Rd) = ‖R1‖Lp(Rd).

Therefore,

‖(z1R1 + · · ·+ zdRd)f‖pLp(Rd)
≤ |z|p ‖R1‖pLp(Rd)

‖f‖Lp(Rd)

From this and (5.43),

‖R‖Lp(Rd) ≤
(
E|Z|p

mp

)1/p

‖R1‖Lp(Rd), 1 < p <∞.(5.44)

Hence, (
E|Z|p

mp

)1/p

=

 √
π Γ(p+d2 )

Γ(d2)Γ
(
p+1

2

)
1/p

=
1

Cp(d)
,

which is the same as the constant in (5.38). Thus the Gaussian averaging gives the
same constant as uniform averaging on the sphere and also proves (5.37)

Finally, let (ε1, . . . , εd) be the i.i,d Rademacher random variables P (εj = ±1) =
1
2 . Recall Khintchine inequality with the best constant: d∑

j=1

a2
j

1/2

≤ Kp

E
∣∣∣ d∑
j=1

ajεj

∣∣∣p
1/p

,

Kp =


( √

π

2p/2 Γ( p+1
2 )

)1/p

, 1 < p ≤ 2,

1, 2 ≤ p <∞.
With this and the same arguments as above, we obtain

‖R‖Lp(Rd) ≤
√
d Kp‖R1‖Lp(Rd), 1 < p <∞.(5.45)

Thus Rademacher averaging does not improve asymptotic bounds as Gaussian and
uniform averaging do.

Let us consider the case d = 2. Checking that C1(2) = 2
π , inequalities (5.40),

(5.41) reduce to

‖HC‖Lp(R2) ≤
π

2
‖H‖p, 1 < p <∞,(5.46)
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and

‖HC‖Lp(R2) ≤
√

2 ‖H‖p, 2 ≤ p <∞,(5.47)

respectively. The first is inequality (5.10) obtained by the method of rotations and
the second is inequality (5.12) obtained by the martingale transforms. Both trivial
form the elementary inequality as already mentioned and not as sharp as Pisier’s
which gives:

‖HC‖Lp(R2) ≤
√
π

2
‖H‖p, 2 ≤ p <∞,(5.48)

In addition, (5.37) becomes

lim
p→∞

‖HC‖Lp(R2)

‖H‖p
= 1.(5.49)

In [34, Conjecture 1.5, p. 3], it is conjectured that for all k ∈ N and p ≥ 2,

‖(HC)k‖Lp(R2;C) =
Γ(1/p) Γ(1/q + k/2)

Γ(1/q) Γ(1/p+ k/2)
,

where q = p
p−1 and that when 1 < p < 2 the identity should still hold, but with the

roles of p and q reversed.
Taking k = 1 and setting

D(p) :=
Γ(1/p) Γ(1/q + 1/2)

Γ(1/q) Γ(1/p+ 1/2)
,

one can check that

lim
p→∞

D(p)

‖H‖p
=
π

4
.(5.50)

6. PROBLEM 2: T. IWANIEC’S CONJECTURE

6.1. Brief history. The Beurling-Ahlfors transform is the singular integral opera-
tor acting on complex-valued functions on Lp(C), i.e., f : C→ C, defined by

Bf(z) = − 1

π

∫
C

f(w)

(z − w)2
dm(w),(6.1)

where dm is the Lebesgue measure on C identified as R2. As a Fourier multiplier,

B̂f(ξ) =
ξ

ξ
f̂(ξ) =

ξ
2

|ξ|2
f̂(ξ)

Identifying C with R2, it follows that

(HC)2 = (R1 + iR2)2 = −(R2
2 −R2

1 − 2iR1R2) = −B(6.2)

Thus he operator appearing in the Iwaniec-Martin inequality (5.3) is the square
root of −B.

The Beurling-Ahlfors transform has been extensively studied in the literature
in large part due to its connections to many areas of analysis such as regularity
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theory for quasiconformal mappings, partial differential equations and the well-
known 1982 conjecture of T. Iwaniec [60] concerning its Lp-norm. Using explicit
computations with (nearly) extremal functions, it was proved by O. Lehto (see for
example [68]) that (p∗ − 1) ≤ ‖B‖Lp(C;C) and Iwaniec’s conjecture asserts that
‖B‖Lp(C;C) = (p∗ − 1). As before, the case p = 2 is trivial via the Fourier
transform. For a sample on the large literature related to this conjecture which
remains open for all p 6= 2, see [2, 8, 12, 17, 42, 61, 68, 89, 91], and the many
references contained therein. To the best of our knowledge the following is the
best known upper bound valid for all 1 < p <∞:

‖B‖Lp(C;C) ≤ 1.575(p∗ − 1).(6.3)

This bound is proved in [12].
The first explicit bound ‖B‖Lp(C;C) ≤ 4(p∗ − 1) was proved in [5] using the

representation in Lemma 4.16 for second order Riesz transforms as projections of
martingale transforms and applying the (p∗ − 1) bound for martingale transforms
of Burkholder [32]; (1) in Theorem A. The bound was improved to 2(p∗ − 1) in
[73] using Bellman function techniques for the heat equation. In [15] the martin-
gale arguments in [5] are redone to represent the second order Riesz transforms as
martingale transforms of space-time Brownian martingales. This approach, which
subsequently has seen many uses in different geometry settings beyond Euclidean
spaces (see for example [11] and the many references contained therein) reproves
the 2(p∗ − 1) for B and gives the bound (p∗ − 1) for the operators R2

j − R2
k and

2RjRk for any j 6= k for any d ≥ 2. These bounds were shown to be sharp in [49].
There are also estimates improving the bounds for ‖B‖p asymptotically as p→∞.
See for example [44]. We return to the asymptotics below.

6.2. Conformal pairs.

Definition 6.1. Let A and B be two real-valued d × d matrices. We will say that
the pair (A,B) is d× d conformal if it satisfies the following two properties:

(i) |Ax| = |Bx| and (ii) 〈Ax,Bx〉 = 0, for all x ∈ Rd.(6.4)

Remark 6.2. We arrived at this definition based on the example of interest given
in (6.15) below. The “conformal pairs” considered here are closely related to
classical constructions in matrix analysis. The conditions ATA = BTB, and that
ATB is skew-symmetric, imply that A and B share the same positive semidefinite
factor in their polar decompositions, and that B is obtained from A by composing
with an orthogonal complex structure on the image of A. This is also related to the
notion of partial isometries of operators on Hilbert spaces; see Horn and Johnson’s
"Matrix Analysis" [57].

Definition 6.3 (Martingale transform norm). Let A be a real m × n matrix. For
1 < p < ∞, define the operator norm of the martingale transform induced by A
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on Lp(Ω) by

(6.5) ‖A‖Lp(Ω) := sup
K 6≡0

‖A ∗M‖p
‖M‖p

, Mt =

∫ t

0
Ks · dBs,

where Bs is n–dimensional Brownian motion and K ranges over predictable Rn–
valued processes with

∫ t
0 |Ks|2 ds <∞, a.s.

For a A real m× n matrix, Burkholder’s inequality (3.2) gives

‖A‖Lp(Ω) ≤ (p∗ − 1) ‖A‖`2→`2 , 1 < p <∞,(6.6)

where ‖A‖`2→`2 = sup|x|=1 |Ax| is the Euclidean operator norm.

Lemma 6.4 (Rotational invariance for conformal martingales). Let Zt = Xt + iYt
be a conformal martingale on the Brownian filtration. Then for every θ ∈ R and
every t ≥ 0,

Xt cos θ + Yt sin θ
d
= Xt,

and consequently, for 1 < p <∞,

‖X cos θ + Y sin θ‖p = ‖X‖p.

Proof. Set σt := 〈X〉t = 〈Y 〉t. By the Dambis–Dubins–Schwarz theorem [26,
p.172], there exists a standard planar Brownian motion W such that (Xt, Yt) =
(W 1

σt ,W
2
σt). Let Rθ ∈ SO(2) be the rotation matrix

Rθ =

[
cos(θ) sin(θ)
− sin(θ) cos(θ)

]
Then

(Xt cos θ + Yt sin θ, −Xt sin θ + Yt cos θ) = Rθ(Xt, Yt) = RθWσt .

Since RθW is again standard planar Brownian motion, RθWσt has the same law

as Wσt , hence Xt cos θ + Yt sin θ
d
= Xt. Taking Lp norms proves the lemma. �

Theorem 6.5 (Conformal martingales transforms; real-valued). Let Mt =
∫ t

0 Ks ·
dBs be a martingale on the filtration of d-dimensional Brownian motion as in (3.1).
Let (A,B) be a conformal d×d pair and suppose in addition that ‖A‖ = ‖B‖ ≤ 1.
Define Xt := A ∗Mt and Yt := B ∗Mt. Set

Zt := Xt + iYt = (A+ iB) ∗Mt.

Then Zt is a conformal martingale and

‖A+ iB‖Lp(Ω) ≤
1

Cp(2)
(p∗ − 1), 1 < p <∞,(6.7)

where Cp(2) is as in Remark 5.10.
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Proof. The fact that Zt is conformal follows trivially from the fact that (A,B) is a
d× d conformal pair. From Lemma 6.4 and the averaging property we have

E|Zt|p = E
(
|Xt|2 + |Yt|2

)p/2
=

1

Cp(2)p

∫
S1
E|X cos θ + Y sin θ|pdσ

=
1

Cp(2)p
‖X‖pp, 1 < p <∞

Thus,

‖(A+ iB) ∗Mt‖p ≤
1

Cp(2)
‖(A+ iB) ∗Mt‖p(6.8)

≤ 1

Cp(2)
(p∗ − 1)‖Mt‖p, 1 < p <∞,

where we used Burkholder inequality for the last step. �

Theorem 6.6 (Conformal martingale transforms; complex-valued). Let Mt =∫ t
0 Hs · dBs and Nt =

∫ t
0 Ks · dBs be two martingales as in (3.1) and (A,B)

conformal d× d pair with ‖A‖ = ‖B‖ ≤ 1. Define

Zt = Xt + iYt = (A+ iB) ∗ (Mt + iNt) ,

where

Xt = (A ∗Mt −B ∗Nt) , Yt = (A ∗Nt +B ∗Mt) .

Then Zt is a conformal martingale and

(6.9) ‖(A+ iB) ∗ (Mt + iNt)‖p ≤
√

2

Cp(2)
(p∗− 1)‖Mt + iNt‖p, 1 < p <∞.

Proof.

〈X〉t =

∫ t

0
|AHs −BKs|2 ds, 〈Y 〉t =

∫ t

0
|AKs +BHs|2 ds,

and

〈X,Y 〉t =

∫ t

0
(AHs −BKs) · (AKs +BHs) ds.

Expanding the norms we obtain

|AHs −BKs|2 = |AHs|2 + |BKs|2 − 2(AHs) · (BKs),

|AKs +BHs|2 = |AKs|2 + |BHs|2 + 2(AKs) · (BHs).

This together with (i) and (ii) shows that Zt is a conformal.
By Lemma 6.4 we have

‖Zt‖p ≤
1

Cp(2)
‖Xt‖p, 1 < p <∞,

which in this case is equivalent to

(6.10) ‖(A+iB)∗(Mt+iNt)‖p ≤
1

Cp(2)
‖A∗Mt−B∗Nt‖p, 1 < p <∞.
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For the pair (A,B) d× d matrices define the d× 2d block matrix

T = [A B] =

a11 · · · a1d b11 · · · b1d
...

...
...

...
ad1 · · · add bd1 · · · bdd


so that Xt = A ∗Mt −B ∗Nt = T ∗Mt where,

Mt :=

(
Mt

−Nt

)
.

Since ‖A‖ = ‖B‖ ≤ 1, ‖T‖ ≤
√

2, (6.10) combined with Burkholder’s inequality
give

‖(A+ iB) ∗ (Mt + iNt)‖p ≤
√

2

Cp(2)
(p∗ − 1)‖Mt + iNt‖p, 1 < p <∞.

�

As we have already seen in Section 4.1, conformal martingales and their con-
nections to holomorphic functions on C and Cn have been studied for many years.
For many example on C we refer the reader to [47]. The connections of conformal
martingales to singular integral, beyond the Hilbert transforms, first emerged with

Problem 6.7. [5, p. 599] Determine the best constant Cp in the inequality.

‖Y ‖p ≤ Cp‖X‖p,(6.11)

when Y is a conformal martingale subordinate to X .

The inequality implies bounds for the p-norm of the Beurling-Ahlfors operator.
While Burkholder’s inequality already yields the bound (p∗ − 1), one expects the
conformal condition to lead to a smaller constant. This problem was the impetus for
the investigations in [12], where a slight modification of Burkholder’s arguments
led to the following result

Theorem A. ([12]) Suppose that Y and X are R2-valued martingales, with Y
conformal and subordinate to X , and X arbitrary. Then

‖Y ‖p ≤
√
p(p− 1)

2
‖X‖p, 2 ≤ p <∞.(6.12)

Applying this to the the martingales in Theorem 6.5 (real case) and Theorem 6.6
(complex case) give, respectively,

‖(A+ iB)M‖p ≤
√
p(p− 1) ‖M‖p, 2 ≤ p <∞,(6.13)

and

‖(A+ iB) ∗ (M + iN)‖p ≤
√

2p(p− 1) ‖M + iN‖p, 2 < p <∞.(6.14)

These bounds, applied to conformal pairs (A0, B0) in (6.16) together with an
interpolation argument using the fact that ‖B‖2 = 1, yield the bound (6.3) proved
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in [12]. Here we apply the same method to general pairs of d × d conformal
matrices to obtain the corresponding result on Rd.

As mentioned in Remark 6.2, our definition of conformal pairs (A,B) was mo-
tivated by the following example.

Example 6.8. Fix j, k ∈ {1, . . . , d} with j 6= k. Let Ars denote the d× d matrix
whose only nonzero entry is (Ars)r,s = −1. Define the diagonal and off–diagonal
matrices, by

A(j,k) := Akk −Ajj , B(j,k) = Ajk +Akj .(6.15)

Then for every x ∈ Rd,

(A(j,k)x)j = xj , (A(j,k)x)k = −xk, (B(j,k)x)j = −xk, (B(j,k)x)k = −xj ,

and all other components vanish. Consequently,

|A(j,k)x|2 = x2
j + x2

k = |B(j,k)x|2, A(j,k)x ·B(j,k)x = 0.

Thus the pair (A(j,k), B(j,k)) satisfies the conformal conditions (i), (ii) in (6.4) and
moreover ‖A(j,k)‖ = ‖B(j,k)‖ = 1. Hence, Theorems 6.5 and 6.6 apply along
with the estimates (6.13) and (6.14).

Remark 6.9. The above matrices are d × d projections of the (d + 1) × (d + 1)
matrices define in (4.23)-(4.27).

Of particular interest here is the case when d = 2. Define the 2 × 2 matrices
A0, B0 and their sum A0 + iB0 by

A0 =

[
1 0
0 −1

]
, B0 =

[
0 −1
−1 0

]
, A0 + iB0 =

[
1 −i
−i −1

]
.(6.16)

Then (A0, B0) is a conformal pair andA0 + iB0 is the matrix in [15] that gives the
Beurling-Ahlfors operator as a conditional expectation of a martingale transform.

6.3. Projections of conformal martingales. As we saw in Lemma 4.16, the second-
order Riesz transforms can be written as conditional expectations of martingale
transforms, as was originally shown by Gundy and Varopoulos in [56], using the
harmonic extension Uf (x, y) = Pyf(x), where Py is the Poisson semigroup (con-
volution with the Poisson kernel) composed with Brownian motion (Bt, Yt) in the
upper half-space Rd+1

+ = {x ∈ Rd, y > 0}. However, the alternative representa-
tion based on the heat extension Vf (x, t) = Ttf(x) where Tt is the heat semigroup
(convolution with the heat kernel) and the underlying process is space–time Brow-
nian motion (Bt, a− s), 0 < s ≤ a, improves their Lp-norm estimates by a factor
of 2. This simple and natural modification of the Gundy-Varopoulos representation
first appeared in [15].

Fix a > 0 and let St = (Wt, a − t), 0 < s ≤ a, denote space-time Brownian
motion started at (0, a) in Rd × (0,∞) where Wt is standard Brownian motion on
the Rd. Let Px and Ex denote the probability and expectation for processes starting
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at the point (x, a) and Pa denote the “probability” measure associated with the
process with initial distribution m⊗ δa and by Ea the corresponding expectation.

Let F = f1 + if2 ∈ C∞c (Rd) and let Vf1(x, t) = Ttf1(x), and similarly for f2,
be their heat extensions to the upper half-space. We denote by∇Vf the gradient of
V in the x variable. By Itô’s formula that for 0 < t ≤ a,

VF (St)− VF (S0) =

∫ t

0
∇VF (St) · dWt

=

∫ t

0
∇Vf1(St) · dWt + i

∫ t

0
∇Vf2(St) · dWt,

= Mt + iNt

hence M and N are Brownian martingales of the form (3.1). Let A(j,k) and B(j,k)

be as in (6.15).
We define the projection operator

T a
(A(j,k),B(j,k))

F (x) = Ea
[
(Ajk + iBjk) ∗ [Mt + iNt]

∣∣∣Sa = (x, 0)
]

(6.17)

= Ea
[
(A(j,k) + iB(j,k)) ∗ [Mt + iNt]

∣∣∣Wa = x
]
.

By Proposition 2.2 in [15],

lim
a→∞

T a
(A(j,k),B(j,k))

F (x) = B(A(j,k),B(j,k))F = (R(jj) −R(kk) + 2iR(jk))F, in L2,

(6.18)

where Rjk are the second order Riesz transforms

R(jk)f(x) =

∫ ∞
0

∂2Vf (x, t)

∂xj∂xk
dt =

∂2

∂xj∂xk
(−∆)−1f(x),(6.19)

R̂(jk)f(ξ) = −ξjξk
|ξ|2

f̂(ξ).

Before we proceed to discuss Lp boundedness properties, let us look a bit more
carefully at the martingale structure of these operators. Recall that j, k ∈ {1, . . . , d}
and j 6= k. To simplify notation, set

(6.20) Bjk(d) =
(
R(jj) −R(kk) + 2iR(jk)

)
= (Rj + iRk)

2

so that B12(2) = (HC)2 = −B. Since (Ajk, Bjk) is a conformal pair if and only if
(Bjk, Ajk) is a conformal pair, the operators Bjk are essentially the same as Bkj .
Therefore we may assume that j < k.

Suppose further that d is even, say d = 2n, and identify R2n ∼= Cn which
decomposes orthogonally as a direct sum of coordinate 2–planes

(6.21) R2n =
n⊕

m=1

Em, Em := span{e2m−1, e2m}.

48



This gives the operators

Bm(d) = (HC(m))2 = (R2m−1 + iR2m)2, m = 1, . . . n,(6.22)

which are Beurling-Ahlfors operators on Em ∼= C. Setting zm = x2m−1 + ix2m,
m = 1, . . . , n and recalling the complex derivatives

∂zm =
1

2

(
∂x2m−1 − i∂x2m

)
, ∂z̄m =

1

2

(
∂x2m−1 + i∂x2m

)
.

A simple computation then gives that

(6.23) Bm(d) = (R2m−1 + iR2m)2 = 4 ∂2
z̄m (−∆)−1,

exactly as in the complex plane C.
These operators are the projection of the martingale transform of Mt + iNt ∈

C obtained as above by composing the the heat extension of the complex-valued
function F = f1 +if2 with space-time Brownian motion and taking the martingale
transform with the matrices

Cm = A(2m−1,2m) + iB(2m−1,2m) =


0

. . .
A0 + iB0

. . .
0

 ,(6.24)

where the only nonzero 2× 2 block occurs in the rows and columns (2m− 1, 2m)
and A0 + iB0 is the 2× 2 matrix in (6.16). Equivalently,

Cm = A(2m−1,2m) + iB(2m−1,2m) = diag
(

0, . . . , 0, A0 + iB0︸ ︷︷ ︸
(2m−1, 2m) block

0, . . . , 0
)
.

From the fact that

A0 + iB0 =

[
1 −i
−i −1

]
it follows that for z ∈ Cn,

Cmz =
(
0, . . . , 0, z2m−1 − iz2m, −iz2m−1 − z2m, 0, . . . , 0

)
and

‖Cm‖Cn→Cn = 2.

In fact, due to the block structure, the following matrix which is the sum of the Cm
also has norm 2.

C =


A0 + iB0

. . .
A0 + iB0

. . .
A0 + iB0

 ,(6.25)
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By (6.17) and (6.22) we have the projection operators

Bm(d)F = (R2m−1 + iR2m)2F, 1 ≤ m ≤ n.(6.26)

Theorem 6.10. For m = 1, · · ·n, set

Zm = Cm ∗ (M + iN)(6.27)

and

Z = (Z1, Z2, . . . Zn) ∈ Cn.(6.28)

Z is a conformal martingale with the orthogonal property. Furthermore, the vector
operator defined for F : Rd → C by

B(d)F = (B1(d)F, . . . ,Bn(d)F )

satisfies

‖B(d)‖Lp(Rd;C) ≤ 2(p∗ − 1), 1 < p <∞.(6.29)

Remark 6.11. This is the analogue for the Beurling-Ahlfors operators B on R2d

of inequality (5.8) for the Riesz transforms on Rd. In fact, as it was already pointed
out, inequality (5.8) also holds for complex-valued functions.

Proof. By Theorem 6.6 each Zm is conformal and as in (ii) of Definition 4.5,

Z = (Z1, Z2, . . . Zn) ∈ Cn(6.30)

is also conformal. It remains to show that 〈Zm, Z l〉 = 0, l 6= m to satisfy property
(iii) of Definition 4.5. This follows from the fact the pairs (A(2m−1,2m), B(2m−1,2m))
act on different blocks. That is, with the matrix as above,

A(2m−1,2m) + iB(2m−1,2m) = diag
(

0, . . . , 0, A0 + iB0︸ ︷︷ ︸
(2m−1, 2m) block

0, . . . , 0
)
,

the block structure guarantees that 〈Zm, Z`〉t = 0, ` 6= m. Thus Z satisfies (iii) of
Definition 4.5. Note that similarly 〈Zm, Z`〉 = 0, for all ` 6= m.

Since the matrixC, which is the sum of the matricesCm, has norm 2, Burkholder’s
inequality (exactly as in [8, (3.4.3), p. 815]) immediately gives (6.29). �

Below we give two examples that show more explicitly how the structure of the
matrices Cm give the orthogonality property 〈Zj , Z`〉t = 0, for ` 6= j.

Example 6.12 (d = 4). Let W = (W 1,W 2,W 3,W 4) be a 4–dimensional Brow-
nian motion and define

Mt =

∫ t

0
Hs · dWs, Nt =

∫ t

0
Gs · dWs,

where Hs, Gs ∈ R4 are predictable processes. Set

Us := Hs + iGs = (u1, u2, u3, u4) ∈ C4.

There are two pairs to consider, (1, 2), (3, 4).
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(1) The pair (1, 2).

A(1,2) =


1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

 , B(1,2) =


0 −1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

 .

Then

(A(1,2) + iB(1,2))U =
(
u1 − iu2, −u2 − iu1, 0, 0

)
,

and

Z1
t :=

∫ t

0
(A(1,2) + iB(1,2))Us · dWs.

(2) The pair (3, 4).

A(3,4) =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 −1

 , B(3,4) =


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 −1 0

 .

Then

(A(3,4) + iB(3,4))U =
(
0, 0, u3 − iu4, −u4 − iu3

)
,

and

Z2
t :=

∫ t

0
(A(3,4) + iB(3,4))Us · dWs.

Thus

d〈Z1, Z2〉t =
(

(A(1,2) + iB(1,2))Ut

)
·
(

(A(3,4) + iB(3,4))Ut

)
dt = 0,

and this gives 〈Z1, Z2〉t = 0.

Example 6.13 (d = 6). Let W = (W 1, . . . ,W 6) be a 6–dimensional Brownian
motion and let

Mt =

∫ t

0
Hs · dWs, Nt =

∫ t

0
Gs · dWs,

where Hs, Gs ∈ R6 are predictable processes. Set

Us := Hs + iGs = (u1, u2, u3, u4, u5, u6) ∈ C6.

There are three pairs to consider (1, 2), (3, 4), (5, 6) and this already shows the
general proof as above. For m = 1, 2, 3, set

Am := A(2m−1,2m), Bm := B(2m−1,2m), Zmt :=

∫ t

0
(Am + iBm)Us · dWs.
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The three blocks. A direct computation (identical to the d = 4 case, block by
block) gives

(A1 + iB1)U = (u1 − iu2, −u2 − iu1, 0, 0, 0, 0),

(A2 + iB2)U = (0, 0, u3 − iu4, −u4 − iu3, 0, 0),

(A3 + iB3)U = (0, 0, 0, 0, u5 − iu6, −u6 − iu5).

Thus (Am + iBm)U is only non-zero on the coordinate pair {2m − 1, 2m}. This
gives

d〈Zm, Z`〉t =
(

(Am + iBm)Ut

)
·
(

(A` + iB`)Ut

)
dt = 0

for m 6= `.

Remark 6.14. Continuing with our assumption that d = 2n, we note that the
operator B(d) is not the same as the classical Beurling-Ahlfors operator S acting
on differential forms on Rd studied in [41], [62], and with martingale methods in
[23]. Setting S1 = S acting on 1-forms Λ1 we see from [23, p. 234] that S1 is a
Fourier multiplier with symbol

mS1(ξ) =

(
ξ ⊗ ξ − |ξ|2I
|ξ|2

)
.

That is,

S1 = F−1

(
ξ ⊗ ξ − |ξ|2I
|ξ|2

)
F .

We extend the operatorB(d) componentwise to vector-valued functionsF = (F1, . . . , Fn) :
R2n → Cn by

B(d)F =
(
B1(d)F1, . . . ,Bn(d)Fn

)
.

With this we can write

B(d) = PS1Q,

where
̂(PS1Qf)(ξ) = P mS1(ξ)QF̂ (ξ).

The operators P andQ are constant matrices with |P‖ = ‖Q‖ = 1. Consequently,
they commute with the Fourier transform. In fact, if we identify Cn with R2n via
z = (z1, . . . , zn), zj = xj + iyj ←→ (x1, y1, . . . , xn, yn), Q : Cn → Cn is
given byQ(z1, . . . , zn) = (z1, . . . , zn) and represented by the constant real matrix

Q = diag

((
1 0
0 −1

)
, . . . ,

(
1 0
0 −1

))
∈ R2n×2n

while

P = diag(I2, . . . , I2) ∈ R2n×2n,

where each I2 denotes the 2× 2 identity matrix.
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By [23, Theorem 1, p. 227], using the heat extension rather than Poisson exten-
sion (see also [59]), we have

‖S1‖Lp(Rd;Λ1)→Lp(Rd;Λ1) ≤
(

3− 1

n

)
(p∗ − 1), 1 < p <∞.

This gives

‖B(d)‖Lp(R2n);Cn) ≤
(

3− 1

n

)
(p∗ − 1), 1 < p <∞,(6.31)

which is the off-diagonal version of the inequality (6.29).

We now return to more precise information on the Lp-boundedness of the in-
dividual operators Bjk(d) for 1 ≤ j < k ≤ d. From (6.17) and (6.18), the con-
traction property of the conditional expectation on Lp and Theorems 6.5 and 6.6,
it follows that

(6.32) ‖Bjk(d)‖Lp(Rd) ≤
1

Cp(2)
(p∗ − 1), 1 < p <∞,

when acting on real-valued functions and that

(6.33) |Bjk(d)‖Lp(Rd;C) ≤
√

2

Cp(2)
(p∗ − 1), 1 < p <∞,

when acting on complex-valued functions.
Furthers more, from inequalities (6.13) and (6.14) it follows that

(6.34) ‖Bjk(d)‖Lp(Rd) ≤
√
p(p− 1), 2 ≤ p <∞,

when acting on real-valued functions and that

(6.35) ‖Bjk(d)‖Lp(Rd;C) ≤
√

2p(p− 1), 2 ≤ p <∞,

when acting on complex-valued functions.
From the asymptotic behavior of Cp(2) given in (i)-(iii) of Remark 5.10, we see

that

lim sup
p→∞

‖Bjk(d)‖Lp(Rd)

(p− 1)
≤ 1,

when acting on real-valued functions and

lim sup
p→∞

‖Bjk(d)‖Lp(Rd;C)

(p− 1)
≤
√

2,

when acting on complex-valued.
For the case of the Beurling-Ahlfors operator B when d = 2, the asymptotic

behavior was proved in [42] prior to the bounds obtained in [12]. Their argument,
restricted to the operator B is analytic and different from the martingale argument
given above. Clearly the asymptotic behavior follows from (6.34) and (6.35). How-
ever, it is still interesting that asymptotic can be obtained just from the Burkholder
(p∗ − 1) result.
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Since,

B̂jk(d)f(ξ) =

(
iξj − ξk
|ξ|

)2

f̂(ξ)

we have ‖Bjk(d)‖L2(Rd) = 1 and the exact same interpolation argument as in [12]
gives the more general inequality valid for all d ≥ 2

‖Bjk(d‖Lp(Rd;C) ≤ 1.575(p∗ − 1), 1 < p <∞.

The interpolation argument in [12] that leads to the 1.575 constant is so well
optimized that it does not seem possible to improve it. For the operator acting on
real-valued function the estimate (6.34) and the interpolation argument gives the
bound

‖Bjk(d)‖Lp(Rd) ≤ 1.158(p∗ − 1), 1 < p <∞,

for Bjk(d) acting on real-valued functions.
With the improvement (6.12) of Burkholder’s inequality for conformal martin-

gales given in [12], two obvious questions arise. (1) Is the inequality sharp and if
not what is the sharp inequality? (2) Is there a similar improved inequality in the
range 1 < p < 2? As for (1), we would venture to say that the inequality is not
sharp. Regarding (2), this and related inequalities are investigated in [31], [30] and
[28]. In particular,

Theorem B ([31]). Suppose Y = Y1 + iY2 is a conformal martingale and X =
X1 + iX2 is an arbitrary martingale. Then

(6.36) ‖Y ‖p ≤ Cp‖X‖p, 1 < p ≤ 2, Cp =
1√
2

ap
1− ap

,

where ap is the least positive root in the interval (0, 1) of the bounded Laguerre
function Lp. Furthermore, the inequality is sharp.

With this inequality the authors in [31] improve the upper bound in (6.3) for
large p. More precisely, they prove that

‖B‖Lp(C;C) ≤ 1.3992 p, for p ≥ 1000.(6.37)

Exactly as above, the same result holds Bjk(d) for any d ≥ 2. In fact one can
improve the p ≥ 100 in [31] to p ≥ 500. By duality and estimates on ap the
authors obtain the following inequality (see [31, Theorem 10.1, p. 516])

(6.38) ‖B‖Lp(C;C) <
(p+ 3

2
π
)1/(2p) p−Q

Q
, p > 2,

where

(6.39) Q = 1−
∞∑
n=2

(n− 2)!

(n!)2
.
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They estimate Q numerically to be ≈ 0.718282, [31, (9.1), p. 515]. The authors
than substitute p = 1000 to get(1003

2
π
)1/2000

< 1.004, and 1.4Q > 1.005,

from which (6.37) follows.
As might be expected, a bit more careful argument to estimate the quantity on

the right of (6.38) will lower the cutoff point. This is in fact the case. Observe that

(n− 2)!

(n!)2
=

1

n(n− 1)n!
,

from which it follows that Q = 1− (3− e) = e− 2. Now consider the function

h(p) =
1

p

(p+ 3

2
π
)1/(2p) p−Q

Q
, p > 2.

Taking log and differentiating it follows that h(p) is decreasing for p ≥ 4. With
a target upper bound of 1.4 testing various values of p we arrive at a safe interval
where h(p) ≤ 1.4. For example, h(450) ≈ 1.40016908 and h(500) ≈ 1.399999.
Thus,

‖B‖Lp(C;C) ≤ 1.4 p, for p ≥ 500.(6.40)

In fact, numerically the values are so close that the best interval is probably in a
small neighborhood of 450. Finally, limp→∞ h(p) = 1

e−2 ≈ 1.3922111. These
estimates brake the

√
2 "barrier," albeit not by much.

For a the study of topics related to those presented in this section, and specially
further structures and inequalities for conformal martingales, the reader is referred
to [66].

6.4. Final Remarks.

Remark 6.15. While it may be possible to refine such numerical bounds further, a
more compelling direction is to seek arguments that establish Iwaniec’s conjecture,
even for special values of p. This goal was a principal motivation for our study of
martingale Cotlar identities beyond the classical setting. Even establishing the
conjecture for p = 4, which to the best of our knowledge is still unknown, may
already yield valuable insight.

Remark 6.16. Martingale methods, in combination with the Burkholder-Bellman
techniques have produced some of the strongest bounds toward Iwaniec’s conjec-
ture and Stein’s inequality. Nevertheless, a remarkable fact is that no martingale
or other stochastic analysis argument is known that recovers even the simplest case
p = 2 with the sharp constant 1; a result that follows immediately from the Fourier
transform. This suggests that it is worthwhile to search for alternative approaches
even for special cases of p.
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Remark 6.17. A comparison between Pisier’s treatment of the vector of Riesz
transforms and the probabilistic representation of the Beurling-Ahlfors operator
reveals the obstruction for p = 2. The argument in [81] relies on projecting onto
the first Wiener chaos, but this projection fails to preserve the L2 norm and intro-
duces the factor

√
π/2. In the Beurling-Ahlfors setting the analogous step is the

conditional expectation arising in the probabilistic representation of the operator,
which is even less efficient as already at the L2 level it incurs a loss of 2. Conse-
quently, a direct adaptation of [81] to the Beurling-Ahlfors operator seems unlikely
to yield sharp bounds without exploiting additional structure. Nevertheless, such
an approach may still lead to improvements over the currently known estimates
and provide further insight into the problem.

Remark 6.18. Motivated by Pisier’s treatment of higher order Riesz transforms
leads us to further speculate about a possible adaptation of this method to the
Beurling-Ahlfors operator. Unlike the Riesz transforms whose symbols are linear
in ξ, the multiplier for B is quadratic in ξ. In the Gaussian framework underlying
the argument in [81], linear dependence on ξ corresponds naturally to the first
Wiener chaos. The quadratic structure suggests that the appropriate analogue of
the projection onto the first Wiener chaos would be a projection onto a suitable
subspace of the second Wiener chaos. This approach would be similar to Remark
[81, Remark, p.496] concerning higher order Riesz transforms.

From (5.20) we have that the second Wiener chaos is

H2 = span{Hα : |α| = 2}

with bases

{H2(x1) = x2
1 − 1, H2(x2) = x2

2 − 1, H1(x1)H1(x2) = x1x2}.

Thus

ξ
2

= (ξ1 − iξ2)2 = (ξ2
1 − ξ2

2)− 2iξ1ξ2 ∈ H2.

Similarly,

(ξ1, ξ2)

(
1 −i
−i −1

)(
ξ1

ξ2

)
= (ξ1 + iξ2)2 ∈ H2,

and this shows that the same quadratic combination arises from the matrix A0 +
iB0 appearing in the martingale representation. Thus both the Gaussian and mar-
tingale viewpoints point to the second-chaos structure.

It should be noted that this approach, if applicable, will produce an additional
factor of 1

(p−1) in the range 1 < p < 2 in place of 1√
p−1

arising from hypercon-
tractivity. In addition, as pointed out in [81, Remark, p. 497], projecting onto the
k-Wiener chaos to study norms of higher order Riesz transforms requires k to be
odd, similarly to the method of rotations for powers of HC.
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