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ABSTRACT. This paper investigates higher dimensional versions of the longstanding
conjecture verified in [10] that the ¢P-norm of the discrete Hilbert transform on the
integers is the same as the LP-norm of the Hilbert transform on the real line. It
computes the ¢P-norms of a family of discrete operators on the lattice Z¢, d > 1.
They are discretizations of a new class of singular integrals on R? that have the same
kernels as the classical Riesz transforms near zero and similar behavior at infinity.
The discrete operators have the same p-norms as the classical Riesz transforms on R
They are constructed as conditional expectations of martingale transforms of Doob
h-processes conditioned to exit the upper—half space R? x Ry only on the lattice Z¢.
The paper also presents a discrete analogue of the classical method of rotations which
gives the norm of a different variant of discrete Riesz transforms on Z?. Along the
way a new proof is given based on Fourier transform techniques of the key identity
used to identify the norm of the discrete Hilbert transform in [10]. Open problems
are stated.
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1. INTRODUCTION AND STATEMENT OF RESULTS

The probabilistic representation a la Gundy—Varopoulos [38] of the classical Riesz
transforms and other singular integrals and Fourier multipliers as conditional expec-
tations (projections) of stochastic integrals, in combination with the sharp martingale
inequalities of Burkholder |21] and their versions for orthogonal martingales [16] and
non-symmetric transforms [13,26], has proven to be a powerful tool in obtaining sharp,
or near sharp, LP-bounds for these operators in a variety of geometric settings. A partic-
ular feature of these techniques is that they give LP-bounds independent of the geometry
of the ambient space. Most notably, the bounds are independent of the dimension. For
example, in [16] such techniques were used to show that the LP-norm, 1 < p < oo, of the
Riesz transforms on R?, d > 1, is the same as that of the Hilbert transform on R found
by S. Pichorides [57] and B. Cole (see [35]), and to obtain the first explicit bounds for the
Beurling—Ahlfors operator. The former was first proved using the method of rotations in
[44]. For some history on norm estimates for the Beurling—Ahlfors transform motivated
by the celebrated 1982 conjecture of T. Iwaniec [43] and the current best known bound,
see [9] and the survey article [5].

One advantage of the martingale approach is that it immediately extends to geometric
and analytic settings well beyond R¢, including the infinite dimensional case of Wiener
space and other semigroups such as those of Lévy processes and discrete Laplacian
on groups. The interest on dimension free estimates for Riesz transforms and other
operators in harmonic analysis was initiated by the results and questions raised in Stein
|66] and Meyer [53]. For some of the now vast literature on dimension free and sharp
bounds for Riesz transforms and Fourier multipliers in a variety of geometric and analytic
settings and many uses of probabilistic tools, we refer the reader to [2,5-8,12-15,17,23,
24,27-34,36,39,49-51,54-56,63,71] and references contained therein.
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1.1. The probabilistic discrete Hilbert transform on Z. In his celebrated 1928
paper [64], M. Riesz solved a problem of considerable interest to the analysis community
at the time by showing that the Hilbert transform

(1.1) Hf(:c):p.v.jr/Rf(xy_y)dy, feIPR),

is a bounded operator on LP(R), 1 < p < oo. For some history on this problem
and Riesz’s solution in 1925 before its publication in 1928, we refer the reader to
M. Cartwright’s article “Manuscripts of Hardy, Littlewood, Marcel Riesz and Titch-
marsh,” [25]. In his paper Riesz also showed that the boundedness of H on LP(R)
implies the boundedness of the discrete version Hgjs on ¢P(Z), where the latter is defined
by the convolution with {-L-,m € Z \ {0}}. That is,

(1.2) Hdisf(n)zi > f("m_m) fera).

mez\{0}

In fact, Riesz showed that the operator norms satisfy
(1.3) |Hl[Lr—rr < |[[Haisllep—er, | Haisller—er < CJ|H || Lo Lo,

for some constant C.

The discrete Hilbert transform was introduced in 1909 by D. Hilbert who verified its
boundedness on ¢%(Z). Proving that the operator norms of H and Hg, 1 < p < 00,
are the same had been a long-standing open problem motivated in part by an erroneous
proof of E. C. Titchmarsh in 1926, [69,70].

Throughout this paper we will use the notation

p*:max{p,pl}, 1<p<oo.
=

With this notation, the Pichorides [57] and Cole |35] results say that

77) tan(%), l<p<2
%) cot(%), 2 <p<oo.

(1.4) |H||Lp—1r = cot (

When p is of the form 27 or 27/(27 — 1), j € N, the result had been known for several
years. For such p, it is shown in [47] that (1.4) holds for Hg;s. For further history and
references related to this problems, see [2,11,27-30,40,41,47|. In [10], it is proved that
for all 1 < p < o0,

(1.5) | Hao L or < cot(m/(20)
and hence, together with the first inequality in (1.3),
(1.6) |Hais||ep—ee = || H || Lr—Lr-

The proof of (1.5) rests on a modification of the Gundy—Varopoulos techniques using
occupation time formulas as in [3] for the Doob h-process where the harmonic function
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h corresponds to the periodic Poisson kernel. This construction leads to yet a third
operator Ty, which we call the probabilistic discrete Hilbert transform.

(1.7) Taf(n)= >, Ka(m)f(n—m),
meZ\{0}
where
e 2y
(1.8) K (m) = m <1 +/0 (y2 + m2m?) sinh®(y) dy> '

Although, as (1.8) clearly shows, this construction does not lead to an exact repre-
sentation of the discrete Hilbert transform, unlike the classical case for the continuous
Hilbert transform on R and the Gundy—Varopoulos extension for Riesz transforms on
R?, the martingale inequalities from [16] show that for 1 < p < oo,

(1.9) I Tallerer < cot(m/(257)).
Furthermore, it is shown in [10] that there exists a probability kernel P on Z such that
(1.10) Hyis f(n) = (Tl * P) f(n).

Here x denotes the convolution. From this,

| Hais||er—ser < || Th|lep—er < cot(m/(2p"))

and (1.6) follows.

In this paper we give a new proof of (1.10); see Section 8, Theorem 8.1. The proof is
based on Fourier transform techniques.

Before discussing the higher dimensional case, we point out that there are other
variants of the discrete Hilbert transform on Z. These include the one introduced by
Titchmarsh in [69], called the Riesz—Titchmarsh operator, for which the conjecture that
their /P norms coincide with that of H remains open. For a detailed discussion of the
different variants of discrete Hilbert transforms and a proof of the conjecture for p = 2n
or its conjugate p = 272£17 n € N, for the Riesz—Titchmarsh operator, we refer the reader
to [11]. While the argument in [11] does not use probability, it does use the fact that
(1.6) holds for all 1 < p < occ.

1.2. The probabilistic discrete Riesz transforms on Z?. In their celebrated paper
[22] Calderon and Zygmund remark that Riesz’s argument for the second inequality in
(1.3) applies to show that the boundedness of singular integrals on LP(RY) implies the
boundedness of their discrete versions defined on Z% in the same manner as the discrete
Hilbert transform. More precisely, let

Tf(z) =pwv. | K)f(x—2)dz, f:RT—=R
Rd

be a Calderon-Zygmund singular integral (K as in (6.3)). Then the discrete operator
Tyis defined by

(1.11) Tas(f)n)= Y Km)f(n-m), f:Z°—>R
meZi\{0}

is bounded on ¢?(Z%) and
| Tais|ler—er < CNT|| Lo rr,
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for some constant C'; see |22, pg. 138]. In particular, if we consider the Riesz transforms
on RY

(1.12) RW f(z) = p.v./ K® ) f(x—2)dz, k=1,2,...d,
R4
with
2k L%t
(113 K@) = capn ca= s

and their discrete versions
my

(1.14) R fmy=ca > e (= m),
meZ\{0}

it holds that for all 1 < p < oo,
k
IR llr—er < CIIR® | pospo, 1< p < o0,

for some constant C.

These operators are the classical extensions of the Hilbert transform to several dimen-
sions. It is shown in [44] using the method or rotations, and in [16] using martingale
inequalities, that

(1.15) IR® oo = | Hl| o0 = cot(m/(2p%))
From Proposition 6.1 below it follows that
(1.16) IR 1o < | R® || Loy 1o + Ca = cot(n/(2p")) + Ca,

where Cy is a constant depending only on d. Furthermore, in Theorem 6.2 a sharp lower
bound for singular integrals with homogeneous kernels is proved from which it follows
that

(1.17) cot(m/(2p")) = [|R¥ || oo < |1BE v em
This gives
(1.18) cot(w/(2p")) < IR lev v < cot(m/(2p")) + Ca

Given the success of probabilistic techniques in deriving sharp estimates for Riesz
transforms in general geometric settings, as discussed above, together with the interest
on discrete analogues of many classical operators in harmonic analysis as studied in
[20, 52, 58-62,67,68] (and many other references contained therein), together with the
results in [10], the following questions naturally arise:

(1) Can the construction of the probabilistic operators in [10] be carried out in
higher dimension to obtain a collection of operators on Z¢, d > 1, which are
closely related to the classical Riesz transforms in (1.14), that have ¢?(Z%)-norms

independent of d and that could be used to show that ||Rgf3 ||lep—¢r is independent
of d or even that it equals cot(m/(2p*)), as suggested by (1.18)?

(2) Do the probabilistic discrete operators arise as the discretization of Calderén-
Zygmund singular integrals on R%-as is the case of (1.14)?
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(3) Given the important role of the method of rotations in obtaining sharp or near
sharp estimates for Riesz transforms and related singular integrals on R? (see
for example [44]), it is natural to ask: is there a discrete “method of rotations”

that would reduce the ¢7(Z%) boundedness of Rgfs) to that of Hyis(Z)?

The goal of this paper is to address these questions as we now explain. The periodic
Poisson kernels h(z,y), 2 € R% y > 0, is obtained by summing the translations of the
classical Poisson kernel p,,(z,%) = p(x —n,y) over n € Z¢ as in (4.2). Using this positive
harmonic function we construct a Doob h-process in the upper half-space which exits
only on the lattice Z?. Taking conditional expectations of martingale transforms of
stochastic integrals built with this process, we construct a large collection of operators
on Z%, denoted by T4, where A is any (d + 1) x (d + 1) matrix with variable entries
and finite quadratic norm ||A|| as defined in (4.12). Applying the martingale inequalities
in [21] and [16], leads to the operator bounds [|T4llw—ew < ||A||(p* — 1) for all A and
| Tallep—er < ||A|l cot(m/(2p*)), if in addition A has the property that Av is orthogonal
to v, for all v € R¥1. The kernels for the T’s, (not necessarily of convolution type)
are computed in Theorem 5.1. Of particular interest in this construction is the case of

the sequence of matrices H*®) = (a Z(j)), k=1,2,...d, given by

1, i=kj=d+1
(1.19) =31 i=d+1,j=k
0, otherwise.

These matrices have the orthogonality property, H®yp . v = 0 for all v € R4 and
|H®)|| < 1. Hence the corresponding operators Ty satisfy

(1.20) | Tygem ler—er < cot(m/(2p")), k=1,2,...,d.
In this case the kernels (see (7.8) in the proof of Theorem 7.2) are given by
1 8p 0

(1.21)  Kyu (m / / - B, &) g, (wpm) (2, y) dydz,

R4 Y
and
(1.22) Ty (F)(n) = > Ky (n—m)f(m).

meZN\{0}

The choice of the H*)’s is motivated by the fact that using the standard Brownian
motion in Riﬂ killed upon exiting on R?, these are the matrices used for the probabilistic
representation of the classical Riesz transforms. This was originally done by Gundy
and Varopoulos [38] (see Section 6.2 below) and subsequently by many other authors in
different geometric settings. Indeed, the Gundy-Varopoulos construction gives operators
whose kernels are as in (1.21) with h replaced by 1 and n € Z¢ by z € R?. In fact,

> Opo(z,y) 0 CdZk d
1.2 4 LT Y) < (o)) dyde = Sk R ,
(1.23) L] o)) dyde = S 2 R\ (0}

where as before p,(z,y) = p(x — z,y) is the Poisson kernel. For this computation, see
(9.10) below.
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We call the operators Tyyxy, k= 1,2,...,d, the probabilistic discrete Riesz transforms.
When d = 1 there is only one matrix H(®) that we simply denote by H and the corre-
sponding operator Ty is the probabilistic discrete Hilbert transform (1.7) studied in [10].
In this case the kernel can be further simplified to (1.8). This simplification is due to
the fact that when d = 1 we have the simple closed formula for periodic Poisson kernel h
given by (4.7). This gives a very nice and quite simple formula for 1/h (see (8.2)) from
which many explicit computations can be done. Such a closed formula is not available
for d > 1. Instead, various properties of the function A(z,y) (as in Lemma 4.1) are used
for many of the computations in this paper.

While at present there is no analogue to (1.10) for d > 1 (see Question 8.7 below),
after a scaling and limiting arguments (Lemmas 7.6 and 7.7), the probabilistic Riesz
transforms are closely related to the classical Riesz transforms. This relationship can be
exploited to prove the lower bound

(1.24) cot(m/(2")) < [Tigew lavsor-

This together with (1.20) shows that the P-norm of Tyx) are not only independent of
the dimension but equal the LP-norm of R*), see Theorem 7.5.

Given our discussion above the following kernels on R and R?, d > 1, respectively,
naturally arise:

(1.25)
Kp(z) 1<1+/oo 2y° d)ﬂ ()+1]1 (). zeR\ {0}
T z — z z
! Tz o (y%+7222)sinh?(y) Y) Hiz21} o el<1pE)s ;
1 Jpy O
(1.26) Ky (2 ( /Rd/ 8azk By (ypz)dydx> ]1{|z\21}(2)

+Cd‘ |d+111{| ,<1}( ), zeRIN{0}, d>1, k=1,2,....d.

It is proved in Section 9, Theorem 9.8, that these kernels satisfy the Hormader condition.
The principal value convolution operators T'f(z) = Kg# f(2) and T®) f(2) = Ky * f(2)
are bounded on LP(R) and LP(RY), d > 1, 1 < p < oco. Furthermore, it is proved in
Section 9 (see Theorem 9.5) that

cot(m/(2p")) < Tl rosro < cot(5

) ++ 0.09956,

and

cot(m/(2p*)) < T™ Lo 10 < cot(5%) + Cy

where C; depends only on d.

The probabilistic discrete Hilbert and Riesz transforms on the lattice Z¢ are the dis-
cretization of these Calderén-Zygmund operators on R?. We call the operators 7' and
T®) the probabilistic continuous Hilbert and Riesz transforms, respectively. We conjec-
ture (Conjecture 9.6) that their LP-norms are not only independent of the dimension
but that in fact they are equal to cot(w/(2p*)).

Remark 1.1. It is important to note that these discrete singular integrals d la Hilbert,
Riesz and Calderon and Zygmund, do not arise as “genuine” Riesz transforms of semi-
groups associated with discrete or semi-discrete Laplacians for which many results exist
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and to which the “usual” Gundy—Varopoulos construction as outlined in Section 6.2 ap-
plies. For some of these applications we refer the reader to [1,2,29].

Concerning a “method of rotations” in the discrete setting, Section 10 presents an
analogue motivated by differently defined discrete Riesz transforms R*¥) on Z<. Tt
gives a representation of these discrete Riesz transforms in terms of the discrete Hilbert
transform Hgs from which the sharp estimates for their norms is obtained, Theorem
10.5.

We summarize the main results of this paper in the following Theorem.

Theorem 1.2. Let R%) be the classical Riesz transforms in (1.12), Rgfs) the discrete
Riesz transforms in (1.14), Tk the probabilistic discrete Riesz transforms in (1.21) and
R*) the Riesz transforms obtained by the method of rotations in (10.3). Fiz1 <p < 0.

(i) Ford>2 andk=1,...,d,

(1.27) I Tg00 ller—se0 = IR [lev—ser = |R¥|| Loy 1o = cot (),
and
(1.28) cot(55) < IRE [ler—ser < cot(5%) + Ca.

The constant Cy depends only on d.
(i) The singular integral operators T and T"®) on R and R?, d > 1, with kernels Ky
and Ky, satisfy the Hormader condition. Further,

(1.29) cot(m/(2p%)) < ||T||Lp—rr < cot(m/(2p*)) + 0.09956
and
(1.30) cot(m/(2p*))& < | T®) || 1o 10 < cot(F%) + Ca

The constant Cy depends only on d.
(i1i) When d =1,

(1.31) RW =g, Rfﬁi =RW = Hys, Tyo = Th.
The p-norm of these operators all equal cot (g ).

Remark 1.3. We note that (iii) is the content of [10]. We state it here to more clearly
give a global picture for all d > 1. The contribution of this paper to (iii) is the new proof
of the key identity (1.10) based on Fourier transform techniques which has the potential
for extending to higher dimensions. (See also Remark 7.8 for a derivation of (1.8).)
This motivates Question 8.7. If this question is answered in the affirmative it would
resolve Congecture 0./.

It is perhaps interesting to end this introduction with the following insightful comment
from Stein [66] who ends his paper with the remark:

“The above results raise the following general question. Can one find an
appropriate infinite-dimensional formulation of (that part of) harmonic
analysis in R™ which displays in a natural way the above uniformity in
n? A related question is to study the “limit as n — oo” of the above
results, insofar as such limits may have a meaning. One might guess
that o further understanding of these questions would involve, among
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other things, notions from probability theory: i.e. Brownian motion and
possibly some variant of the central limit theorem.”

The now vast literature on probabilistic techniques for problems related to this topic,

some of it cited in this paper, proves that his “guess” was indeed correct.

2. ORGANIZATION OF THE PAPER

Section 4.1 introduces the periodic Poisson kernel h on R? d > 1, from which we
will define the Doob h-process used throughout the paper and derive some of its basic
properties.

Section 4.2 defines the h-harmonic extension of the function f : Z¢ — R and discusses
a connection to an interesting problem of Magyar, Stein, and Wainger in [52], see
Remark 4.4.

Section 4.3 defines the Doob h-process associated with the function h, the martingale
transforms and recalls the relevant martingale inequalities.

Section 5.1 defines the projection operators, denoted by T4, as the conditional expec-
tations of martingale transforms. Theorems 5.1 and 5.5 compute their kernels and
prove their boundedness on ¢?(Z?) with the same bounds as those in the martingale
inequalities.

Section 6.1 considers the discrete Calderon—Zygmund operators given by (1.11) and
proves their boundedness properties. This is done in Proposition 6.1 and Theorem
6.2. From these, (ii) of Theorem 1.2 follows. Conjecture 6.4, and the weaker Problem
6.5, on the norm of the discrete Riesz transforms are formulated in this section.

Section 7.1 shows that the ¢?(Z%)-norms of the probabilistic discrete Riesz transforms
on Z% are the same as the LP(R?)-norms of the classical Riesz transforms. This is
done in Theorem 7.5. From this it follows that the p-norms of the classical Riesz
transforms on LP(R?), the classical Hilbert transform on LP(R), the discrete Hilbert
transform on #P(Z), and probabilistic discrete Riesz transforms on ¢(Z?) are all equal
to cot(m/(2p*)), verifying (i) in Theorem 1.2 for all the the operators with the excep-
tion of R(¥).

Section 8 computes the Fourier transform of the probabilistic discrete Hilbert trans-
form. This allows for a new proof of the “Key Lemma 1.3” in [10] which shows that the
discrete Hilbert transform Hy;s is the convolution of the probabilistic discrete Hilbert
transform with a probability kernel, see Theorem 8.1. The proof here is based on the
Fourier transform techniques. The natural question for Z¢, d > 2 is stated at the end
of this section, see Question 8.7.

Section 9 shows that replacing the discrete variable n € Z¢ by the continuous vari-
able z € R? in the kernel for the probabilistic discrete Riesz transforms, and after a
modification near zero that does not affect the discrete operator, give singular integral
operators satisfying the Hérmader condition and are bounded on LP(R%), 1 < p < oo
with their norms satisfying (1.29) and (1.30). See Theorems 9.1, 9.5, 9.8, and Corollary
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e Section 10 discusses a “method of rotation” by constructing certain discrete Riesz
transforms on Z? motivated by the classical ones and verifying that these Riesz trans-
forms have the same norms as the discrete Hilbert transform Hg;s and the probabilistic
discrete Riesz transforms Ty ), see Theorem 10.5.

e Section 11 presents some numerical calculations comparing the relative sizes of the
kernels for the discrete Riesz transforms, the probabilistic discrete Riesz transforms
and the discrete Riesz transforms constructed in the method of rotations.

3. NOTATION

The Fourier transform of a function f on R? is denoted by f, where
f(f) = f(:r)e_%ix'fda} for ¢ € RY.
R4

For a function f : Z% — R, the Fourier transform is denoted by F (f), where
F(HE) = Z f(n)e_%m'f for £ € Q := [_%7 %)d

nezd
Here, @ is often called the fundamental cube.

The standard notations || f|| z» and || f||¢» are used for the p-norm of functions in LP(R?
and (P(Z4), respectively. ||T||zr—r» will denote the operator norm of 7 : LP(RY) —
LP(R%), and similarly ||T||¢»_¢» for the operator norm of T': (P(Z%) — (P(Z%).

The gradient and Laplacian of functions u(x,y) on the upper half-space R x R, =
{(z,y) : # € R% y > 0} are denoted by

ou ou Ou ou
Vu = <8:1:1’ ’M’@y) = (qua 8y>

o2
oy?’

and .
Pu  0%u
Au=D g * g~ Aau

respectively. By abuse of notation, for f : R? — R we will still use Af = Zle gj?; to

denote its Laplacian on R%.
Throughout the paper, Ci,Co, ... or Cy will denote constants that depend only on d
and whose value may change from line to line.

4. PRELIMINARIES
4.1. The periodic Poisson kernel. Let d > 1. The Poisson kernel for the upper
half-space R? x R is given by
cqy d+1\ _an
(41) p(xay) = o S d+1> (337y) GRdXR-H Cd:F<2)7T 2.
(|22 +y?) 2

For z,z € R? and y € R, we set p.(z,y) = plz — z,y). Since Ap.(x,y) = 0 and
p.(z,y) > 0 for all (z,y) € R x Ry and z € RY, we see that the function h defined by

(4.2) h(w,y) = Y pale,y)

nezd
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is also positive and harmonic. In addition, it is periodic in x in the sense that h(z +
m,y) = h(z,y) for all m € Z%. We call the function h(z,y) the periodic Poisson kernel.
The following properties of h(x,y) will be used frequently in the sequel.

Lemma 4.1. We have limy_,o h(z,y) = 1 uniformly in x € Re. In particular, for each
yo > 0, there exist constants C1,Cy > 0 such that Cy < h(z,y) < Cy, for all xz € R and

Y = Yo-
Proof. Recall that Q = [—%, %)d. For z € R? and y > 0, we have

lz/de(xz,y)dz: Z/m_Qp(xz,y)dz: Z/Qpn(mz,y)dz.

nezd nezd

We will estimate the quantity
pn(z,y) — /Qpn(x —zy)dz = /Q(pn(wvy) — pa(T = 2,9)) d2.

All constants Cq,Cs, ... below are positive and depend only on d. Observe that we have

Yy
Vop(z,y)| <C1—— 4
(Jof? + y2)2 !

for all (z,y) € R? x R,. Furthermore, if z € RY, y > 1, 2 € Q and n € Z¢, then
|z —n— 2+ 4% > Cao(|lz — n|* +¢%).
It follows that

)
|Vapn(z — z,y)] < C1 |z —n — 22 +42)§+

<Cj J .
(Jlz —n|2 4+ y?)2 ™!

<oy @y o pel@y)
(lz = nf> +y?)2 y

Thus,
P2, y) — pn(x — 2,y)| < Cy p”(z’y) x|2] < C5 p”(;:’y).

We conclude that

|h(z,y) — 1] = Z /(pn(a:,y)dz—pn(x—z,y))dz

nezd

<Y [ Ionlg)dz — pule - ziy)lds
nezd

< Z / 05 pn(xay) dz — C5h($7y)
nezd Q y y

This proves the first statement of the lemma. The second assertion (ii) follows from (i)
and the fact that h(z,y) is positive, continuous, and periodic in z. O
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Clearly, h(z,y) > p(z,y), and thus for some constant C depending only on d we
have h(z,y) > Cyy whenever x € @ and y € (0,1). Since h(z,y) is periodic in z with
period 1, the same estimate holds for all z € R? and by combining this inequality with
Lemma 4.1, we find that

(4.3) h(z,y) > Comin{l,y}

d . .
for all (z,y) € R® x Ry. Similarly, we have h(z,y) > p(z,y) > 03\/xg+7 when
2?2 +y? < 1landy € (0,1). For all other (z,y) the last estimate is weaker than (4.3) (up
to a constant factor), so we conclude that

Y

(4.4) h(z,y) > Cy

holds for all (z,7) € RY x R,
We recall the Poisson summation formula.

Proposition 4.2 (|37, Theorem 3.1.17]). Suppose that f, fe LYRY) and
f(@)] + | f(z)] < CA+ |z)™"°
for some C,8 > 0. Then f and f are continuous and

(45) S fatn)= 3 Fmerin

nezd nezad

for all x € R%.

Applylng to the function f(:E) = p(:L" y) for which f(n) = 6—271'|n|y7 we obtain that
(4.6) h(x7y) = Z po(x + n,y) — Z efQTr\n\yeQwin-x'
nczd neZzd

From the fact that the Poisson kernel for the unit disc P,(#) is given by

1-r? <r< <9<
1472 —2rcosf’ 0<r<l, 0<f<om

Pr(0) = Z rinleind —

nel

we see that for d = 1,

1 sinh(27y)

(47) hz,y) = 5736_2@(27730) ~ cosh(27y) — cos(27x)’

This explicit expression for A when d = 1 is well known, see for example [42, pg.70].
It was derived in [10, Lemma 3.1] by a different argument and used there for many
calculations. In particular, for d = 1, such a formula permits explicit calculations for
various quantities involving the function @, see [10]. In Section 8 we will use this in
the calculation of the Fourier transform of the kernel Ky for the probabilistic discrete
Hilbert transform. For d > 2, while we can express h(z,y) in various other forms besides
(4.2) and (4.6), it does not seem possible to write such a convenient closed formula that

will facilitate calculations with m in a similar manner.
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4.2. h-harmonic extension. Let f : Z% — R be a function of compact support, that
is, f(n) = 0 all but finitely many n € Z¢. Define

(4.8) =) f(n )

nczd

Note that us is h-harmonic. That is, A(huy) = 0. Equivalently, us(x,y) is harmonic in
the upper half-space relative to the operator

Vh(z,y) -V
h(z,y)
The following proposition provides information on the boundary values of uy.

1
A
2+

Proposition 4.3. For each x € R?, p(x,y)/h(x,y) converges asy — 0. Let U(x) be the
limit, and f € (P(Z?) be compactly supported. Define foxi(z) 1= Y, cpa f(R)¥(z — n).
Then, foxi(n) = f(n) for all n € Z¢ and || fext|lze < ||f|lev-

Proof. Suppose x = 0. Note that p,(0,y)/h(0,y) <1 and

h(0,y) =p(0,y) + Y _p(n,y) =p(0,y) + > ———
70 n0 ( |”!2+y ) tn

p(0,y) + cay »_ In|~HHY.
n#0
Since the sum on the right hand side is finite, we have
1 _p0y)
1+ Cay™* = h(0,y)
Thus, if x = 0, the limit exists and ¥(0) =
Suppose z = n € Z%\ {0}. Then, limy—op(n,y) = 0 and
1 < ! ! 450
= =Y .
h(na y) p(oa y) Cd

Thus, the limit exists and ¥(n) = 0. For z € R?\ Z¢, we have limy_op(z,y)/y =
—d—1
cqlz| and

<1

lim Z |z — n| @D,
y—>0

nezd

Since the sum is finite for each z € R?\ Z?, we conclude that ¥(z) is well-defined. Note

that
pn
=1
L= [5

nezd

and

pr—ny Pn
nezd x_ny
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By Fatou’s lemma, we have

/ U(z)dr <1, Z‘I’(x—n)gl.
Rd
nezd
Thus, it follows from Holder’s inequality that
p—1

fesllty = [ el do < | 3 1f@ [ @=nydo ) 3 ¥@=n)] <l

nezd neZzd

O

Remark 4.4. Due to this Proposition, we call uy the discrete harmonic extension of f.

When d = 1, we can use (4.7) to compute that

sin? (7x)
Uy (x) =¥ (x) = { a0 270,

1, xz =0.
For an arbitrary d =1,2,..., set Uy(z) = H?:l U (z;) and consider the function
fext(z) = Y f(n)a(z —n).
nezd

It was proved in [52] that for all d > 1, there exists a dimensional constant A; > 1 such
that

1 ~
(4.9) Al < fexclize < Aall fller

The compact support of the Fourier transform of W4(x), which we are not able to verify
in our case for ¥(x) when d > 1, is crucial for the first inequality in (4.9). The bounds
in (4.9) were used in [52, Proposition 2.1] to show that the LP-norm of a continuous
Fourier multiplier operator 1", when the multiplier is bounded and of compact support,
controls the fP-norm of its discrete version Tg;s with a constant depending on d. More
precisely, suppose

K(¢) = /R ) K(z)e 2% dy

is bounded and supported on the fundamental cube @ = [—%, %)d. Define the Fourier
multiplier T'f(§) = K (& )f(ﬁ) and its discrete version by

Taisf(n) = Y K(m)f(n—m).

meZ4
Fix 1 < p < oo. If T is bounded on LP(R?), then Ty is bounded on ¢P(Z%) and
(4.10) | Tais|ler—er < CallT||r—rr,

where Cy = 3dAZ.
Remark 4.5. The problem raised in |52, Remark (1), pg. 193],

“it would be interesting to know if Cyq can be taken to be independent of
d, or for that matter if Cy =1,”

has been shown not to be the case, at least for p near 1. See [46] for details.
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4.3. Doob h-process and martingale transforms. For the function h(x,y) defined
n (4.2), let Z; be a solution of the stochastic differential equation

Vh(Zy)
h(Z:)

where (Bi)i>0 is the (d 4+ 1)-dimensional Brownian motion starting from (zg,yo) €
R? xR, . The lifetime of Z; in the upper half-space is defined by 7 = inf{t > 0: Y; = 0}.
The lifetime 7 is finite with probability one and the process Z; only exits the upper half-

space on Z%x {0}. Indeed, at its lifetime Z; approaches the point n € Z® with probability
pn(x,y)
h(z,y)
calculus for the Doob h-processes we refer the reader to [18, Chapter 3].

We denote by (2(Z%) the space of all compactly supported functions in ¢?(Z%). For

f € 2(Z%), we define

dZ, = dB; + dt,

, where (z,y) is the starting point of Z;. For the basic properties and stochastic

M; = Mj =us(Z,), forte(0,7).

By Ito’s formula, Mtf is a martingale and satisfies

t t
(4.11) M{:M({+/ vuf(zs)-dzs+;/ Aug(Z,)ds
0 0
t t Zs . Zs
:M({+/vuf(zs)-dzs/ ViZs) Vup(Zs)
0 0 h(Zs)

t
:M({Jr/ Vus(Zs) - dBs,
0

where (B¢)¢>0 is the (d + 1)-dimensional Brownian motion.
Let M (q41)(R) be the space of all (d+ 1) x (d + 1) real matrices and denote its norm
by
1Al = sup{|| Av[| : v € RT, [lo]| < 1}.
By abuse of notation, for a matrix-valued function A : R4 x R, — Mg41)(R), that is,
A(z,y) = (aij(z,9))1<ij<dt1 for all z € R? and y > 0, we define

(4.12) [All = sup  [JA(z,y)ll
(I,y)eRdXR+

= sup{[ Az, gl : v € R o] < 1, (2,3) € B x B, ).
We say a matrix A(z,y) = (aij(z,y)) € M@gs1)(R) is orthogonal if (A(x,y)v,v) =
> aijviv; = 0 for all (z,y) € R? x Ry and all v € R, Let A(z,y) be a matrix-

valued function on RY x R and f € ¢2(Z%). The martingale transform of (Mtf )t>0 with
respect to A(x,y) is defined by

(Ax M7, ::/0 A(Z,)Vuy(2,) - dB,

o w2 g, [ AZDVus(Zs) Vh(Zs)
_/0 A(Z)Vug(Zs) - dZg /0 h(Zs) o

From the martingale inequalities in [21] (general A) and [16] (orthogonal A), respectively,
we have the following
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Theorem 4.6. Let 1 < p < 0o and recall that p* = max{p, p%l}.
(1) Let A be a matriz-valued function with ||A|| < co. Then we have
1A% M|, < (0" = DA M7 |-

(i1) If additionally A is orthogonal, then

7T
42471, < ot (32 ) 1411

5. DISCRETE OPERATORS ARISING FROM MARTINGALE TRANSFORMS

5.1. The projection operators T4 and their /Y boundedness. For the rest of this
paper we fix our starting point (g, yo) to be (0,w), w > 0. For A : RIxR, — Mg41)(R)
with [|A|| < oo, f € £2(Z%) and n € Z%, we define

= n} .

(5.1) TE () () = Bo) | (Ax M),

We call these operators “projections of martingale transforms.” Our next goal is
twofold. Firstly, we show that when w — oo, they give rise to a family of operators,
denoted as T4, which are bounded on ¢% (Zd), 1 < p < 0o, with the same fP-bounds as
those given in Theorem 4.6. In particular, these bounds are independent of d. Secondly,
we compute their kernels. Although these constructions are in the style of Gundy—
Varopoulos [38], we follow the approach in [3, Section 2| using the occupation time
formula in terms of the Green’s functions to compute their kernels.

For each n € Z¢, we consider the processes (Z;)i>o starting at (0,w) and conditioned

to exit the upper half-space at (n,0) and denote it by Z}'. Then Z;' is just Brownian
Vpon

in the upper half-space with drift . Let us denote the Brownian motion which arises
as the martingale part of Z* by Bt , and the expectation of (Z}');>o by E ( W) Then

T3 (f) can be written as

TH(f)(n) = E,w) :(A* MY |X, = n}
= [ " A(Z)Vuy(Zs) - VI(Zs
_E(O’w)-/o A(ZS)V“f(Zs)-dZs—/O A ds‘X —n}
ZE?O,U,):/O A(Zg)wf(zg).dzg_/o A(Z¢ )Vuf(Z; Vh(Z )ds}
:E?O,w):/OTA(Zg)vW(zg).ngJF/O A(Z )vu;i(zzni) Vol ZD)

[ ATz Sz
0 h(Z1)

s [ ()]

Next, we use the occupation time formula to write this expectation as an integral over
R? x R;. Let us denote the Green’s function for the upper half-space with pole (0, w)
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by Gy (x,y). Then

2 2
L og (L lHw Q=1
27 22+ (y — w)?
Gw(xay) = F(dfl) 1 1
d2+1 d—1 d—1 ) d22'
202 \(lzP+lw—y?) 2 (|22 +[w+y[?) 2

Since the occupation time measure for the process Z}* is given by
Pn(@,y)Gu(z, y)
pn(0,w)

it follows from the occupation time formula that

/Rd /R+ Pa(@:9)Cu(z, y)A(x,y)Vuf(a:,y). (Vpn(x y) V}jzg;;)) dyde

)

pn 0 ’LU (l‘,y)
(z,9)Guw(,y) Vpn(z,y)  pal@,y)Vh(z,y)
- /. /R a0, A(m’yw“f@’y)'( hz,y) Az, )2 >dyd”“°

/Rd /R+ m;i)(G )A(w,y)Wf(x,y) Y (%&’3) dydz.

For m,n € Z%, we define the kernel for the operator TY by

(5.2) K4S (n,m) :=T% (6m)(n)
where 0,,(n) = 1 if m = n and otherwise 0. Note that u;,, (z,y) = pgé y)) and hence we
have
(5.3) TH(N(m) = > Ki(n,m)f(m),
mezZ?
where

(5.4) KY%(n,m) = /Rd/R Mh(x,y)fl(x,y)v (%n) -V <%> dydzx.

With the kernels K% (n,m) defined for all w > 0, we like to compute the limit as
w — oo and study their properties. For each m,n € Z¢ and f € (2(Z%), we define

(5.5) Ka(n,m) :J%Kﬂ(n,m)

and

(5.6) Ta(f)(n) = Y Ka(n,m)f(m).
meZd

The following theorem shows that T4 is well-defined and gives an explicit expression for
it.

Theorem 5.1. Let A(z,y) be a matriz-valued function with ||Al| < oo and m,n € Z<.
Then, K4 (n,m) converges as w — oo and

Pm DPn
(5.7) Ka(n,m)= lim K% (n,m) /Rd/]thyhx y)A(x y)V( h ) V(%) dydzx.

wW—00
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Remark 5.2. Note that if A(x,y) = A is a constant matriz, then the change of variables

r=—z+m—n gwes Ka(n,m) =—K r(n,m).
Lemma 5.3. Letd > 1, n € Z%, and (z,y) € R? x R,.. Then we have
lim Gul,y) = 2.

wW—00 pn(O’ u))
Suppose that d > 2. Then

Gu(z,y) < {Cdy

AVARVAN
wlg g

<

pn(0,0) = | Cqw(| 2 + (£ — 1)2)~(d-1)/2

w

when n € Z¢ and w > |n.
For d =1, we have

ifn € Z% and w > |n|, where

o) = 2itbg(1 At —1)72),

Proof. The case d = 1 was proven in [10, Lemma 3.3]. For d > 2, we use the mean value
theorem to get
1 1 _dy1
; T T s = 2(d = Dwy(la” + w — y* + dwye)
(2] + o —yl?) = (o + |w +y[?) =

=2(d—D)yw YL+ |2+ [L]> +2(2e — 1) ¥)

for some € € (0,1). The first part follows now from

— - _d+1
Gu(,y) T 2(d = Dyw (L + |2 +[2]* +2(2e — 1) F) ">
pn(0>w) B 271'% de_d(l—i-%)_@
w
2 dt1
2y(1 + {217)
- EESN
(L+ 1512+ 122 +20: - D)™

because the right-hand side clearly converges to 2y as w — co. To prove the second part
of the statement, we observe that

nl2 | d+1

nl”
Guly) _ 20+ jupe) < 21»/(2)%H < 91 +3(d+1)/2,)
Pa(0w) (14 ]ZR 4 (LR 4202 - )YF T MG -1 T

when w > |n| and y < 9. Furthermore, when y > 3, we have

Gu(@,y) _ T(F) (|nf? + w?)d+1/2
pn(0,w) ~ 27 @D/ 2c, w(|z]2 + (y — w)2)(d-1)/2
1 (2w)d+1

<
=4d-1 wd(]%P—F (% _ 1)2)(d—1)/2

when w > |n|. O

_dtl
2
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Lemma 5.4. Letd > 1, n € Z%, z € R, and y > 0, then we have

Vou(z,y)| _d [Vi(z,y)| _ d
pa(zy) — vy h(z,y) Ty

Proof. Direct computation gives

(5.8)

(r,4) = ~ld+ Do —ny __(d+ e —m)
(|lx — n|?2 + 92 )d? |z —n|? + y?

9 calle—nP—dy?) _ (e nf — dy?)
B L (e T RO L)

0
al'i pn(x’y)v

This in turn gives

IV (2, )2 1 - i o
pn(z,y)? = v2(lz — n2 + 42)2 ((d—l-l) vl —nl? + (Jx — n|? — dy?) )
1
= e el @ el + ')
1
~ g (o= P+ @) =P + 7))
|z — n? 4+ d*y?
y2(Jz — nf? +y?)
d2
< —.
<

Let N > 0 and set h¥(z,y) = 2 nezd |nj<n Pn(2,y). Note that AN (x,y) — h(x,y) and
VAN (x,y) = Vh(z,y) as N — oo uniformly on compact sets in R? x R, . We then have

VAN (z, )| < > [Vpa(z,y)l

nezZd In|<N
d
<= > palay)
y nezZd,|n|<N
d
S —h L,Y).
" (z,y)
Letting N — oo, we get the desired result. O
Proof of Theorem 5.1. Let
. Gw(x y) Pm Pn
n,m\+, Y, :7’]1 ) A ) (7)v<7)3
Jnm(2,y, w) o (0.10) (z,9) Az, y)V Y
then K% (n,m) = [[ jnm(z,y, w)dzdy. Let w > |n| and define
jv%v)n(xvva) = jn,m(xuya w)]l{(]<y<w/2}7
j?g,zn(mvva) = jn,m(mv Y, w)]l{wa/Q}'
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We claim that

- (1) _ Pm\ ¢ (Pn
wlgrgo// nam (T, Y, w) drdy = /Rd/RJFthmy)AV(h) V(h)dydm,
lim // n2 (z,y,w)dzdy = 0.
wW—r00 ’

By Lemma 5.4, we have

pm(2,Y) IVpm(z,y)| | [Vh(z,y)| _ 2d
h(z,y) I < pm(T,Y) - h(z,y) = Y

Note that if 0 < y < w/2, then g(y/w) < C for some C' > 0. By Lemma 5.3,
Gu(z,y)/pn(0,w) < Cy.

|V (log

and

Thus, we have
5 o) = 2D 4 (1 P g (100
pn(0,w) A h h
Ca,apm (%, y)pn (@, y)
yh(z,y)
If y > 1, then it follows from Lemma 4.1 that

y2

(’JZ|2 + y2)d+1 '

(@, Y)pn(T,Y)
h(z,y)

S Cpm(x7y)pn(x7y) S Cd,m,n

Since

o Y
— 2 _dxdy <
[ Aumw+wWH s e

it follows from the dominated convergence theorem that

' ) P g (P
wlgI;O/ /Rd Tnm (T, Y, w dxdy—/ /Rd2yhxy)A(xy)V<h> V(h>d:vdy.

Suppose 0 < y < 1 and n # m. Using pp,(x,y) + pn(x,y) < h(z,y), we get

Pm (2, y)pn(z,y) < cay
h(z,y) <w—nP+y>z +(lr—mP2+y2)S
< 2 2 cqy -
(Jz =n]2 + |z —m[? +2y%) 2

. Cdy
- d+1

2(|lz — (2522 + 92 + [ 252 ?) 2

Yy

< Odnm
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1
1
——— dzxdy < o0,
/0 /Rd (Jzf2 + 1)
we obtain that

1
i D ( = Pm\ ¢ (P
JgI;O/ / Inm (T, Y, w) drdy /0 /Rd 2yh(w7y)A(rc,y)V( Y ) \% ( h) dzdy

when n # m.
Suppose 0 < y < 1 and n = m. For f = d,, it follows from It6’s formula that

F (2 = ur(00) [ ur(zy . ap. = PrOw) o (Pa(Z)
M/ = us(Z) = w00 + [ Vug(z-ap. =B [y (W) ap,

Note that E(q ) [M |X: =n] =1. Applying (5.4) with A(a: y) = Id, we get

B | [V (575 ) aspe=n] = [ [ S |v ()] ao

which leads to

(5.10) / o ol 0 w) h(z,y) ’V (%)‘2 dedy =1 — Im

Fix N > 0. Note that it follows from the proof of Lemma 5.3 that there exists a constant
C depending only on d such that for large w,

Gula,y) > Cy
n (0, w)
for all 0 <y < 1 and |z| < N. Thus, we obtain

/01 /|ng yh(z,y) ‘V (%) ‘2 dxdy < C.

By Lemma 5.3 and the dominated convergence theorem, we get

! 1) ! p p
lim / / Iz, y,w) dedy :/ / 2yh(z,y)A(z,y)V (Z2) -V (52 ) dady.
w=o0 Jo |z|<N ’ ( ) 0 Jl|z|<N ( ) ( ) ( h ) ( h )

Since ]j,(hbl%(, -, w)| is integrable over R% x (0,1), we have

1
/ / i (@, y, w) dzdy — 0
0 Jlz|>N

as N — oo. Using the previous argument, we see that

DPn DPn pn(x7y)2 pn(x,y) _ C
2yh(z, y)A(z,y)V (ﬁ) Y (ﬁ) | <C yh(z, y) <C vy (z—nP+ )@z

Since the integral of (|z — n|? 4+ y?)~(@*tD/2 over |z| > N converges to 0 as N — 0o, we

l}gl)o//jnnxy, dxdy—//Rdtha:y my)V(prL)‘V(pﬁn)dxdy

as desired.

Since
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For the other integral, we have

2
(2 Yy de 1
<C . .
T (25, w) < A o2 1 2)i T ([Z2 1 (L - 12)d-D/2 32
o 1
= Ydn,m,A _ :
n,m w2HL(|Z |2 4 [L2)d+1(|2 )2 4| Y 12)(d-1)/2
Thus,
dnnzA
J x,y,w) dedy< / / dxdy
f fs W fy fea PHyWWP+WfH
CbnrnA‘/n l/‘ dUdS
Rt ([v]? + 52 d“(lv\Q +[s =120~
and the right-hand side clearly converges to zero as w — co. U

Theorem 5.5. Let f € P(Z%), 1 < p < 0o, and A(z,y) be a matriz-valued function
with ||A|| < co. Then

(5.11) [Ta(Hller < (0" = DA ler-
If in addition, A(z,y) is orthogonal for all (z,y) € R? x Ry, then

(5.12) umuw<m( MMMW

Proof. Suppose f : Z% — R is compactly supported. By the sharp martingale inequality
(Theorem 4.6) and Jensen’s inequality for conditional expectations, we have

G13) TG rwﬁﬁzawmmmxm
nezd
= B [ ) [(A 5 M7 )| X7
< E(o,0) (o (A 17 ) 7| X, ]
— By ll(A* M7, 7
< (7" — 1P AJPE gy [ ML)

= - Al Y e,

ncZzd (0 Uﬁ
Since
Cqw Cq 1 Cd
pmOw)=———"F5=—"—7—5 < 1,
’ (nP +w?)s" @ (B 4%
we get

— Z (T4 (f) () Pwpa(0,w) < (0" = DPIAIP Y [f(n)]”

’I’LGZd nezd
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Recall that T4(f)(n) is the (pointwise) limit of T} (f)(n). By Fatou’s lemma, we get

d
S AP < lind = 3 [T ()P0,
nezd nezd
< = DPIAIP Y 1 f ()P
nezd

which proves (5.11). The proof of (5.12) follows from the same argument using the
second part of Theorem 4.6. O

The following Littlewood—Paley inequality is the analogue in our current setting of
the inequalities in [5, Corollaries 3.42 and 3.9.2].

Corollary 5.6. Let p € (1,00), ¢ =p/(p— 1), f € tP(Z%), and g € t9(Z?), then

| | 2@l Vs iV )l dady < 67 = D]l lale

Proof. Let A(x,y) be a matrix-valued function with |A|| < oo. Assume that f and g

have compact supports. By (5.7) and Theorem 5.5, we have
DN ( L 2w aw o (5) v () dyds ) f(mg)|
nezd R

=\ / / (i, y) Al ) Vg (2, y) - Vg, y) dyde]
Re JR,

< @ = DIIAI fllerllgllea-
Define

aAu (xvy)aﬂt(x7y)
A _ 9 g
1Y) = G0 () Vg (9]

for 1 <i4,7 < d+ 1. Here, we used the notations 0; = 0, for i = 1,2,--- ,d and
Od+1 = 0Oy. Since ||A|| <1 and AVuyVu, = [Vuy||Vugl, the proof is complete. O

Remark 5.7. Let a: Z% — (0,00). We define ha(:c,y) = nezd a(n)pn(z,y) and

pn xz y)
=2 0 h“:cy) '

nezd

For f:Z% — R we define its weighted (P(a) norm by

[ fler@y = | D [f(n)Pa(n

nezd

1/p

Following the same argument with he(z,y), and under the assumption that

S a(m)ln| " < oo,

n#0
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which guarantees that the harmonic function he(x,y) is well-defined, we can define a
discrete operator TIZ“ associated with hy and obtain the weighted norm inequalities:

(5.14) 174 fllenay) < (0% = DIAINfller(a)»
for any A. If in addition A is orthogonal then,

T
2p*

(5.15) 17 Flle) < cot ( ) LA o

6. DISCRETE CALDERON—ZYGMUND OPERATORS

6.1. Discrete Calder6n—Zygmund operators and norm estimates. Let T be an
operator acting on the Schwartz space of rapidly decreasing functions on R?. We say T'
is a Calderon-Zygmund operator if it is bounded in L? and can be written as

(6.1) Tf(x) =p.wv. K(x,z)f(z)dz
Rd
where K is continuously differentiable off the diagonal with the bounds
K K K
(62) [K(z,2)] < =2 VoK (z,2)] < [FpeTaEy VK (z,2)| < o= 2T

for & # z, for some universal constant k.

The Calderén—Zygmund operator T as above are bounded in LP, for 1 < p < o0
(see [37, Chapter 8|). Here we will consider Calderon—Zygmund operators which are of
convolution type. That is, their kernels are of the form K(z,z) = K(z — z) satisfying

(6.3) K e CYRIN{0}), [K(2)| <klz™ |VE(2)] < &z~

for some universal constant .
For these operators, Calderon and Zygmund [22] defined their discrete analogues by

(6.4) Tas(f)(n) = D Km—m)f(m), [e@?).

meZ¥N\{n}

As already mentioned in the introduction, M. Riesz [64] showed that in dimension 1, the
boundedness of H on LP(R) implies the boundedness of Hgis on ¢P(Z). In the “Added in
proof” section of their paper Calderén and Zygmund observed that the boundedness of
T on LP(R?) leads to the boundedness of Tyis on £7(Z%). In fact, Calderén and Zygmund
simply remarked (|22, pg. 138|) that “for n = 1 this remark is due to M. Riesz, and the
proof in the case of general n follows a similar pattern” (here their n = d) and no further
details are provided. For the sake of completeness and because we wish to keep track of
constants, we provide the proof here. Recall that the truncated operator T, is defined
by T.(f) = Ke * f where K.(x) = K(2)1{jg>c}, T satisfies ||T. f||r» < Cpl| f]|r», where
C) is independent of € and lim. o 7T; f exists in LP (RY) and a.e. We denote the limit
operator by T.

Proposition 6.1. Let T be the Calderén—Zygmund operator with convolution kernel
K () satisfying (6.3). Then, Ty is bounded on ¢P(Z%), 1 < p < co. Furthermore, we
have

| Taisl|er—er < || T1||zp—rr + C(d, k).
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Proof. As asserted by Calderon and Zygmund, the proof follows the argument of Riesz.
Let p € (1,00) and g be the conjugate exponent, that is, % + % =1. Let f € 7(Z%) and
g € £4(Z%). Define F' € LP(R?) and G € LI(R?) by F(z) = f(n) and G(x) = g(n) for

reEN+Q, Q= [—%, %)d. Then,

/ Ty(F)(2)G(x) dx = / Ky (y — 2)F(2)G(y) dedy
]Rd ]R{d Rd

= % ([ [ty a)doas) sgton

n,mez4
=3 Tus(f)(n)g(n) + > Ki(n—m)f(n)g(m),
nezd n,mez

where

Kifn—m)= [ K (y — @) dady — Ky (m — n)
m+Q Jn+Q

:A?éﬂﬁ@n—n+s—ﬂ—Jﬁﬁn—"»ﬁ“-

Using |[VK(z — 2)| < &l — 2|74 we have
[Ki(n—m)| < C(d, m)|n —m| =D,

for |m — n| large enough. Since |m|~(4*1) is summable, we have
1/p 1/q

Y Kinm)fmygm)| < [ 3 (Kl fm)P S K m)llg(m)]°

n,mez n,meze n,meze
< C(d k)| fllevllgllea
and this gives
| Taislleo—er < |T1||zp—rr + C(d, k),
where the constant C'(d, k) depends on d and x but not on p. O

Riesz’s argument was modified in [41] to prove a discrete Ap,-weighted version of
the celebrated Hunt-Muckenhoupt-Wheeden weighted norm inequality for the Hilbert
transform. See also [47, Theorem 4.6].

In [69], Titchmarsh gave (with a slightly different version of H) a different proof of
Riesz’s theorem by first showing that Hgis is bounded on P and from this that H is
bounded in LP and that in fact ||H||r—rr < ||Hais|ler—er. We show next that a similar
result holds for singular integrals that commute with dilations. More precisely, consider
singular integrals with kernels of the form K(x) = %, where {2 is homogeneous of
degree zero; Q(rz) = Q(z), for all » > 0. We assume that 2 satisfies the necessary
hypothesis (see for example [65, Theorem 3|) so that the singular integral is bounded on
LP. That is, (i) © is bounded, (ii) Dini continuous, and (iii) its integral on the sphere is
0.
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Theorem 6.2. Suppose K(x) = % satisfying (i)-(iii) and Q(—z) = —Q(z) for all
z € R4\ {0}. For1 < p < oo, we have ||T||pr—rr < ||Taisler—ser-

Proof. We define the continuous-discrete operator Tvdis on LP(R%) by

les Z K(n)F(z —n), Fell reRe
neZ\{0}
Let Q = [—3,3)% For f € (P(Z%), let F(x) = Y., cpa f(n)1g(z —n). Then, ||F||r» =
[fller and

Tas(F)(n)= > K(m)Y  f)lg(n—m—1)

meZiN{0} lezd

= Y Em)fn-m)
meZaiN\{0}

= Tais(f)(n),

which implies || Tgis||lep—er < H'fdiSH r—srr. On the other hand, for any F € LP we have,

TaFll= [ | 5 KmPla—m)|ds

d
meza\ {0}
p
= Z / Z K(m)F(z+n— m)‘ dx
nezd\{0} 9 mezd\ {0}
<Nl S / F(z +n)Pda
nezd\{0}

= || Tais oo 110

Thus in fact, || Tuis||r—rr = | Tassllen e
Let &€ > 0 and define 7.F () := e» F(ez). Then ||[7.F||, = ||F||,, for F € LP(R?). Let
leSF( x)=T1 leSTEF( ). Now suppose F' is smooth with compact support. Then

I5F(x)= > K(@m)F(z—em)

meZ4\{0}
= Z MF(CC — em)e?
e
meZiN\{0}
4 Q(em)
=5 Z e[ (F(x —em) — F(x 4 em)).
meZi\{0}
For each » > 0, we have
e Q(em) 1 Q(y)
lim — Flz—em)—F == P —y)— F .
m G Y (P em) — (o em) = ; /|| S (Ple =)~ Fla +1) dy
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On the other hand, since € is bounded and F' is smooth on compact support, it follows
that

d

€ Q(em) d 1
h — — < S
5 > s (F(z —em) — F(z+em))| < Ce® >~ T Cr
meZ\{0}, meZ\{0},
lem|<r lem|<r
Similarly,
Q _
[ TR re—y - Fera|<c [ itay-cn
wi<r 191 lyl<r
Therefore, we get
e G Q(em)
(6.5) il_r)r(l) T5F(x) = ;1_1% — Z W(F(a: —em) — F(x +em))
mezd\ {0}
1 Q(y)
:hm/ —(F(x—y)—Flz+vy))dy
g [ ey~ Fe )
=T(F)(x).

By Fatou’s lemma, we get

IT(F)|lzr < liri%nf|‘fjis(F)||Lp < || Tais(F)l| o
which finishes the proof. O

The “continuous-discrete operator” versions have been used in several places to bound
the norm of the continuous version by that of its discrete versions, see for example

[47,58).

6.2. A conjecture on the /P-norms of the discrete Riesz transforms. The canon-
ical examples of Calderéon—Zygmund operators that satisfy the assumptions of both
Proposition 6.1 and Theorem 6.2 are the classical Riesz transforms on R already defined
in (1.12).

The Riesz transforms arise naturally from the Poisson semigroup and its connection
to the Laplacian. That is, if we let P, f(x) be the convolution of the function f with the
Poisson kernel p(-,y) as in (4.1), then in fact,

0 0
(6.6) ROf(x)= [ 5Py f(x)dy= 5 —(~A)""2f(x).
oxy.

With this interpretation, the Riesz transforms can be defined in a variety of analytic
and geometric settings, including manifolds, Lie groups, and Wiener space. We briefly
recall here the Gundy—Varopoulos [38] representation of R®) | referring the reader to
[3,5] for details and applications. Let By be the standard Brownian motion in the upper
half-space R‘fl starting at the point (0,y) and 7 its exit time. Consider the conditional

expectations operators

oxy,

(6.7) E(0y) [ /0 H® VU, (B,) - dB,

BTZJ'},
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where H*) are the matrices in (1.19), U(z,y) = P, f(z). Just as we do in Section 5.1
for the discrete case, under the assumption that f is sufficiently smooth, the quantity
in (6.7) converges pointwise to R¥) f(z), as y — oco.

We remark here that verifying the convergence of (6.7) to the Riesz transforms is much
simpler than the corresponding convergence results in Section 5.1; see for example [5, p.
417]. It is also worth mentioning here that the original Gundy—Varopoulos paper used
the so called “background radiation” process in the construction. That the background
radiation is not needed was shown in [3].

It is proved in Laeng [48] that the LP-norm of the truncated Hilbert transform H.

Hofla) = /| ) fe=2y,

s z

coincides with that of the Hilbert transform H. That is, || H.||p—p = cot (22*) for every
e > 0.

The methods of rotations can be used to obtain the same for the truncated Riesz
transforms. That is, let Kg(k)(z) = K(k)(z)]l{‘zbs} and Rék)f(az) = K® « f(z) be the
truncated Riesz transform. Then,

T
(6.8) IR lr2r = cot <2p*> ’
for all € > 0. Combining (1.15) with Fatou’s Lemma, it suffices to show the upper
inequality

™
(6.9) IR®)|| 1o 1p < cot (Zp*) .

This follows from the method of rotations (|37, Equation (4.2.17)|) applied with Q(y) =
cd%’“‘ and the additional observation that

d—1
2n 2 2
T

Q e e _— =
L@t =ca [ 10 = caZp

It follows from this and Propositions 6.1 and Theorem 6.2 that (1.16) holds. That is,
we have the following

Corollary 6.3. Forl <p<oo, k=1,2,...,d, we have

T (k) s
cot <2p*> < || Rgisller—er < cot <2p*) + Cy,
where Cy is a dimensional constant.

Conjecture 6.4. Foralld>1,1<p<oo, k=1,...,d,

T
(6.10) IR o yw = cot (2]9*) .

A weaker but also interesting result would be

Problem 6.5. Show that
k
(6.11) IRE ler < G,
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where Cp, is independent of d. Even more, it would be interesting to show that the vector
of discrete Riesz transforms also has a bound independent of the dimension, as it was
first proved by Stein in [66| for the continuous version. That is, if

J 1/2
(6.12) Rgis f(n) = (Z |R((i]i€s)f(n)‘2> ’
k=1
then
(6.13) | Rais fller < Cpl[ fler,

where Cy, 1s independent of d.

From the representation of the kernel K4(n,m) in (5.7) and Remark 5.2, we have
Ty = 2T 4x) where Ag?) =1fori=d+1, j =k and otherwise 0. By [16, Theorem
4.2], we obtain that

J 1/2
<Z |TH<k)f|2> <2(p" = DI fller-

k=1 o

As for the best constant (6.13) for the vector, this is a well known problem even in
the continuous case. The original proof with bound independent of dimension in [66],
and different subsequent proofs shortly after, did not even give the sharp asymptotic
behavior which is O(1/p — 1), as p — 1 and O(p), as p — oco. The first proof providing
this behavior was given in [4] with subsequent improvements with explicit constants in
|16, Corollary 4.21| and [44, Theorem 5.1].

These problem are also motivated by the remark in [52, pg. 193] already discussed in
connection to inequality (4.10).

7. DISCRETE RIESZ TRANSFORMS AND THEIR PROBABILISTIC COUNTERPARTS

7.1. Probabilistic Discrete Riesz Transforms and their norms. The proof of the
Conjecture 6.4 for d = 1 in [10] rests on the probabilistic construction of the operators
in Section 4.3 for d = 1 applied to the operator T as in (5.12) with the matrix

(7.1) H = [(1) _01] ,

which is orthogonal and of norm 1. Motivated by this and the Gundy—Varopoulos [3§]
probabilistic representation of the Riesz transforms R*) on R? d > 1 as in (6.7) and
its many variants studied over the years (see for example [5,6] and the many references
therein), we consider the operators Tyyx), where for each k =1,2,--- ,d, the (d + 1) x
(d + 1) matrix H® is given by (1.19). As already noted H®*) is orthogonal, |[H®)|| = 1.
This gives the operators Ty, kK = 1,...d, which we call the “probabilistic discrete Riesz
transforms”. By Theorem 5.1, their kernels are given by

(72) Ky (n,m) = /R d /0 " oyh(a, y) HOY <W> v <p;(i’5))> dyda.
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Using the fact that h(z + m,y) = h(x,y) for all m € Z?, a change of variables shows
that
(7.3)
_ - _ o (k;) pO(way)> <pn—m(xuy))

Ky (n, m) = Ky (n—m) /Rd/o 2yh(x,y) HWV < h(z,y) \Y 7h(x,y) dydzx.

Note that when d = 1 the matrices in (1.19) reduce to the matrix H in (7.1) which
gives the probabilistic discrete Hilbert transform 7g.

The kernels Kk enjoy the following properties that will be used below in several
computations. For n = (ny,ne, -+ ,ng) € 7%, define

n=(ny,ng, -, Nk, ...Ng).
It follows from (7.3) (or from (7.6) below) that Kyu)(n) = —Kygx) (7). Thus we have
Ky (n) = 0, if ny, = 0, and in particular, Ky (0) = 0. It also follows that Kyx)(n) =
—Kgx)(—n). These properties of Kyu will be used below in several computations.
Because Kk (0) = 0 we often write the sum in the convolution over Z and not over

Z\ {0}.

By (5.12) of Theorem 5.5 and (5.7) of Theorem 5.1, we obtain the following
Theorem 7.1. Suppose f € ﬁp(Zd) 1<p<oo. Set

(7.4) Ty (f)(n) = Y Kyoo (n —m) f(m).
meZa

Then,
T

(75) HTH(k)f”fp > (2p*)Hf”€p7 k=1,2,...,d

In the following proposition, we derive a different integral representation for the kernel
Ky (n) which will provide a relationship between the operators Ty and the CZ
k)

discrete Riesz transforms R((iis. As we shall see, this representation allows us to prove
that the /P-bound in (7.5) is best possible; see Theorem 7.5.

Theorem 7.2. We have

(7.6) Ky (n </Rd/ n(
~(Ld

dydw) ]1{\n|>1}( n)

o0 1 8]?0
. =4 — 909 () dyd
(7.7) /Rd/ haxayp)yw
where
Sz, y) = 203(d+ 1)zpy?
T (2P )T (|l - nl2 )
402(d+ 1)2zy*
Tn(xay) = d d+3 )

3|22+ 12) % (Jo — nf2 +42)
and Uy (z,y) = 4Sn(x,y) — 3T, (x,y).
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Proof. By (7.3), we have

K (n

/Rd/ th]HI(’C ]20> V(%) dydx
= Lo (s () 5 () 3 () g (5)) e

:/ / 2uh ( 1 Opo Opn, Do Oh Opn  Dn Opo Oh  popn Oh 8h> dyde
Rd

120z, Oy K 0zs Oy M3 0z 0y | ht Oup Oy
o0 1
3 / / 2yh< Opo Opn  po OhOpn  pnOpo Oh  popn Oh 8h> dyda
Rd

h? Oy Oz, h3 0y dxy,  h® Oy Oxy, ht Oy Oxy,

:/ /""Qh L OpoOpn _ po Oh Opn | po OhOpn) o o
rd Jo I\ n2 Ox, Oy  h30xz, Oy  h3 Oy Oxy, Y

> 1 Opo Opn, pn Opo Oh | pn Opo O
— 2h| —w———— 5 —— + ——— | dydzx.
/Rd/o Y <h2 Oy Oz, h3 Oy Oxy, + h3 Oxy, Oy yox

By the change of variable z = n — 2/, we simplify

> (y Opo Opn | ypo Oh Opn ypo Oh Opn
K —4 Y 9P0 OPn | YPo O OPn_ YPo Ot Opn _
00 (1) /Rd/ <h Oxy, Oy + h? Oy dxy,  h? Oxyp Oy dydx

It follows from integration by parts that
/ vpo Oh Opn g, _/ B9 (ypzoap> dy
o h? 0y oz o Oy \ h? Oz

_ _/°° PoOpn Y Opo Opn _ 2ypo O Opu  ypo Opn
0 h Ox),  h Oy Oxy, h? Oy Oxy, h Oydxy,

_ / > (Po Opn | Yo dpn | ypo 9%pn >
0

h Oz, * h Oy Oxy, +73y8mk

Similarly,

/poahf’pndx _/ha Ypo Opn )
h2 dxy Oy oz, \ h2 Oy k

y Opo Opn, 2ypo Oh Op,  ypo Opy, > -

h Oz, Oy h2 Oz, Oy = h Oydzy

/(y(?por?pn ypo 9°pn > J
e Tk

h Oxi Oy h 0yoxy,
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Combining these, we get

[o¢]
y Opo Opn  ypo Oh Opn,  ypo Oh Opy,
K =4 J20 20 IR0 T Zn | JP0 T 2P0 ) gud
e (1) /Rd/o <h Oxy, Oy * h? Oy Oxy,  h? Ox Oy yox
:4/ /°° (yf)poapmrmc?pn y 9po Ipn _ ypo 0*pn
Rd

h Oxi Oy h Oxi  h Oy Oxy + Tay(‘)xk
y Opo Opn ~ ypo 0pn
dydx

h 0xy Oy h Oyoxy
/ / PoOpn Y IPopn o
Rd h 8$k h Oy Oxp
> 1 0pn 1 0pg 0
— 4 _Zm 2 T il
AQ/;mmaywwwm d//nhmm9 ypa) dyda

We note that on the numerator of (5.9) we have (|z — n|?> — dy?). Splitting this into
|z — n|? +y? and —(d + 1)y?, then the first term can be absorbed in S, (z,y) and the
other in T, (x,y). Thus, integration by parts with (5.8) and (5.9) gives that

(7.8)
2
TrY
Ky (n) = 8c3(d +1 / / v
H d R wmeP+y)3(W—nP+yyy
4c3(d + 1)2/ / ZCky4 - dydz.
—4cy
R4 Jo h(l’,y) (’$|2+y ) (’$_n|2+y ) 2
O
Remark 7.3. When d =1, (4.7) gives h(z,y) = cosh(;?;(fzgs)@”), and
4 y’
Sn(xu y) - ﬁ (1:2 + y2)2((1‘ — n)2 + y2) ’
16 wy’
T(z,y) =

32 @ 4 PP~ P+ P
From this we have that for each n € Z\ {0}

72
16

16 ,y) ’
= /0 coth(2my)y </ @ T dx) dy
(2
_ 0 smh @ry) (/R @ xcosx im;b)) T y?) d:r> dy
/OOO coth(27y) y4 < L (22 1 42) (x_ n)2 + y2)2 d$> dy

N /OO / x cos(2mx) gz ) d
o sinh(2my) \Jr (@2 +9y2)2((z — n)? + y?)2 v
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The inner integrals with respect to x can all be computed using partial fraction decom-
positions. Indeed, for n € Z \ {0} we have:

x 2mn
dx = :
/R @122 (@ —n)2+y2) "y + 4y?)

/ x cos(2mx) 2mne 2 2m2e—2mY

x = — ,
r (22 +9%)%((z —n)* +¢?) y(n? +4y2)?  n(n? +4y?)

/ x d ™ (n? + 20y?)
Tr =
r (77 +42)%((x —n)? +y?)? 2y3(n? + 4y?)*’
/ x cos(2mx) p e 2nn(n? +20y%) e 2™r2(n? — 4y?)
xr =
r (22 +y?)*((z — n)? +y?)? 2y (n? + 4y?)3 ny?(n? + 4y?)?

From these we obtain

1 0 92e72mY(3n2 + 49?)
K =—|(1+16 d
u(n) ™ ( * 7r/0 sinh(27y)(n? + 4y?)? Y

1 o0 293 >
A W),
™ ( o (y2+72n2)sinh?y Y

where the last equality follows from integrations by parts with

e Y 293

fly) = b ()’ 9(y) =

T2+ m2n?

This leads to the expression

w0 wa = (14 [T 2y’ ) 101 0)

™m y2 + m2n?) sinh?(y)

—1<1+/Oo 2" d)]l (n)
o o (y2+ 72n?2)sinh?(y) Y] Hinz13 -

This formula was computed in [10] with a slightly different approach. We will return to
this formula below in Section 9.

Recall that Ré’fs) are the CZ discrete Riesz transform given by

n
(7.10) REf(m)=cq Y =) = 30 Ky (1) (m =),
neza\ {0} nezd "
where
n L(45)
K pm(n) = CdiH]lzd\{o} (n), ca=—7%%
dis ‘n‘ T2

The following alternative representation for K

R will be frequently used below.

dis
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Proposition 7.4. We have

K oo (n (/Rd/ (z,y dydw) Lz (n (/Rd/ Su(z,y dydﬂf) Lnfz1(n)
(/ / (z,y dydx) Lyjn=13(n).
]Rd

Proof. Let N = d—f’. By the definition of Gamma function,

o] 2
/ / kY dxdy
o Jra (|22 + )N (Jz —nf? +y)N 1

1 /Oo/ /OO/ 2, N1y, N -2, —u(|z2+y2)~v(|z—n[2+y?)
= Ty U dudvdzxdy
FNT(N—=1) Sy Jrado Jo

1 /OO / /OO / 2 N—-1 N 2 —(u—l—’u)\w— n|?— |n)?—(ut+v)y?
= TRy U utv iy dudvdzdy.
D(N)D(N =1) Jo  JraJo Jo

Since we have

/ mkef(u+v)|mf uivnl? de — / (xk n v
R4 R4 u—+ v

U+ v Rd

d
T2V
(u+v)1+g

nk) e~ (wtole® go

and

o0 2 2 3 i
/ yPe U dy = (utv) "2
0

it follows from Fubini’s theorem that

fe'e) 2
Try

dxd

/0 /Rd (]2 + 42) N(‘x_n‘Q y2)N-1 xray

d+1
T2 nk: 00 N 1 N 1 v |n\2
= N 1e utv dudv.
AT(N -1) (u+ v)N+

s=(u+ U)|7’L|2, dudv = |n|~*sdsdt, we obtain

Substituting t = 1,

dd
//Rd<|x|2+y <\a:fn|2+y> e

d+1

_ sN=ZN-1( N—1_—st(1—t)
= t —t dsdt
T 1) |n|d+1/ / ) s

1
= 5+ Dea e
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Similarly, we have

) 4
/ / TkY dxdy
o Jra (l2I* +y*)N (| —n> +y*)¥
1 > > 4, N-1,N-1 —(u—l—v)\x— n|%—
— F 2 / /Rd/ / TRY U utv

d“ uN-1N
= uwto dudv
2 ’n‘d+1/ / (u+v) N+2

4cd(d+ 1)2 \n\dﬂ

s Il = (uto)y? dudvdzdy

We are now ready to prove that the upper bound in Theorem 7.1 is sharp.

Theorem 7.5. The {-bound of Tyyw) in Theorem 7.1 is best possible. That is, for all
d>1, k=1,...d, | Tgw |ler—er = COt(2;*).

The result will follow from the next two lemmas.

Lemma 7.6. With the notation introduced earlier in this section, we have

\nl|i£>noo |n|d|KH<k) (n) — KRS{C) (n)| = 0.

Proof. Recall that

Ky (n / / d dzx, R(k) / / Up(z,y)dydz,
Rd dis R4

Un(a,y) = —4§§k<x ) (.fy (ypa(z.9))-

Observe that po(z,y) = ¥ po(ex, ey) and p,(z,y) = e p.p(ex, cy). Therefore,
Un(z,y) = € Uy (e, ey);

where

here and below we abuse the notation and we allow n in p, and U, to be an arbitrary
vector in R, It follows that

U,(x,
Ky (n /]Rd/ Ec yy) dydx
2d+1/ / U‘E (ex, Ey dyda
R4
= / / Usl ,1y dydzx.
R4 (E 7gy

If we choose € = ﬁ, we find that

n n z
n|¢ Ky (n / / —n/InlZ 7). (@ y) dydz.
Rt Jo  h(|n|z, |nly)
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Similarly,
In|? KR(k> / / Un/n) (%, y)dydz.
Therefore,
(7.11)  [nf? Ky (n) — |</ / U, o (2,1)] L layds
H s h(|nlz, [nly)

By the estimate (4.4), we have

Y

1
Va2 +y? <h(ln|x7 nly

for a constant C; that depends only on the dimension d, and by Lemma 4.1, the left-
hand side converges pointwise to zero as [n| — oco. On the other hand, by the explicit
expression for U, |, given in Theorem 7.2, we have

V2 + 2 Con/ 22 + y? |z |y

1) <o

v e e A (- R+ T
N Csy/ 22 + y? d+3|xk|y4 -
y (lz[* + %) 2 (lz — 1> +v7) 2
—C, - x|y _
(|22 + 92 % (Jo — 42 +42)F
3 d+2’xk’y d+3
(Iz[* +92) 2 (| — > +¢7) 2
< Cy Y

d+1

d+1
Iz + %) 2 (lz — 41> +v) 2
In|

for some constants C, C'5 and Cy that again depend only on d. We have thus shown
that

wm|wmmmw( +Qsa@ y .

Mlnlz, Inly) (22 + )% (Jz — & +y»)F

and additionally, as |n| — oo, the left-hand side converges point-wise to zero. Observe
that if we denote by O, an orthogonal transformation of R? which maps ﬁ to e; =

(1,0,0,...,0), then the above estimate takes form

1
h(|n|Onz, |nly)

[Un/n) (O, y)| x

1‘ < C1Cy g Y
(x> +y?) 2 (lz —e1]* +y?) =
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and the right-hand side no longer depends on n. Since the right-hand side is integrable,
by the dominated convergence theorem we find that

1
lim / / Unini(x,y — 1|dzdy
e Jeo Sy 1O e Tl
1
= lim / / U, jin(Opz,y — 1|{dzdy = 0.
e Jeo Jy OO i, Taly)
The desired result now follows from (7.11). O

Let us consider the continuous-discrete operator

T F(x) = Y Fz+n)Kgw(n).
nezd\ {0}
Recall that KH(k>(0) = 0. By the argument of Theorem 6.2, the norm of the operator
TVH(M on LP(R?) is equal to the norm of the operator Ty on ¢P(Z%).
For ¢ > 0,1 < p < 0o and a function F on R%, denote 7.F(z) = e¥/PF(ex) and
Te *) = Tl/aTH(k)Tg Observe that ||7.F||, = || F|p, and hence the norm of the operator

H

TH(k> on LP(R?) does not depend on .

We claim that as € — 07, the operators Te

H(e approximate the continuous Riesz
transform in (1.12). More precisely we have

Lemma 7.7. Suppose that F is a smooth and compactly supported function on R?. Then
lim TH oF(x) = RPF(z),

e—0t

for every x € R
Proof. We write

nezd\{0}

Z (F(z +en) — F(x — en))Kym (n)
neZh\{0}

T 2 (e Fe e )
neZ4\ {0

+% Y (Fz +en) — F(a — en)) (Kaw (n) — K o0 (n)).
neZ\{0}

DN | =

(7.13)

N —

We treat the two terms on the right-hand side separately.
Since KR(S’?) (n) = €Kz (en), the first term in the right-hand side of (7.13) is just
the Riemann sum

d
% Z (F(x +en) — F(x —en))Kgzw (en)
neZ4\{0}
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of the integral
1
ROF@) =5 [ (F@+9) — Flo = ) K ().
R

By (6.5) of Theorem 6.2 applied to the kernels for R*) we have,

_ % /R (Fl@+y) = Fl@ = ) Koo (y)dy.

Thus, it remains to prove that the other term in the right-hand side of (7.13) converges
to zero. To this end, we apply Lemma 7.6. First, there is a constant C7 (which depends
on F') such that |F(z +y) — F(x —y)| < Cily|. If R > 0 is large enough, so that
F(z +y) = 0 whenever |y| > R, we have

1
S| D (Pl en) = P — en) Ky () = Ky ()
neZ\{0}
C
< 71 Z 150,r)(en)len| Ky (n) — KR&’?)(n)"
TLEZd\{O} is

Given any ¢ > 0, by Lemma 7.6 there is 7 > 0 such that [Kgu (n) — K0 (n)] < S|n|~4

dis
when [n| > r. Thus, denoting Ca = sup,, o [Kgw) (1) — K, (n)], we find that
dis

R
1

S (Fla+en) — Fo — en)) (Kago (n) — Ky <n>>]
nezd\ {0}
o)
S% > 1pm(en)en| \“|7d+01202 > dpen®)en|
n€ezZ\{0} nezd\{0}
01(55
<

_a  Ci1C%e
<=5 D IpompMnl TS5 YT I ()il
neZa\{0} nezd\{0}

The first sum in the right-hand side is bounded by % for an appropriate constant Cs,
and the second one does not depend on . Therefore,

Y. (Fz+en) = Flz —en))(Kyw (n) — Ko (n))| <
neZa\{0}

) 1
lim sup =
e—0t

Since d > 0 is arbitrary, we conclude that

lim 1 Z (F(z +en) — F(z —en))(Kgm (n) — KR((;?) (n))’ =0,
nezZ\{0} ‘S

e—0+ 2

and the proof is complete. O

Applying Fatou’s lemma, exactly as in the proof of Theorem 6.2, proves that | R®)||pr_1» <
Tk ||ep—ep. This and the equality (1.15) give the assertion of Theorem 7.5.
H
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Remark 7.8. From the martingale inequality in [16, Theorem 1| we also obtain the
following version of Essén’s inequality for the probabilistic discrete Riesz transforms

< \/1 + <cot (27;*)>21\f\|@.

Let F € LP(RY) be such that F(x) = f(n) forx € n+ Q, n € Z%. Then, it follows from
Lemma 7.7 with Fatou’s lemma that

~ 1/2
’ (|TH(k>F!2 + \FP)
L p

Let 7.F(x) = e¥PF(ex). Since Tl/ER(k)TE = RW¥ and ||7.F|, = ||F|lp, we have

(7.14) | (e 712 112)

> H (1ROF? 4 172) "

1/
Lp

1/2
H (1RO (wF)P + |7 FP)

p

Since any function G € LP(R?) can be approzvimated by T.F where F(x) is of the form
F(z) =Y, cq0 f(n)Luiq(z) for f € (P(Z), with the help of the Fatou’s lemma, we see
that the inequality (7.14) is also sharp.

Remark 7.9. Similarly, using the matrices Ajj, as in |16, pg. 595| would lead to what one
may call “probabilistic discrete second order Riesz transforms” with £P-norms bounded
above by (p* — 1). Notice, however, that even if we had the analogues of the above
Lemmas for these operators (which we do not currently have), the (p* — 1) bound will
not be sharp. Instead one would expect the sharp bound to be %(p* — 1) when j #
k and the Choi constant when j = k, see [13,36]. Similar questions could be asked
about the probabilistic discrete Beurling—Ahlfors operator, its sharp norm on P and the
relationships to the discrete Beurling—Ahlfors operator which Calderén and Zygmund
highlight in their discussion on discrete singular integrals, see [22, pg. 138|. Based on
Twaniec’s conjecture [43] that the norm of the Beurling-Ahlfors operator on LP(R?) is
(p*—1), 1 < p < 00, one would conjecture that the CZ discrete Beurling—Ahlfors operator
should also have norm (p* — 1) on (P(Z*). We have not explored these questions.

8. FOURIER MULTIPLIER OF THE PROBABILISTIC DISCRETE HILBERT TRANSFORM

In this section, we focus on the case d = 1 and compute the Fourier transform of the
probabilistic discrete Hilbert transform Ty whose kernel is given by

*©10p 0
(8.1) = —4// Ea—];a— ypy) dydz.

This representation for the kernel of the probabilistic discrete Hilbert transform Ty
together with the computation from Proposition 7.4 makes it clear that there is a con-
nection between this operator and the discrete Hilbert transform Hg;s. However, this by
itself does not yet give the bound || Hyis||gp—er < cot(2g* ). In order to derive this bound

from the bound of ||Til|¢r—er, as already noted in the introduction, one needs to show
that up to convolution with a probability kernel, the discrete Hilbert transform equals
the probabilistic discrete Hilbert transform. This crucial fact was derived in [10, Lemma
1.3] using explicit computations to construct such a kernel. In what follows we provide
a completely different proof of this fact, based on the formula from Lemmas 8.3, 8.4,



40 DISCRETE SINGULAR INTEGRALS

which gives an explicit formula for the Fourier transform of such a kernel. Although not
clear at all at this point, it may be possible that such an approach based on the Fourier
transform (as opposed to the complex variables approach in [10]) could lead to similar

results for the discrete Riesz transforms R((f) ind>1.

Again from (4.7) h(z,y) = Cosh(;?;(fggs)(zm) , which gives

(8.2) = coth(2my) — cos(2mx)

1
h(z,y) sinh(27y)

(a linear combination of 1 and cos(2mx) for y fixed). This is crucial for the computations
below.
Let 9(x) be the digamma function defined by

b0 st = 5 < v [T

where vy is the Euler constant.

Theorem 8.1. There exists a kernel P such that P(n) > 0 for alln € Z, > ., P(n) =
1, and Hgis = Ty * P. That is, for all f : Z — R of compact support,

Hais f(n) = (T * P) f(n),
where x denotes the convolution operation.
An immediate corollary of this is the main result in [10].

Corollary 8.2.
T

2p*

).
Lemma 8.3. The kernel for the probabilistic discrete Hilbert transform is given by

Kg(n) = —i /R éM(g)e%mf d¢

| Hais|ep—er < || Th|er—er < cot(

[ €] > 1,

14+ (1= [€) @+ [g]) — (1) + [El @' (1 +1€) —¢'(1)), 1€ < 1.
Proof. We begin by observing that

0
(F2¢) () = 2mige2mieh,
0

(ay(ypn(',y)))A(g) = (1 — 2n¢|y)e 2rinée—2mlély
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and

<cos 27793 )

27rzx —271’7,:1? 8}?
(¢ 2) (@
e

((5 D=2 4 (¢ 4 1)e —27r\§+1|y>
§

2m‘me’2”‘ﬂy(!§\ cosh(2my) — sinh(27y)), €l > 1,
é! “2TY(|¢] cosh(2m[é]y) — sinh(2[¢]y)), €] < 1.

If |¢] > 1, then

Lop\" . o & o
<hagj> (6) = 277’1/@6 y.

On the other hand, if [¢| < 1, then

1op\" § —2nlel _ etrlély — 1
(ior) ©=2rige e 11+ -k ( Symr ) )

Thus by Plancherel’s theorem,

Ra(n) =4 [ ( LG2Y 0 (2wmen) © dg) y

= —8772'/ / é(3*4”'5'74(1 — 27|¢|y)e?m e dyde
lg1>1 €]

edmlély _q
—47r|§|y 2min-€ _ - =
~ 8ri / . / G — 2mely)e <!£\+(1 !E\)( P

— § 27rzn§d _ 5 27rzn§d
o TR [ e

9 S Q2min-€ B °°< _yg|y> y_e—(1+\€|)yd ]
2Z/»g|<1 |f\ <(1 |5’)/0 1 2 1— eV Y '3

o0 eV — o~ (1+IEDy
Jra =B = wa e - vy + Sl i - v,

Since

where 9 is the digamma function, we obtain that

K (n) = —i /R é'zw(g)e?m‘”5 de.

41

)os
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Lemma 8.4. For £ € Q = [-3 5 2) and a compactly supported function f on 7Z, the
Fourier transform of the probabilistic discrete Hilbert transform Ty(f) is given by

where

M(€) = 1+ (1= 21N ((1+ [€) + (1 — [€]) = 26(1)) + [£](1 = €D (' (1 + [&]) = ¥/ (1 = [€]))-

Proof. By Lemma 8.3, we have

Thus, it suffices to show that

> f Mg+ m) = S H(E),

for £ € [0, 1]. By the series representation for the digamma function

(14 2) ——y—i—Z (m m+z>,

we have

£+
> e

[n|>2

( : )
E+m { m

1 11 1 2%
(M_m+m_m§>+1§2

2€
1—¢2

WE &Mg

1

(1= -v(1+8+

3
Il

I
<

Using the recurrence relation ¢ (1 + 2) = 1(z) + 1, we have

£+1 £—
‘§+1‘M(§—|—1) ] M(E-1)
lerl —(1+260(2 =€) —v(1) +EQ = W'(2-¢) —¥'(1))

2§

=1- "5
1-¢2

— (14261 =€) — (1) +E1 =W (1= &) — /(1)) .
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Therefore, for £ € [0, 1], we have

E+n E+1 £E—1
2 jea M+ = %' F e ME DT e
1+ (1) W1 +6) — $(1) + €W+ )~ (1)
HUI-O v+ + g 1

— (14261 = &) — (1) + &1 = W' (1 = &) —¢/(1)))
= M(¢),

which completes the proof.
O

Lemma 8.5. Let g(§) = % on £ € [0, %] Then, g is strictly positive, decreasing, and
convez on [0, 5] with g(0) =1, ¢'(0) = -2, ¢'(3) = 0.

Proof. First, we claim that M(f) > 0. Since ]\7(0) =1, and M(1/2) = 0, it suffices to
show that M () is decreasing in |0, 2] Let o(z) ==y (1 + ) + (1 — ) — 2¢(1) where
1 is the digamma function. Then, M can be written as

M (&) = 1+ (1= 2] (I€]) + €11 = [€D¢'(1€])-
By the definition of v, p(x) has the integral representation

1 — cosh(zy)
=2 —"dy.
p(x) /0 w1 W

It follows from this that “2-(z) <0 for all n=0,1,2,--- and z € [0, 1]. Then,

2\ 1
=2 Zm, :—4;102 —x2
42 (n +3x)‘

Thus,
M (z) = —2p(x) + 2(1 — 22)¢' () + z(1 — 2)¢" ()

= —4§: M (—$2(n2 —22)2 4 2(1 — 22)n?(n? — 2%) + 2(1 — 2)n?(n® + 3302)) .

The numerator in the summand can be written as

—2%(n? — 2H? +2(1 — 22)n%(n? — 22) 4+ z(1 — 2)n?(n® + 32%)
= (1 —22)(2+z)n* — 2%(2? — Tz + 2)n* — 2°
=(1-22)2+z)(n* —n?) + (1 —22)(2 + x) — 2%(2® — T2+ 2) — 2%)n? + 25(n% — 1)
=(1—-22)2+z)(n* —n?) — (z — 1)*(a* + 223 + 42% — 2 — 2)n? + 25(n% - 1).
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Since ! + 223 + 42? —2 — 2 < 0 for all z € [0,3], we conclude that ]\7’(1‘) < 0 for
z € [0,4] and so M(x) >0 on [0, 5]. Since
1-2 2 1
9(1/2) = lim —— = — lim —— =~ >
z—i— M(x) el M'(z) 5((3) —4log2

g is strictly positive.

Let u(z) := M(z)/(1 — 2|z|). We claim that u is increasing and concave on [0,1/2].
Denote ¢(x) = (1 4+ x) + (1 — x) — 2¢(1). Since
z(l—=z) ,

1 9g ¥ @)

0,

u(w) = — () +

= m@ + @' (x)) + () —

" (x) 3 1-2z ,

B (44 ¢'(x)) + i(1—21) + 580,(53) A (),

(@) = 1 0

it follows from L’hospital’s rule and the recurrence property of polygamma functions
that

W(1/2) = 356" (1/2) + 56/(1/2) = .

Thus, it suffices to prove that v”(z) < 0 for z € [0, 3]. Let
v(x) = (1 — 22)3d" ()
=2(4+ ¢'(2)) + (1 — 22)(1 +2(1 — 22)*)¢" (2) + x(1 — z)(1 — 22)*¢"(z).
Note that
V(@) = (1= 22)*(=120®) (2) + 4(1 - 22)0®) (2) + 2(1 - 2)pW (2)).

Using the series representation for p(x) (see the remark above), we get

— 120 (2) +4(1 = 22)p¥ () + 2(1 - 2)p ! (2)
= Z ﬁ(ne‘ — 52(1 — 22)n* — 523(2 — 2)n? — 2°)
n=1
= i ﬁ((n6 —n) + (1 —2)nt + 5232 —2)(n* —n?) 4+ (nt = 1D)a2d) >0

Il
.

n

for all z € [0,1]. Since v/(z) > 0 and v(1/2) = 0, we obtain that v(z) < 0 and so
u"(z) <0 for x € [0, 3] as desired.
O

Remark 8.6. From Lemma 8.5, we see that ||]T4J||oo = 1. This implies that Ty is bounded
in (2(Z) and its norm is 1, as we already know.

Proof of Theorem 8.1. The proof is based on Pélya’s criterion for discrete random vari-
ables (see for example [19, p.353]|). The Fourier multiplier for the classical discrete
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Hilbert transform Hgis with kernel Ky, (n) = L is

™

Fn ) = 30— = 37 Zhsin(aeng) = —icki(1-20¢)
nez\{0} n€Z\{0}
for £ € [~3,—1). Thus, we have
F(Ky)(€) = —i5(1 - 20¢]) = FEa)©)9(),  g(€) = =2l
o € M(¢)

Since we know ¢(&) is strictly positive, convex, decreasing on [0, 2] and symmetric on
@ by Lemma 8.5, there exists a sequence of continuous, symmetric, piecewise linear
functions g;(£) on @ converging to g(£) pointwise. In particular, for each j, there exist
0=t <ty <--- <ty =1suchthat g;(0) =1, g;(3) = g(3) =t ¢, and g;(&) = a; — ;¢
for £ € [ti—1,t;], for some a;,8; > 0, ¢ = 1,2,--- k. Let n(§) = max{0,1 — [{|},
m(€) == n(&/t), and 1so(€) = 1 on Q. Since g; is continuous and g(0) = 1,9(3) =

k
:Zsi —tzl +C—th z_sz—l-l

by letting sx+1 = 0. One can see that

th S — SH-I Mt; (5) + Cnoo(g)'

Since 1, Moo for 0 < t < % are the characteristic functions of discrete random variables
and g; is the convex combinations of them, g; is also the characteristic function of a
discrete random variable X; on Z. Since g; converges to g pointwise and g is continuous
at 0, we see that g is also the characteristic function of a random variable X. Note that

€] n is even.

We know that F(Kg)(§) = |£|M(§) and Ky (n) is decreasing in n with |Kg(n)| < %
for some C' > 0. Thus, the convolution Ky * U(n) is well-defined and the Fourier
transform is M. Since M (O) = 1, we obtain that M (€) is the characteristic function of
a discrete random variable, say Y, on Z. Assume X and Y are independent, then the
characteristic function of the sum X +Y is 1 — 2|¢|, which is the characteristic function

of a discrete random variable. So, we conclude that X is also discrete, supported on
Z. That is, there exists a probability kernel P such that P(n) > 0 for all n € Z,

>onez P(n) =1, and g(§) = F(P)(§) on Q. O

1 .
o= FU)©) U(n):{;m’ s odd:

Question 8.7. Does Theorem 8.1 hold for d > 1% More precisely, is there a probability
kernel P*) on 74 such that

RE) f(n = > P¢ m) Ty f(m)?

meZ4
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1 L L L L 1 L L L L 1 L L L L 1 L L L L 1

0.1 0.2 0.3 0.4 0.5

FI1GURE 1. Comparison between the Fourier multipliers for the classical
Hilbert transform (orange), the discrete Hilbert transform (blue), and
the probabilistic discrete Hilbert transform (green).

9. PROBABILISTIC CONTINUOUS RIESZ TRANSFORMS

Given that discrete operators obtained from Calderén—Zygmund kernels as defined in
(6.3) are simply defined by replacing the continuous variable z by the discrete variable
n and avoiding the singularity at {0} in the sum are bounded on ¢F (Propostion 6.1), it
is natural to ask if the opposite is also true in the current situation. More precisely, is
it true that the kernels obtained from Ky simply by replacing n € Z¢ with 2 € R?,
|z| > 1, together with the some modification for |z| < 1, are Calderon—Zygmund kernels
satisfying (6.3)? In this section we give a formula for such continuous kernels that satisfy
(6.3), with the exception of the C' property on the sphere |z| = 1, and are also bounded
on LP(R%), 1 < p < oo with rather precise norm bounds. Since we are able to find
various explicit constants for the case d = 1, we consider the cases d = 1 and d > 1
separately.

From formula (1.8) a natural version of a continuous kernel which gives the proba-
bilistic discrete Hilbert transform & la Calderén—Zygmund would be

(9.1)

1 o 2y° 1
KH(Z) = E (1 +/O (y2 +77222)Sinh2(y) dy) ]1{‘Z|21}(Z) + E]l{|z‘<1}(2), z € R.

Similarly, for d > 1 from (7.8) a natural definition of the version of a continuous kernel
which gives the probabilistic discrete Riesz transforms for £k =1,2,...,d would be
(9.2)

& 1 Opy O 2k
Ky (2) : = <—4/Rd/0 h(gﬁ’y)amay(ypz)dydiﬂ) L2213 (2) +0dW1{\z|<l}(z)

z
(1) + £Y() 1oy () + Cd‘Z‘Tkﬂﬂ{lzlﬂ}(Z)’
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where
8ci(d+1
/ / Cd( + Ly a7 dedy,
R Jo Rz, y) (e + ) T (o - 22 +42) F
and
des(d+1
I(k / / Cd( + [y a3 drdy
i Jo h(w,y) (o2 +y2) % (jo — 22 +42)F
and ¢q = F(%)ﬂ'_%.
Notice that Ky is not continuous on |z| = 1 and hence not a Calderén-Zygmund

kernel requiring (6.3). Nevertheless, with these definitions we have

Theorem 9.1. For anyd > 1 and k = 1,...d, the kernels Kyw) (z) (Kg(z) whend =1)
satisfy

(i
(9.3) Ky (2)] < ﬁd e R4\ {0},
(i)
(9.4 VKoo ()] < iep, 2 €RIV(O) ol 21,

where Cy depends only on d. Furthermore,
(iii) For d =1,

—~ 2 [ yln(y?/7? +1
(9.5) sup [Kg(€)] < 1+ / wdy ~ 1.09956.
£eR ™ Jo sinh®(y)

(iv) Ford>1 and all k=1,...d, we have

(9.6) Kam (€)] < Cqy for all € € R\ {0}

Proof. We first show the case d = 1 which is computationally much simpler and will give
explicit constants, particularly the bound for the Fourier transform. Clearly |Kg(z)| =
for 0 < |z| < 1. On the other hand,

|Z|’

o0 y3 0 y3
dy < ——d
/0 (y2 + 7222) sinh?(y) V=T /0 sinh?(y) Y

4 ] 3
4 / S,
1252 0 €2y(1 _ e—2y>2

4 S > 3 _—2k
=— k:/ yle " dy
w222 ; 0

3 1
9.7 - _ -
(9.7) 2222 ; k3 27r2z2C( )
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From this it follows that |Kg(z)| < %, for all |z| > 0. Similarly, for |z| > 1,

1 [e'e) 2y3 [e') 4y3
o= 1+ ] W) d
K (=) ' 22 < 0 Pzt V) T )y Gt atrysmi(y)

a

and again we have |Ki(2)] < B ‘2 for all |z| > 0, |z| # 1. Here, C is a universal constant.

Thus Ky satisfies (i) and (ii).
In addition, we have, in the principal value sense,

€) :/KH(Z)e_%izfdz
R
1 ] 1 00 23 —2miz-§
(9.8) =/6‘2W2Z’5d2+/ 5 / e |

R T2 mJo sinh®(y) \Jqzs1y 2(y° +7%27)

o 1 00 2y3 e—27riz~§

= —isign(¢ +/ —_— / ————dz | dy
(&) 7 Jo sinh®(y) ( (211} 2(y? + 7222)

— s 1= 2 _sin(2mz|¢])
= —isign(§) (1 + - /0 Snh2 () (/{|z>1} S+ n2:2) dz) dy) )

By Fubini and the following identity obtained by integration by parts,

/OO 1 d In(y?/7% + 1)
1(

z = ,
2(y? + m222) 292

we have

‘/ / e—2miz§ &) 4 ‘< 2/00 y3 </oo 1 dz) p
smh (y) \Jyz>1y 2(y* +7222) N1=% o sinh?(y) \Ji =z(y?+m222%) Y

1 [*®yln(y?/m2+1
_/ yn(y/27r+)dy
0 sinh*(y)

T
(9.9) ~ 0.0497822.

Hence for all £ € R,

2 2 [ yln?/r+ 1)
Ruo) <142 [~ L)

dy ~ 1.09956,
sinh?(y) Y

which is the claim in (iii).

We now suppose d > 1. By (7.12), (4.4) and a change of variables we have, for |z| > 1
and z = |z|0, that

K (2)] < Cd/ / - dxdy
R (|2]2 + y2) 2%\ — 2P 42T

hech / / Y — dxdy.
e R (|22 +y2) T (Jo — 02 +y2) T
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Since {|z — 0] < 1} C {|z| > 1}, we have

dxdy
//R (J2)? + 2) <rx—9\2+y>d?

dxdy
//{ o<1y ( |x\2+y>21<| 9|2+y>d¥1

/ / a7 dedy
{le—0>1} ( va|2+y) (Ifc—9l2+y) 5

- dzdy
//{x|>2} ity (!x—9\2+y)%

)
+/ / dxdy.
0 Spod (22 +92)F (59T

By change of variables,
/ / - dxdy
Re (|2]2 +42)* (\37—9|2+y)2
Y 1
< 2/ / dx dy
0 ( B (|ef? 4 y2) 5 ) (G+92)%
o0 1 1
<2/ (/ dex) rdy < 0.
o e (a2 )5 ) ()

This together with the obvious bound for the second term in (9.2) gives that |Kye) (2)] <
I%dd’ for |z| > 0. Next, for j =1,2,--- ,d, differentiation and (4.4) gives that for |z| > 1,

xr T; — 25
Cd‘/ / kY (dé 1) 5 dxdy
R h(w,y) (|22 +y2) T (o — 22 +92)
[zk;ly
< / / J dxdy
e B ((af2 4 y2) 5 (e — 02 +42)

C
dlziji) / / ’wkz],y a3 drdy
R (|22 +42) 5 (Jo — 0] +42) 5

|Z’d+1’

‘ azj

<

where z = |2]f. Similarly, we can obtain the same upper bound for B%jfg(k)(z), |z| > 1,
which leads to |VEKg) (2)| < B Id“ for all |z| > 0 and |z| # 1.

It remains to show that the Fourier transform of Kyx) (%) is bounded. By (7.8) and
Proposition 7.4, we have that

> Opo(z,y) O Cdzk
1 4 G20 Y) 9y, (x, — CdZk .
(9.10) L] 2 o)) dude = 221> 0
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This formula can also be easily verified using the Fourier transform. More precisely, for
a smooth function ¢ with Compact support, we have

/Rd < /Rd / (yp(x —2,9)) dydx> o(2) dz
/Rd /R / 0:L‘k ( /R yp(w = z,y)e " dz) 6 (€) dydads

727ri5x o —2r|¢]
/Rd /Rd/ axk (1 —27[¢ly)e y) o(€) dydzde
= / / 2mi& (1 — 27T‘§|y)e*477‘5|y¢(§) dyd¢
R% JO

P&,
= — dydg.

The equation (9.10) follows from the fact that the Fourier transform of cd‘zlzT’“+1 is —i%
in the principal sense. Thus we can write (9.2) as

(9.11)
Ko (2 ( / /]Rd ( ) 8p%(;ck v) ;y(ypz( ))dﬂ?dy) L2513 (2) +Cd’2‘2%-

Since the Fourier transform of the second term is —i%’“ (the Fourier transform of the

classical Riesz transforms), it is enough to show that

/ Jl(k)(z)e_zm'z'g dz, / JQ(k)(z)e_szf dz
{lz|>1} {lz|>1}

are uniformly bounded in &, where

Y 1 Yy )
R ()'_/o /Rd<h<x’y> 1) (P2 B P

CYR LI i v
(9-13) )'_/0 /Rd (h(az,y) 1> (22 +2)F (Jo — 22 + 92+ s

By the estimate (4.4), |® -1 < Cd%v and

(9.14) / (2 + 2)~ % dz < / 2~ gz < ¢,
lel23) lel23)

for 0 <y <1 we have
\xk\yz
7 dadydz

1
1
/{|z|>1}/ /x|<1} ’h (z,y) (|x\2+y ) (|:/v—z|2 +y?) 2
1 |2k |y?
dz ‘ —1‘dmdy
/ /{|x< }</{|x 213 (|Ja z|2+y )z ) hzy) (a2 + 42

<y / / Y dedy<Cy
{lzl<L} yx\2+y )5

_1’
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Note that in the first inequality, we used the fact that if 2| < 3 and |z| > 1, then

|z — 2| > 1. Similarly,
|9Ck|y2

) 1 '
/{|z|21}/1 /{Imlﬁl} h(z (o2 +42) % (o — 22+ 42) T

. Y)
1 1 ENS
<0y ———da 1 o de | dy
1 (>3} (|22 +y2) T {lel<1y | (2, y) (Jz[* +y*) 2

< Cd/ / y~ " dady < Cy.
1 Hel<5}

On the other hand, it follows from (4.4), (9.14), and the bound

7 dxdydz

Yy
(9.15) / dz < Cy
(=21} (Jo — 22 +¢2) 5

that
1 1 ‘ ||y
—1 dxdydz
/{Z'>1}/0 /{|x|>;} ‘h@fyy) (22 + )5 (|2 — 22 + y2) 5
1
y 1 [zkly
= dz ’ — 1’ dxdy
A*Aﬂ>?<ﬂ;vnam—zﬁ+y%%1 ) May) | (|af2 +42)5°
! 1
<ci | ‘ _4‘ AV
0 J{zziy [ h(z,y) (|22 + 42) 5
1
1
0 Hzl>3} (Jz|>2 +y?) =
By Lemma 4.1, we know that |1/h(z,y) — 1] < % for y > 1. Using this,
- 1 ‘ ||y
—1 dxdydz
Avﬂﬁl Aﬁz%‘ﬂ%y> (22 +42) % (Jz — 22+ 92)
h y 1 |k y
N dz ' - 1' - dady
/ /FPW(ATPHUx—zP+y%%I ) May) (a2 +y2)F
< Cu / / dxdy
{lz1>3} ( |x’2+y ) 32

<q4‘@/mgw
1y R (Jwf? + 1)

In the last inequality, we have used the change of variable wy = x. Thus, we get

[ @ < [ )<
{|2[>1} {lz[>1}

(9.16)
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Using the trivial bound y?/(|z — 2|2 + y?) < 1, it follows from the previous argument

that
/ Jg(k) (Z)e—Zwiz{ dz
{lz[>1}

< / /OO/ L 1’ d+lwk]y4 7 dedydz
(z21yJo Jra | Az, y) (22 + 32) 5 (jo — 22 +42) 5
~ 1 |2k |y?
< —1 dxdydz
/{lzzu/o el ’<|x12+y2>“¥3<\x—z\2+y2>d?
< Cy.

0

Remark 9.2. Note that the proof of the boundedness of the Fourier transform for d =1
shows that in fact the function

1 > 2y°
J(2) = — </O (42 + 7222) sinbh(y) dy) Lz>13(2)

is in LY (R) with ||J | 1 & 0.09956. Similarly, for d > 1, the proof shows that Jl(k)(z)]l{MZl}(z)
and JQ(k)(z)]l{|z|21}(z) are in LY(R?) with bounds depending only on d.

This gives the following

Corollary 9.3. For d =1, the continuous probabilistic Hilbert transform is given by

1 o0 29 1
Kg(z) = — (1 dy) 1 1
7 (2) m( +/O (1 22 s (y) y) (a2 (2) + — 1213 (2)

1
(9.17) =J(z)+ —,
Tz
where ||J || ~ 0.09956.
Similarly for d > 1,
k k 2k
(9.18) Koo (2) = J17 + I3 + AT
_ gk “k
=J® +Cd|zyd+1’

where || J®) | 1 < Cyq where Cyq depends only on d.

With J and J*) as above, the probabilistic continuous Hilbert and Riesz transforms
are of the form:

(9.19) Tf=Kuxf=Jx*f+HJ,
(9.20) THf=Kyw *f=J® « f+RPx f E=1,...,d

Recall that for e > 0, 1 < p < oo and a function F on R?, denote 7. F (z) = e¥/PF(ex).
We define (T*)® =7 /ETkTE. Following the proof of Lemma 7.7, one has the following
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Lemma 9.4. Suppose that F is a smooth and compactly supported function on R®. Then
lim (T*)°F(z) = R®F(x),
e—=0t
for every x € R, As a result, we have cot(r/(2p*)) = [|[RFF|p—p < |T*|lp—p. The
same holds for T as well.

Proof. Note that we have
(1* / Ko (0)(F (<) — Pz + ) dy

—2 K)( J(F(z —ey) — F(z +ey)) dy

g / I>1<KH(M (y) — KO () (F(x — ey) — F(z + ey)) dy.
Since K*)(y) = k) (eg)) = (k) (—y), we have
/ K®(y)(F(z - ey) — F(x + ey)) dy = R%) F(a).

Since F is smooth and compactly supported, there exists R > 0 such that |F(z —
ey) — F(z + ey)| < Cilp,pr (ey)ley| for some C1 > 0. By Lemma 7.6, for given
§ > 0, there exists 7 > 0 such that [Kyw(y) — K®(y)| < §|y|~? for |y| > r. Let
Cy = supjy|>; Kgw (y) — K®(y)], then

/| o 0) = KOG ) = ot =) dy

< Cye / 1Ko () — KO (3)] dy
1<]y|<R/e

< 10t / Iyl dy + Croe / |t dy
1<]yl<r 1<|y|<R/e

< Csr%e + C40.

Choose ¢ small enough and letting ¢ — 0, we conclude that (T%)*(F)(x) converges to

R®)(F)(x). By Fatou’s lemma, we also have the lower bound of the L? norm of T* as
desired. O

We record the LP-boundedness of the operators in the following Theorem.
Theorem 9.5. For 1 < p < o0,
(9.21)  cot(m/(2p")) < ||T||p—rr < ||J||p1 + cot(m/(2p")) =~ 0.09956 + cot(m/(2p*))
and
(9.22)  cot(n/(257)) < IT* [1orzr < 17D + cot(m/(20%)) < C + cot(m/(2p")),
where Cy depends on the dimension d.

Conjecture 9.6. We conjecture that the LP-norm of the operator T' should be cot(mw/(2p*))
and similarly for T®. For the latter, even the conjecture that the norm is independent of
d would be of interest. See the discussion preceding (6.13).
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Remark 9.7. Recall that the smoothness condition VK (z)| < k|z|~@) can be relazed
with Hérmander’s condition

(9.23) sup/ |K(x —y) — K(x)|dz < B < o0,
y#0 J]z|>2]y|

see [37, Theorem 4.3.3] and [65, Corollary on p.34, Theroem 2, p.35]. In particular, if
K satisfies | K (2)| < klz|~% and Hormander’s condition, then the convolution operator
T with kernel K is bounded on LP, 1 < p < oo.

Theorem 9.8. The kernels Kyw) satisfy the Hormander’s condition.

Proof. We have already seen that

C
R

|VEK gk ()] < for |z] # 0, 1.

Suppose |y| > 1. If || > 2]y| then
6(z —y) + (1= O)z| = [z —0y| > (1 = §)|z| > (2= 0)]y|
for all 0 < 6 < 1. By Taylor’s theorem, we have

Clyl Cly|
’KH(k)(x - y) - KH(k) (l’)’ < IVKHUQ)([B - 9y>Hy‘ < ‘x - 0y‘d+1 < ’x‘d-‘rl’

which leads to

o0

1
/ Ko (7 — 4) — Ko ()| de < Cly| [ S dr < C < oo.
|z|>2]y] 2y T

If |yl <1and |z| > |y| + 1, then |z — fy| > 1 for 0 < § < 1. Thus, the same argument
yields

/I Skl Ky (7 —y) — Kyw (z)|dr < C < oo.
x| >lyl+

Let 7 <[yl <1 and 2Jy| < |z| < |y| + 1. Using [Kye (2)] < &lz[~" and | —y| > jlz],

we get
1
/ Ky (x — y) — Ky (2)| de < C |~ de = C 'log (Iyl + )
2ly|<lz|<|y[+1 2ly]

which is bounded for |y| € (%,1]. Suppose |y| < 7 and 2 < |z| < |y| 4+ 1, then the same
argument gives

/ Ky (@ — ) — Ko (2)] de < C ﬁ 2|~ dz = C|log(4(ly| + 1))] < oo,
71<]zI<]y|+1 1

)

2Jy|<|z|<|y|+1

<lz|<|yl+1

If |y| < % and 2|y| < |2| < 2, then |z —0y| < 1. Thus it follows from the gradient bound
that

3
1]
[ ane-y) - Kaw@lde<clyl || Gdr<c<.
2Jy|<|zl<y 21yl

Therefore the kernel Ky satisfies Hormander’s condition and the LP(R%)-boundedness
of the operators for 1 < p < oo also follows from the Calderé6n—Zygmund theory. g
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10. A METHOD OF ROTATIONS FOR DISCRETE RIESZ TRASFORMS

Given the fact that the classical method of rotations can be used to show that the
Riesz transforms (and other singular integrals) in R? have norms bounded above by the
norm of the Hilbert transform, as discussed in Section 6.2, it is natural to ask if there is
a discrete version of such a technique that would reduce the boundedness of operators
on (P(Z%) (with some assumptions on their kernel) to the boundedness of Hgis on ¢P(Z).
While this does not seem to be the case for the setting of the discrete Riesz transform
as defined in (1.14), we can define closely related operators for which such a procedure
is possible.

10.1. Two-dimensional case. We first consider the d = 2 case where a particularly
simple expression for the discrete transform is available. For j = 1,2, from (1.12) we
have

RO f(x) = %p-‘/- LW ‘?_ yy’; dy.
Note that
Plyl 1y WPy 2
oyl WP WP P
where i = 1, if j = 2 and i = 2, if j = 1. Hence, the kernel of R is given by
1 &yl
yi Oy

Although not necessarily natural, this motivates the following definition for a different
variant of discrete Riesz transforms

i 1 n—m-+e;j|+|n—m-—e;j|—2n—m
R()f(n):% Z f(m)’ ]| | J‘ ‘ |

mezZ>2

eyt
n; —m; {m’L?ﬁnz}

For simplicity, we consider ¢ = 1. Fix a,b € R and define the directional discrete
Hilbert transform via the formula
(m)

1 f
Hapf(n) = p Z m ]l{nl#mhm—Lan1+bJ=m2—[am1+bJ}'
meZ?

The intuition behind this definition is as follows. We split Z? into an infinite family of
“one-dimensional” sets

Fopi={(k,lak+b| +1): k€ Z} = {n€Z?:ny — |any +b] =1},

where [ takes arbitrary integer values. Then H,; acts as a (one-dimensional) discrete
Hilbert transform on each of the fibers Fj,;;. In particular, the above interpretation
combined with Corollary 8.2 immediately gives that

[Hapllp—p = cot(%),

which is the norm of the continuous Hilbert transform.

Theorem 10.1. For compactly supported f : Z2 — R, we have

1 poo
(101) ’R,(l)f(n) = ;/0 / (1_’_(112)3/2 Ha,bf(n)dadb,
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Proof. Formula (10.1) is equivalent to

1 [n—m+e|+|n—m—ey| —2/n—m]

2 ny —ma

1 1 1
= 5 0 ) (1 T a2)3/2 ; m1 — ny ﬂ{mg—[aml—l—bJ:nQ—l_anl—l—bJ} dadb,

whenever my # ny. After elementary simplification, we need to prove that

]n—m+eg|+]n—m—eg|—2|n—m|

/ / —|—a2 (1 + a2)3/2 Ly~ (amy +b)=na—|any +b) } dadb.

We denote the right-hand side of the above equality by I

The integrand in [ is a periodic function of b, with period 1. Therefore, we may
integrate with respect to b over an arbitrary interval of unit length. For convenience, we
choose this to be [—ani, —an; +1), so that [an; +b] = 0, and we substitute ¢ = anj +b.
It follows that

—ani+1
= / /_ 1+ a2)3/2 Ly~ [amy +b)=n»} dbda

any

= /MA m ]l{m27ta(m]_*n1)+CJ:n2} dcda.

We consider the case m; > ni, the remaining case mi; < nj being very similar. We have
1 o) 1
I::J/ J/ (L5 q2)372 Hmamlatmi—m)+e]=nz) dade
/ / mo—ng— C+1 ml*nl) 1
—————dadc
(ma—n2—c)/(m1—n1) (1+ a2)3/2
/ mo —Nng —c+1 2 — N2 —C
= — dc
0 \V(ma—na—c+1)2+(m1—n1)2  /(m2—na2—c)2+ (mg —ny)?
= (—\/(mz —n2)2 + (M1 —n1)? + /(ma —na — 1)2 + (mq — n1)2)

- <—\/(m2—n2+1)2+(m1 —n1)2+ /(mg — n2)? + (my —n1)2>
=|m—n—ez| +|m—n+e —2|m—n|,

as desired. O

Note that

0 1
/_OO 7(1 a2y da = 2.

This, as in the classical method of rotations, immediately leads to the following estimate.

Corollary 10.2. We have

IRl < cot(

).
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On the other hand, we have the following perfect analogue of Lemma 7.6 which gives
the opposite inequality.
Lemma 10.3. If we denote by Kgpw (n) the kernel of R®*) | then

lim % K (n) = K 00 (n)] = 0,

[n]—o0

Proof. The argument boils down to an application of Taylor’s theorem and elementary
estimates. If n = (n1,n2) € Z%, |n| > 2 and n; # 0, then

|n—62\+]n—|—62|—2|n|:\/n%—i—(nQ—l)Q—l— n%—l—(n2+1)2—2 n%+n%

1 n%
=/ (- da,
L0~ ) e

and hence
In —ea| +[n+eo| —2[n| ny
(nf +n3)%?

ni
1 1
ni ni
= 1— |z dx—/ 1—|2|)——557 dz
[0 e [0 D g
1
<[ =g
-1
However, |n + yea| > |n| — |y| > |n| — 1 > $|n| when [y| < 1 and |n| > 2, so that
/JU 3ni(n2 +y) dy‘
o (nf+ (n2+y)?)>?2
_ 96| (na] +1) _ 192
- Inf? ~ nP?

nq n1

- dz.
(0 + (na ¥ )22 (nf + )72

ni ni
(n? + (ng +2)2)3/2  (n}+nj)3/?

when |z| <1 and |n| > 2. It follows that

— -2 192 (! 192
In = eaf £ In + ol i — in 3 Sg/ (1—|x’)d3::73
ny ni +nj In> J_q n
when |n| > 2 and n; # 0, and the desired result follows. O

With the above result at hand, we can follow the proof of Lemma 7.7 and show that
appropriately rescaled operators R®*) can be used to approximate (in the point-wise
sense) the continuous Riesz transforms R®) | and consequently

IRM v v > [|IR®)|| 1o Lr = cot(55).
We have thus proved the following result.
Theorem 10.4. The two-dimensional discrete Riesz transforms, defined for i =1,2 by

RO fn) = o= 3" f(m)

meZ?

n—m+ej|+|n—m—ej| —2ln —m)|

Nt
n; —m; {mz¢n1}7
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where j =2 ifi =1 and j =1 if i = 2, have norms on £P equal to the norms on LP of
the corresponding continuous Riesz transforms: when 1 < p < oo, we have

<)

10.2. Higher dimensions. The same approach works in higher dimensions, too, but
a closed-form expression for the corresponding kernel does not seem available. When
d > 2, we define

(10.2) RE f(n) = Y Kgu(n—m)f(m),

meZ4

IR v ser = | RV | Loy v = cot(E

where the kernel for k = 1 is given in an integral form as follows. If n = (n1,7) € Z¢
with nqy € Z and 1 = (nQ, ...,ng) € 2471 and if ny > 0, then

1
Kr(n) = T X Cd/[01 / b0, yis (L1 [aP ) > dadb,

where Cy is related to the constant ¢4 in (1.13) via

1 —1
Ca M@u+mwﬂ/0 e

Furthermore, when n; < 0, then Ky (n) = —Kgza(—n). For a general k, the kernel
K (n) is equal to Ky (n'), where n' is obtained from n by swapping the first and
k-th coordinate.

By definition, as in the two-dimensional case, for compactly supported f : Z¢ — R,
we have

1
10.3 RM =C / / a dadb,
(10.3) f(n) = Ca o1 Jrar (1+ [a2)(@D/2 Hapf(n)da
where H,, acts as the discrete Hilbert transform with respect to nq on each of the fibers
Fa,b,l = {(nl, LCLTM +bJ +l) 1ny E Z} = {n € Zd n; — Lajnl —i—ij = lj, j= 2,3,...,d},

with I € Z%1 (here we understand that the floor function in |ani + b acts component-
wise). Therefore,

IR0 < cot(5).

On the other hand, below we prove that (as in Lemma 10.3 for d = 2)

nq

(10.4)  lim |n|?|Kga(n) - Kpon(n)| = lim [n|?| Kray(n) —

|n|—o00 In|—o00
Once this is shown, by the same argument as in the case of d = 2, we find that
IR ler—se0 > | RV || o 10 = cot(pe).
Thus, we conclude that in fact the norms are equal. We state this as a theorem.

Theorem 10.5. The discrete Riesz transforms R*®) introduced above have norms on
P equal to the norms on LP of the corresponding continuous Riesz transforms: when
1 < p < oo, we have

IR® oy = | R¥) || 1o 1 = cot(

27 )-
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Proof. We only need to prove (10.4). As before, we write n = (ni,n), where n =
(ng,...,nq), and since both kernels are odd functions of nj, without loss of generality
we assume that nq; > 0. We have

Krw(n) — Ky (n)
dis

cd / / dadb — ¢y i
T m 0,1)4-1 Ja=b o 1ya-1 (1 + |af2)(@d+1)/2 (n2 + |7|?)(d+1)/2

d+1
=7 / / 1 dvdb — cg i
ng Jioaga-1 Jjoya-1 (nd + |7 — b+ v]?)(dHD/2 (n? + [a[2)(@+D/2

—cn/ / 1 — 1 dvdb
— M ot Jomar \ (2 + [ — b+ o) @D2 T (2 4 [ap)@rnze )

Since in the given region of integration we have —b +v € [~1,1]971 it follows that
1 1
(nf + |72+ wl?) @D/ (nf + |7]2) D/

(KR () = Kpoy (n)] < cqn1~ sup

we[—1,1]d-1
We now simply use the mean value theorem for the function ¢t — t~9~! evaluated at
t1 = +/n? + |7+ w|? and ta = \/n? + |2 = |n|: we have
1 1 d+1
—_— — < ‘tl — t2| X .
d+1 d+1| — . d+2 4d+2
" min{ty™, 577}

Since |t; — to| < |w| < Vd—1, we have t; >ty —/d— 1 = |[n| — /d—1 > 3|n| when

|n| is large enough, and thus
1 1
T+ T+ oD ()2

when |n| is large enough. We thus conclude that when |n| is large enough, then

| Kz (n) — <1)( )| < 2H(d 4 1)egVd — 1 — o

1 1

B 2d+2(d+ 1)
T d+1l T gd+1
et

|n|d+2

<Vd—1x

‘ ‘d+2

The right-hand side multiplied by |n|? goes to zero as |n| — oo, and the proof is complete.
O

We remark that a similar construction of the discrete Riesz transform using the
method of rotations can be carried out using the probabilistic discrete Hilbert trans-
form Ty instead of the discrete Hilbert transform Hgis applied above. This procedure
will lead to a transform with the same norm on ¢P, but with a kernel which is greater
in absolute value than the kernel of R®) (in the point-wise sense). However, we did not
pursue this direction.

11. NUMERICAL COMPARISON OF KERNELS

We end with some remarks on numerical comparisons on the kernels for the discrete
operators Rgfg, R*) and Ty - Numerical evaluation of the kernels for Rgfg and R*)
when d = 2 presents no difficulties. The situation is quite different for Tyyx), which is

given by a triple integral involving the periodic Poisson kernel h(z,y).
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FIGURE 2. Values of the kernels of the three transforms: Ky (n1,n2)
(red), Kgra)(ni,n2) (blue), and K ,u)(ni,n2) (black) for ni,ng €
dis

R
{-5,—4,...,5}.

In the following numerical simulations we used Wolfram Mathematica 10 and a rel-
atively naive approach, which may lead to significant errors. That said, the outcome
turned out to be relatively stable when we varied the parameters, so we believe that our
approximations are correct to roughly fourth significant digit.

The periodic Poisson kernel h(x,y) was approximated using the definition (4.2) when
y < i and using the expression (4.6) based on the Poisson summation formula when
y > %. Additionally, since h(x,y) converges to 1 exponentially fast as y — oo, for y > 10
we simply approximated h(z,y) by a constant 1. To speed up numerical integration, we
evaluated the above numerical approximation to h(x,y) in a limited number of points,
and then we used appropriate interpolation to find the values of h(x,y) between these
points.

Numerical integration was done using standard methods available in Mathematica.
Although Mathematica warned about slow convergence, the estimated error of numerical
integration appears to be less significant than the errors in approximation of the periodic
Poisson kernel.

The values of the three kernels are shown in Figure 2. The ratio between the kernels
of the probabilistic and the CZ discrete Riesz transform are shown in Figure 3, while
a similar plot for the method of rotations and the Riesz transform Réis is shown in
Figure 4. Numerical results are presented in Tables 1, 2 and 3.

Our simulations suggest that there is no general point-wise relation between the ker-

nels of R*) and Rgfs), nor there is one between the kernels of T and R*). However,
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FIGURE 3. Ratio between the kernels of two transforms:
KH(I)(nl,nQ)/KR(l)(n1,n2) (red) compared with constant 1 (black)
di.

for n1,ng € {5, —54, ...,5}. When n; =0, we set 0/0 = 1.

FIGURE 4. Ratio between the kernels of two transforms:
Koy (ni,n2)/K R(l)(nl,TLQ) (blue) compared with constant 1 (black) for
1

ni,ng € {5, —4, .l.s.,5}. When n; =0, we set 0/0 = 1.
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TABLE 1. Values of the kernels of the three transforms: Ky (n1,n2)
(top row), Kra)(ni,n2) (middle row) and KRc(ilii (n1,n2) (bottom row)

for ny,ne € {0,1,...,5}, n1 # 0. The largest value in each cell is set in
bold, while the smallest one is given in slanted type.

n2
0 1 2 3 4 5
0.2051 0.0698 0.0158 0.0053 0.0024 0.0012
1 0.1318 0.0649 0.0166 0.0055 0.0024 0.0012
0.1592 0.0563 0.0142 0.0050 0.0023 0.0012
0.0446 0.0315 0.0151 0.0071 0.0037 0.0021
2 0.0376 0.0284 0.0147 0.0071 0.0037 0.0021
0.0398 0.0285 0.0141 0.0068 0.0036 0.0020
0.0188 0.0160 0.0106 0.0065 0.0039 0.0025
ni 3 0.0172 0.0149 0.0103 0.0064 0.0039 0.0025
0.0177 0.0151 0.0102 0.0063 0.0038 0.0024
0.0103 0.0094 0.0073 0.0052 0.0036 0.0025
4 0.0098 0.0090 0.0071 0.0051 0.0036 0.0025
0.0099 0.0091 0.0071 0.0051 0.0035 0.0024
0.0065 0.0061 0.0052 0.0041 0.0031 0.0023
5 0.0063 0.0060 0.0051 0.0040 0.0030 0.0023
0.0064 0.0060 0.0051 0.0040 0.0030 0.0023

it seems that the kernel of Ty is always greater (in the absolute value) than the kernel

of Rgfs) This leads to the following conjecture which we know is true for d =1 by (1.8).
Conjecture 11.1. For all d > 2, we have |Kyw (n)| > ]KR<k)(n)\ for every n € Z°.
dis

The above numerical findings give a little insight into Question 8.7, which asks whether

K Q) is the convolution of Kyx) with some probability kernel. Indeed, although intu-
dis

itively point-wise domination asserted in Conjecture 11.1 appears to be a necessary
condition for a positive answer to Question 8.7, neither of these statements implies the
other one.

On the other hand, our calculations strongly suggest that in dimension d = 2 the
maximum of Ky (nl, ngy) is strictly smaller than the maximum of K R (n1,n2); both

maxima are attained at (ni,n2) = (1,0). If this is indeed the case, then' R is clearly

not a convolution of K1) and a probability kernel. Thus, we expect that the analogue
of Question 8.7 for R*) instead of Ty has a negative answer.

Finally, one can ask if the analogue of Question 8.7 holds for the discrete Riesz trans-
form obtained with the method of rotations, but using the probabilistic discrete Hilbert
transform Ty instead of the usual discrete Hilbert transform Hgis. We did not attempt
to answer this question.
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TABLE 2. Values of the ratios KH<1>(”17”2)/KR<Q (n1,n2) of kernels of

d
two transforms for ni,ne € {0,1,...,5}, ny # 0.
na
0 1 2 3 4 5
1|1.2885 | 1.2413 | 1.1127 | 1.0593 | 1.0356 | 1.0235
2 11.1200 | 1.1067 | 1.0717 | 1.0458 | 1.0303 | 1.0211
n1 3| 1.0615 | 1.0567 | 1.0450 | 1.0333 | 1.0243 | 1.0180
41 1.0364 | 1.0345 | 1.0298 | 1.0241 | 1.0191 | 1.0150
511.0239 | 1.0230 | 1.0208 | 1.0179 | 1.0149 | 1.0123
TABLE 3. Values of the ratios Kgq)(n1,n2)/K o) (n1,n2) of kernels of
dis
two transforms for ni,ne € {0,1,...,5}, ny # 0.
ng
0 1 2 3 4 5
1]0.8284 | 1.1530 | 1.1667 | 1.0947 | 1.0574 | 1.0379
21 0.9443 | 0.9959 | 1.0452 | 1.0483 | 1.0385 | 1.0292
ni 3 ]0.9737 | 0.9873 | 1.0094 | 1.0205 | 1.0221 | 1.0199
4 10.9848 | 0.9897 | 0.9997 | 1.0077 | 1.0116 | 1.0125
510.9902 | 0.9923 | 0.9972 | 1.0022 | 1.0057 | 1.0075
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