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Let f be a meromorphic, transcendental function in the finite plane having a finite number of a-points. 

The well-known theorem of Iversen [i, p. 224] asserts that in this case there exists a curve F going out to 

such that f(z) -~ a as z ~ ~, z ~ F. Such a curve is called an asymptotic curve. We henceforth make use of the 

standard notation from the theory of meromorphic functions [1] without special clarifications. The following 

questions arise naturally in connection with Iversen's theorem. 

1 ~ If f is a rapidly increasing function, is it possible to choose the curve F such that f tends rapidly to 

the number a ? 

2 ~ Does Iversen's theorem remain true if the equation f(z) = a has an infinite set of roots, but the growth 

of N(r, a, f) is substantially less than the growth of the Nevanlinna characteristic T(r, f) ? 

These questions were posed by Hayman in a lecture at Moscow State Univ. in 1960 [2]. They were later 

repeated in [3] (Problems 2.6, 2.8). In answer to question 1~ Chang [4] proved that if the lower order of an 

entire function is equal to h > 0, then there exists an asymptotic curve F for which 

lira In lnl f (z)I / ln  I zl ~ rain (1/2, ~). 
z ~ o o  

z ~ F  

In  th is  i n e q u a l i t y  the  r i g h t  s i d e  canno t  be r e p l a c e d  by a l a r g e r  c o n s t a n t  even  u n d e r  the a d d i t i o n a l  a s s u m p t i o n  
tha t  f is  an  e n t i r e  func t ion  wi thou t  z e r o s  [5]. 

R e g a r d i n g  q u e s t i o n  2 ~ many  r e s u l t s  of nega t ive  c h a r a c t e r  a r e  known [1, Chap.  V, Sec .  2]. The s t r o n g e s t  
c o u n t e r e x a m p l e  is  due to H a y m a n  [6]. In th i s  p a p e r  H a y m a n  c o n s t r u c t e d  an  e x a m p l e  of  a m e r o m o r p h i c  func -  
t i on  f of  o r d e r  z e r o  for  w h i c h  5 (~ f) = 1 and ~ is  not  an  a s y m p t o t i c  va lue .  In  th is  s a m e  w o r k  H a y m a n  p r o v e d  
the fo l lowing  t h e o r e m .  If  fo r  a m e r o m o r p h i c  func t ion  

~ rl/~ fN( t , a , f )  l im T ( r , f ) - - w  j ta/~ - dt = q - c o  
r ~ c c  r 

t hen  a is  an  a s y m p t o t i c  va lue  of the func t ion  f. H a y m a n ' s  t h e o r e m  a s s e r t s  nothing r e g a r d i n g  the r a t e  a t  w h i c h  
the func t ion  f t ends  to the a s y m p t o t i c  va lue .  I t  fo l lows  e a s i l y  f r o m  the t h e o r e m  tha t  if  h i s  the l o w e r  o r d e r  os 
the  func t ion  f and  the o r d e r  N(r ,  f) is  s t r i c t l y  l e s s  than  ra in  ( 1 / 2 ,  k), then  m is  a n  a s y m p t o t i c  va lue .  The con -  
s t a n t  ra in  ( 1 / 2 ,  M in  the r e s u l t s  of Chang and H a y m a n  is b e s t  p o s s i b l e  for  the c l a s s  of a l l  func t ions  of l o w e r  
o r d e r  h. 

In  the p r e s e n t  p a p e r  p r o b l e m s  1 ~ and 2 ~ a r e  c o n s i d e r e d  in the e l a s s  of func t ions  of o r d e r  > and l o w e r  
o r d e r  h, 0 -< k ~< p _< ~. S ince  I v e r s e n ' s  t h e o r e m  is  va l id  fo r  s u b h a r m o n i e  func t ions  [7, 8], we s h a l l  c o n s i d e r  
p r o b l e m s  1 ~ and 2 ~ fo r  such  func t ions .  In  the p r o o f s  of the  t h e o r e m s  of the p r e s e n t  w o r k  a n a l y t i c  funct ions  a r e  
not  u s e d ,  s o  tha t  the m a i n  r e s u l t  c a r r i e s  o v e r  to s u b h a r m o n i c  funct ions  in R m,  m > 2. H o w e v e r ,  the e a s e  
m _> 3 con ta in s  c e r t a i n  s p e c i a l  f e a t u r e s ,  and a d i f f e r e n t  p a p e r  is  devo ted  to i t  [14]. 

R e m a r k .  A l l  the r e s u l t s  of the p r e s e n t  w o r k  w e r e  ob t a ined  i n d e p e n d e n t l y  of  [4, 6]. The p r e s e n t  w o r k w a s  
c o m p l e t e d  in  the s u m m e r  of  1977 and was  r e p o r t e d  a t  a s emAnar  on func t ion  t h e o r y  a t  R o s t o v  Ur~tversi ty  ( s u p e r -  
v i s o r  P r o f e s s o r  M. G. Khaplanov)  and a t  the Lvov  I n t e r s c h o o l  S e m i n a r  on F u n c t i o n  T h e o r y  ( s u p e r v i s o r  P r o f e s -  
s o r  A.  A.  G o l ' d b e r g )  in  S e p t e m b e r - O c t o b e r  of 1977. 

Suppose  tha t  a func t ion  u can  be r e p r e s e n t e d  in  the f o r m  

u(z) = ul(z) - u,2(z), (0.1) 
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w h e r e  u l ,  u 2 a r e  s u b h a r m o n i c  f u n c t i o n s  on C.  We  d e n o t e  by Pl and  P2, r e s p e c t i v e l y ,  the p o s i t i v e  and  n e g a t i v e  

p a r t s  in  the  J o r d a n  d e c o m p o s i t i o n  of  the  s i g n e d  m e a s u r e  AU, AU : Pt --/~2- W e  a s s u m e  t h a t  the  s u p p o r t s  of  the  

m e a s u r e s  P l ,  P2 d o  no t  c o n t a i n  the  o r i g i n .  W e  s e t  

,,(,-, .~) . -~,+{~, : lz l~, . } ,  :v(r, ,.) 

i l l  (r, "i) max +'1~(z), i 
Iq , 

r (r, , )  

,i ~ n ( t , . 

0 

2~r. ,j N (r, u,+,) -i" ~ n I (re.iu i d()- 
11 

, d t  

I f  f i s  m e r o m o r p h i c  on  C ,  t h e n  In l f l  c a n  be  r e p r e s e n t e d  in the  f o r m  (0.1),  and n ( r ,  u 1) and  n ( r ,  u 2) a r e  
e q u a l ,  r e s p e c t i v e l y ,  to the  n u m b e r  of  z e r o s  and p o l e s  ( coun t ing  m u l t i p l i c i t y )  of  the  f u n c t i o n  f in  the d i s k  {z  : 

I z l < - r } .  

F o r  a f u n c t i o n  ,~ (r) t e n d i n g  to + +o as  r - -  ~ w e  d e f i n e  the  o r d e r  p and  the l o w e r  o r d e r  )~ by the f o r m u l a s  

l(1)l~ ~ - lira It, ( I ) ( , ' ) / I n  ,". P 

?,.ImlJ , ..,~ 

The  o r d e r  ( l o w e r  o r d e r )  of  a f u n c t i o n  u of  the  f o r m  (0.1) i s  c a l l e d  the o r d e r  ( l o w e r  o r d e r )  of  i t s  c h a r a c t e r i s t i c  

T ( r ,  u). I f  u is  a s u b h a r m o n i c  f u n c t i o n ,  i t s  o r d e r  and l o w e r  o r d e r  do not  c h a n g e  i f  M ( r ,  u) in  p l a c e  of  T ( r ,  u) is  

u s e d  to  d e f i n e  t h e m .  T h i s  f o l l o w s  f r o m  the  w e l l - k n o w n  r e l a t i o n  

1 1 3 M ( I / 2 ,  u ) " ~  T(,', +~.)"-: M(,', u). 

W e  d e f i n e  the  f u n c t i o n  A (p, X) f o r  0 -<- X _< p <- +o a s  f o l l o w s :  

~. for ~.<~1/2, 
I 2 (') k) I 

f ) - -  ' for : ; - ~ : X ~ I ,  p , ~ X  
, I " V ; ~  ~,> + 

A(0,>,) :  -[ ~) 
for ~ < ) , < 1  i ) ~  z ~ - ~ : ~  

V k) 

I ' 2~. I ' 

(' fo~ ~. ~ 1 
', 2t) I 

(0.2) 

(0.:~) 

V;<' ?4 (0.4) 
2}. I ' 

(0.5) 

(0.6) 

I t  i s  s h o w n  b e l o w  ( L e m m a  5) tha t  f o r  0 • k -< p < 

rain(t /2,  X ) ~ A ( p ,  ~ , )~  rain(I,  I+). (0.7) 

T H E O R E M  1 .  L e t  the f u n c t i o n  u be s u b h a r m o n i c  on C and h a v e  o r d e r / )  and l o w e r  o r d e r  h, 0 < h < / )  ": ~.  

T h e r e  e x i s t s  a n  a s y m p t o t i c  c u r v e  F f o r  w h i c h  

lira In u (z)/'l. I z I ~ ,I q,, ~,). (0.8) 
S77,,. 

+~_- [' 

I t  f o l l o w s  f r o m  (0.7) tha t  in  the  c a s e  of  f i n i t e  o r d e r  T h e o r e m  1 is s t r o n g e r  t h a n  the  r e s u l t  of  Chang .  F o r  

p . . . .  (0.8) g o e s  o v e r  i n to  C h a n g ' s  t h e o r e m .  

T H E O R E M  2.  S u p p o s e  t h a t  the  f u n c t i o n  u has  f o r m  (0.1) and  h a s  o r d e r  p and  l o w e r  o r d e r  X, 0 < h <_ f) ~: 
~ .  S u p p o s e  t h a t  p[N] = p [N( r ,  u~)] < A ( p ,  h). T h e n  t h e r e  e x i s t s  an  a s y m p t o t i c  c u r v e  fo r  w h i c h  (0.8) i s  s a t i s f i e d .  

E s t i m a t e  (0.8) is  b e s t  p o s s i b l e  f o r  k _< 1 / 2 and  f o r  ~ > 1. 

F o r  the  c a s e  w h e r e  u(z) = l n  l f (z ) I ,  f a m e r o m o r p h i c  f u n c t i o n ,  T h e o r e m  2 a n s w e r s  q u e s t i o n s  1 ~ and 2 ~ 
(it m a y  be  a s s u m e d  w i t h  no l o s s  o f  g e n e r a l i t y  t h a t  a ~) .  In  th i s  c a s e  the c o n d i t i o n s  fo r  the e x i s t e n c e  of  an  

a s y m p t o t i c  c u r v e  g i v e n  by T h e o r e m  2 and by HaymanVs  t h e o r e m  [6] a r e  no t  c o m p a r a b l e .  

I t  i s  o b v i o u s  tha t  T h e o r e m  1 is  a s p e c i a l  c a s e  o f  T h e o r e m  2. We  s h a l l  s h o w  tha t  T h e o r e m  2, in  t u r n ,  

f o l l o w s  f r o m  T h e o r e m  1. S u p p o s e  tha t  the  f u n c t i o n  u has  the  f o r m  (0.1). By m e a n s  of  a t h e o r e m  of  H a d a m a r d  
[7, p. 142] ,  w e  c o n s t r u c t  a s u b h a r m o n i c  f u n c t i o n  u 3 of  o r d e r  p[N] w i t h  a s s o c i a t e d  m e a s u r e  ~2. T h e  f u n c t i o n  

u* u ~ u~ has order p and lower order A by (0.7). This [unction is subharmonie on C, and Theorem t can be 

applied to it. Thus, there exists an asymptotic curve F for which 

Jim In u* (z)/ln i z lye-  A (1), X). 

~-c: [' 
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Since  the o r d e r  P[u3] = piN] < A(p, ~), (0.8) is s a t i s f i e d  for the func t ion  u(z) - u*(z) - u3(z). 

Some a u x i l i a r y  r e s u l t s  needed  for the proof  of T h e o r e m  i a r e  p r e s e n t e d  in  Sec. 1. T h e o r e m  1 is p roved  
in  Sec. 2. T a l p u r ' s  method is used  to c o n s t r u c t  the a s y m p t o t i c  cu rve  in the case  of s u b h a r m o n i c  func t ions .  

S imp l i f i c a t i ons  a r i s i n g  in  the case  of e n t i r e  funct ions  a r e  ind ica ted  in  each c a se .  In  Sec. 3 a v e r s i o n  os Theo-  

r e m  1 is p r e s e n t e d  which  e n c o m p a s s e s  the case  of z e r o  lower  o r d e r .  M o r e o v e r ,  e x a m p l e s  ind ica t ing  the a c -  
c u r a c y  of T h e o r e m s  i and 2 for  k -> 1 a r e  a n a l y z e d  in  Sec. 3. The c o n s t r u c t i o n  of these  e x a m p l e s  is based  on 

the method of Kennedy [9]. 

1 

We s e t D ( r )  = { z : ] z [  < r } ,  D(r) : { z : l z ] _ <  r} ,  S(r) = { z : l z l  : r } ,  K(r t ,  r 2) : { z : r ~ _ < ! z ]  _< r2}. By the 
d e r i v a t i v e  of a func t ion  of a r e a l  v a r i a b l e  we h e n c e f o r t h  m e a n  the r igh t  de r i va t i ve .  

Suppose that  a func t ion  u is s u b h a r m o n i c  in  D(r0) , 0 < r 0 <- ~.  We fix a n u m b e r  r l ,  0 < r 1 < r 0. A c o m p o -  
nen t  of the se t  E = {z : u(z) -> M(r l ,  u)t is ca l l ed  thick if i t  con ta ins  a point  z for  wh ich  u(z) > M(r l ,  u). We sha l l  
c o n s i d e r  only th ick  componen t s  of the s e t  E and ca l l  t h e m  s i m p l y  c ompone n t s .  Let  R be such  a componen t .  We 

s e t  

/u(z), z ~  /~; (1.1) : : :  ( . 

The function v is subharmonic in D(r 0) [7, p. 172]. Suppose that for the point z~ ~ R the following relations are 

satisfied: 

(i.2) 

This implies that 

z,,(z,) = M(:!. ~). (1.3) 

In this case we call the point z I a principal point of the function u on the circle S(rl). 

LEMMA i. For each ri, 0 < r I < r 0, there exists at least one principal point of the function u on the circle 

S(rl) .  

Proof .  Let  0 < r 1 < r 2 < r 0. The s e t  E N K(r~, r.2) has a f ini te  n u m b e r  of th ick  c ompone n t s .  This  follows 
f r o m  H a y m a n ' s  t h e o r e m  [7, p. 175]. We denote  these  componen t s  by R1, . . . .  R n. We c o n s i d e r  the s equence  
(a~), ] ~N ,  ] >/(r2 --r l )  -t, of points  for  which  u(aj) = M(I aj] ,  u), l aj[ : r 1 + j-1. Obvious ly ,  each  point  aj belongs  
to one of the componen t s  R1, . . . .  Rn. It is t he r e f o r e  poss ib le  to s e l e c t  a c o n v e r g e n t  s u b s e q u e n c e  (a;h) , aj1~ ~_ R, 

where R is one of the sets R i .... , R n. We set z. = lim ah~ and define the function v(z) by the relation (1.1). 

It is obvious that zl ~ R, [z1[ =rl, and hence (1.3) is satisfied. We have M(r i + j~J, u) : M(r I ! j~i v). Because 

of the convexity of the functions M(r, u), M(r, v) with respect to the logarithm, from this we obtain (1.2). Thus, 

z I is a principal point of the function u on the circle S(rl). The proof of the lemma is complete. 

For a function u ~ 0 subharmonic in ~)(r 0) we set 

2~ 

m ( r , u ) =  t ue( re~~ r - ~% .  
0 

The func t ion  u 2 is s u b h a r m o n i c  in  D(r  0) [7, p. 46]. This  i m p l i e s  that  m( r ,  u) is convex r e l a t i v e  to the l o g a r i t h m ,  
and hence  

drn(r, u ) / d l n  r >1 O, r ~ ro. (1.4) 

LEMMA 2. Suppose that  in  the r i n g  K = K(x, y) ,  0 < x < y < ~ ,  y > ex, t he r e  a re  con t inua  R and R'  each 
of wh ich  connec t s  the c i r c l e  S(x) wi th  the c i r c l e  S(y), and R a R'  = ~. Suppose that  v and v '  a r e  s u b h a r m o n i c  
func t ions  in  K, v(z)->0,  v '(z)  -> 0; v(z) = 0 for  z ~ I~ \R;  v'(z)  = 0 for  z ~ K \ R ' .  Then  there  ex i s t  pos i t ive  funct ions  
ll ,  /2, I1 (t) + /2 (t) = 2u such  that  

In.~/[(y, U) ~ ~ ,Lt "I [dr. ( ..... )! ) ' I l i  2-~, (1.5) 
. lib(t) ! _" 1 . \ ~ [ ~  - -  
x 
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y /e  
t d* # | u [ d m ( r ' t " )  ) l- ,n2~.  ht M (y, v') >~ n t ~  -t- :~ , \ ~--YK7-,~ ,. - =-_, 
x 

0 .6 )  

T h i s  l e m m a  f o l l o w s  e a s i l y  f r o m  C a r l e m a n ' s  i n e q u a l i t y  f o r  s u b h a r m o n i e  f u n c t i o n s  [10]. (See a l s o  [1, p. 

2301 f o r  the  e a s e  v(z) = In + I f~(z)l ,  v ' ( z )  :: in  + If2(z)l , w h e r e  fl and  f2 a r e  h o l o m o r p h i e  in K(x,  y).)  

L E M M A  3. S u p p o s e  tha t  the f u n c t i o n  u is  s u b h a r m o n i c  in D(ro) , r 0 > 1, u(z) _< 0 fo r  zl _< 1. T h e n  f o r  a l l  

r ,  1 < r _< r0, 

dM(r, u ) / d ln  r >~ M(,', u)/ ln r. 

P r o o f .  By the t h e o r e m  on f i n i t e  i n c r e m e n t s  

d M ( r , u ) ~ M ( r , r ~ )  ~tl ( I ,  u) , ' f f (r  
d - ~ "  ~ hit" ~ l n r  

L E M M A  4. L e t  /l(t) > 0, /2(t) > 0 be two f u n c t i o n s  on  the  i n t e r v a l  (0, ~ ) ,  li(t) ~ /2(t) 

be  a n  a r b i t r a r y  m e a s u r a b l e  s e t .  S u p p o s e  tha t  

p > = ,  
, 2 

X X 

The n 

{" dt p dz 

X 32 

P r o o f .  By the  C a u c h y - B u n y a k o v s k i i  i n e q u a l i t y  we  h a v e  

27r, and le t  X ~  (0, ~ )  

(1.7) 

, tZj (I) "J" , x  

F r o m  (1.7),  ( 1 . 8 ) w i t h j  : 2 i t  f o l l o w s  tha t  

X 5. 

] -::1. '2. (1.8) 

Hence, 

,j - 7 -  dt (t) ~ ~ / 
X X X 

S u b s t i t u t i n g  th is  i n e q u a l i t y  in to  (1.8) w i t h  j : 1, w e  o b t a i n  the  a s s e r t i o n  of  the  l e m m a .  

S u p p o s e  t h e r e  a r e  g i v e n  n u m b e r s  p and  X, 0 ~ ?t _< p _< ~ .  W e  c o n s i d e r  the e x t r e m a l  p r o b l e m  

A == rain l -  I , l : t ~ t ~ o o ,  4 ~ - ~ } , ~ o o ,  9 t ) p ( t - - 1 ) - ' r ) ~ .  (1.9) 

L E M M A  5. A s o l u t i o n  of  the e x t r e m a l  p r o b l e m  (1.9) is  g i v e n  by the f u n c t i o n  A(r), ~) d e f i n e d  by r e l a t i o n s  

(0 .3) - (0 .6) .  T h i s  f u n c t i o n  s a t i s f i e s  i n e q u a l i t i e s  (0.7). 

P r o o f .  We  f i r s t  p r o v e  tha t  the f u n c t i o n  A ( p ,  X) d e f i n e d  by r e l a t i o n s  (0 .3) - (0 .6)  s a t i s f i e s  c o n d i t i o n  {0.7). 

It  is  o b v i o u s  tha t  (0.7) is s a t i s f i e d  f o r  X _< 1 / 2  and fo r  7, _> 1. 

Let 1 / 2  < X < I ,  f~ <_ (k + ~ -- h)) /(2X-- l) .  It is easy to see that  in this case d A ( p , k ) / d p  _< 0, and 

therefore  it suffices to verify (0.7) for p .:: X and for f) : (h 4 r - s - 1). 

Suppose now that I / 2  < h < 1, p > (~ ~ ~ ( 1 - } Q ) / ( 2 A -  I). In this ease the [eft inequa[ity of (0.7) is ob- 

vious,  while it suffices to verify the r ight  inequality for p : (2~ + f X - - ( ~ ) / ( 2 ~ -  i ) ,  s ince the function A(0,  X) 

p / ( 2 p -  I) is decreas ing .  

W e  s h a l l  f i r s t  p r o v e  the f i r s t  a s s e r t i o n  o f  the l e m m a .  We  s e t  : r = t / / ,  q = : p / ( 2 p - - l ) ,  A rain A(p) ,  

A(p) = rain {q -5 (E--q):c : 0 ~ x ~ ], p + tZ.--p)x ~ p}. I t  is  e a s y  to s e e  tha t  A , X fo r  h < 1 / 2 .  L e t  Z > 1 / 2 .  We 

h a v e  

A(p) = )~ for p ~ p ,  L < ( l ;  (1.10) 
A ( p ) - - q  for p ~ p ,  ) . ) : %  (1.11) 
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A (p) = p - -  2 (p - -  h) p ( t - p )  p - - 2 ( O - - ; ~ ) B ( p )  for p~p. (1 .12 )  
(2;-- 7; ~7-- ~) 

I t  fo l lows  f r o m  (1.10) and (1.11) tha t  

mm A(p) = min (~, ,o/(20--1)). 
9~<p 

I n v e s t i g a t i n g  the func t ion  B(p) by e l e m e n t a r y  m e t h o d s ,  we  o b t a i n  

max B(p) = B(p) for s ~ l; 

max B(p) : B(p) for f/2 < 2~ < 1,, p > (X + }~dl--~))/(2)~--l) ,  

m a x B ' p ~ = B  x ( ~  2s 1 I ~ 2 - V ~ . ( t - L )  p>p 

for I / 2 < L < t ,  p ~ s  
2~ -- i 

(1.13) 

(I. 14) 

(1.15) 

(1.16) 

W e  note tha t  

p--2(p--~.)B(p) = p / (2p- - l ) .  (1.17) 

F r o m  (1.12), (1.13), and (t .15) we o b t a i n  (0.4). F r o m  (1.12), (1.13), (1.15), and (1.17) we  ob t a in  (0.5). F r o m  
(1.12), (1.13), (1.14), and  (1.17) we ob ta in  (0.6). The p r o o f  of the l e m m a  is c o m p l e t e .  

2 

P r o o f  of T h e o r e m  1. We m a y  a s s u m e  wi th  no l o s s  of g e n e r a l i t y  tha t  

u(z) ~. 0 for tz] ~< 1. (2.1) 

We shall construct an asymptotic curve F whose existence is asserted in Theorem i. We set r k = exp', 

k = 2, 3 ..... 

Let z 2 be a principal point of the function u on S(r 2/4) which exists by" Lemma I. We shall construct by 

induetion certain sequences of points (z k) and curves (F~), F~ c D(r~.1), such that the curve F k joints the point z k 

to the point z~, z~ ~ S(rJ4), and they possess a number of additional properties enumerated during the course 

of the construction. 

Suppose that the points z~ .... , z n and curves F2, . . ., Fn_1, n _> 2,have already been constructed. We 

consider the closed set E n = {z : u(z) _> U(Zn)}. It is known [7, Ii] that the thick components of the set E n are 

unbounded. Let H n be a component of the set EnN D(r,,~) containing the point z n. We set 

v , , ( z ) = ] 0 ,  z ~ D ( r , , + l ) \ B , , .  (2.2) 

The func t ion  Vn is  s u b h a r m o n i c  in  D(rn+ j .  By L e m m a  t t h e r e  e x i s t s  a p r i n c i p a l  po in t  z~+,, ~ S(r~+~/4) of the 
func t ion  Vn. 

We s h a l l  need the fo l lowing  r e s u l t  of T a l p u r  [11; 7, p. 188]. 

THEOREM A. Suppose  that  u is  s u b h a r m o n i e  in  a n e i g h b o r h o o d  N of the c o n t i n u u m  R,  and u -> M on R. 
Any  two poin ts  of R can  be jo ined  by a c u r v e  on w h i c h  u -> M - 1. 

Us ing  this  t h e o r e m ,  we d r a w  a c u r v e  F n j o i n i n g  the po in t  z n and the poin t  Zn+~ s o  tha t  

u(z) >>- u(z,~) - 1, z ~ F~. (2.3) 

This  c o m p l e t e s  the  i nduc t i ve  c o n s t r u c t i o n .  

R e m a r k .  In the c a s e  w h e r e  u(z) = In [ f(z)l  and  f is  an  e n t i r e  func t ion ,  the  s e t  R n  is  l i n e a r l y  com~ected,  
and  i t  is  t h e r e f o r e  not  n e c e s s a r y  to use  T h e o r e m  A. In p l a c e  of (2.3) in  th is  c a s e  i t  is  p o s s i b l e  to ob t a in  the 
s t r o n g e r  r e l a t i o n  u(z) >~ u(z~), z ~  F~. 

We s e t  F = ~ Fh and p rove  tha t  the c u r v e  F s a t i s f i e s  a l l  the cond i t i ons  of T h e o r e m  1. 
h=2 

F o r  e a c h  k ~> 3 we c o n s i d e r  the c o m p o n e n t  R~ of the s e t  R~ .~ D(r~J con ta in ing  the po in t  z k. It is  e a s y  to 
s e e  tha t  

BI* ~ Rk, B~. ~ R~.-1. (2.4) 
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W e  de f ine  the  ' * f u n c t m n  v k a s  fo l lows :  

, | vh  (z), z ~ /b*~;  
v+ (z) = / 0 ,  z ~ D (r,+) \ / 2 * .  

The  f u n c t i o n s  v~  and  Vk - v~  a r e  s u b h a r m o n i c  in  D( rk ) .  S i n c e  z k is  a p r i n c i p a l  po in t  of the f u n c t i o n  Vk_l, i t  
f o l l ows  f r o m  (2.2) a n d  (2.4) tha t  v~  = 0 for  z ~ D([z~l),  a n d  h e n c e  

* , ]  
M (,- t]4,  vkt  = m, (rj , /4,  t ' i ,  = O. 

M o r e o v e r ,  by (1.4) we  have  for  r k / 4  _< r _< r k 

dm ( r, Vl~ ) elm ( r, v*h' ) dm ( r, ~'t, - "1:) dm (r, Vl: ) 
d In r d i n ~  + d In r ~ d l n ~  

S i n c e  fo r  r k / 4  _< r _< r k w e  have  M ( r ,  v~) - M ( r ,  Vk_ 1) = U(Zk- ~) - U(Zk) , i t  fo l lows  tha t  

dM (r, v~) __ dM (r, vh_l) r h ~ r ~ r;. 
d l n r  d l n r  ' 4 " 

(2.5) 

(2 .6 )  

(2.7) 

F o r  a n y  s u b h a r m o n l c  f u n c t i o n  we  have  by the  C a u c h y - B u n y a k o v s k i i  i n e q u a l i t y  and  (0.2) 

9 ~  

m (r, w) ~> 2aT 2 (r, u,) ~ =~ M'- (r/2, w). (2 .8 )  

We d e c o m p o s e  the n a t u r a l  n u m b e r s  k _> 2 i n to  two c l a s s e s  a s  fo l l ows .  

1 ~ The  n u m b e r  k we  a s s i g n  to the f i r s t  c l a s s  if  the s e t  R k c o n t a i n s  a p r i n c i p a l  p o i n t  a k of the f u n c t i o n  u 

on  the c i r c l e  S ( r k / 4 ) .  I n  th i s  c a s e  a k is  a p r i n c i p a l  po in t  no t  on ly  of u bu t  of v k a s  w e l l .  T h e r e f o r e ,  

M(rJ/J,  u) = u(al,) ~ max {u(z) : z ~ RI,, Izl = r~.~ l/~} = u (z~+0 ,  

dM~l.nr(r, u) rh/4 __ dMd (r,lnr %) rh/F 

(2.9) 

(2.10) 

w h e r e  the f u n c t i o n  v k is  d e f i n e d  in  (2.2). By (2.1) the f u n c t i o n  u s a t i s f i e s  the  h y p o t h e s e s  of L e m m a  3. Th i s  

l e m m a  t o g e t h e r  w i t h  (2.10) g i v e s  

!.,, > (2.11) 

2 ~ We  a s s i g n  a n u m b e r  k to the  s e c o n d  c l a s s  i f  the s e t  R k c o n t a i n s  no p r i n c i p a l  po in t  of  the f u n c t i o n  u 
l 

on the c i r c l e  S ( r k / 4 ) .  Le t  a k be a p r i n c i p a l  po in t  of the  f u n c t i o n  u on  the c i r c l e  S ( r k / 4 ) .  We  deno te  by R k the  
t 

c o m p o n e n t  of the s e t  {z : u(z) >~ M(r,,//~, u)} fl D(r~+~) c o n t a i n i n g  the  po in t  a k. I t  is  e a s y  to s e e  tha t  /thN 1~, := 
�9 l 

and  tha t  the  c o n t i n u u m  R k j o i n s  the c i r c l e  S ( r k / 4 )  to the c i r c l e  S(rk+~). We s e t  

, l u ( z ) - - M ( r h / 4 ,  u), z ~  1~;~, 

By m e a n s  of L e m m a s  1 and  3 we  o b t a i n  the  r e l a t i o n  

, t rh/4 
:JJl ~r, b'/,) M (r,,/~, ,,) 

la (,'j,/,',) ' (2.12) 

w h i c h  is  a n a l o g o u s  to (2.11). 

We  c a n  now p r o v e  (0.8). B e c a u s e  of (2.3) fo r  th i s  i t  s u f f i c e s  to show tha t  

In u(z~1) >t A ( 9 ,  )~) In bz~+l[ + o ( ln  [z,~.~ 11), n ~ ~ .  ( 2 . 1 3 )  

If  the n u m b e r  n b e l o n g s  to the f i r s t  c l a s s ,  we have  by (2.9), (0.7), and  the c h o i c e  of the n u m b e r s  r n 

In u(z~-1) ~> M(r~/4,  u) >i Z In (rn/d) -4- o(ln tz, ~i!) 

> ~ A ( p , ) O l n ( r . / 4 ) + o ( l n j z ~ > i j ) = A ( p , Z ) l n [ z , + + t l + o ( l n [ z , , + i j )  , Jr +-+r 

S u p p o s e  now tha t  the n u m b e r  n b e l o n g s  to the s e c o n d  c l a s s .  L e t  q be  the l a r g e s t  n u m b e r  of the f i r s t  c l a s s  
no t  e x c e e d i n g  n. Such  a n u m b e r  q a l w a y s  e x i s t s ,  s i n c e  the  n u m b e r  2 b e l o n g s  to the  f i r s t  c l a s s  by c o n s t r u c t i o n .  
L e t  k be a n a t u r a l  n u m b e r ,  q + 1 _< k -< n. We app ly  L e m m a  2 to the r i n g  K - K( rk ,  rk+  1 / 4 ) ,  s e t t i n g  t h e r e  R = 
R~ fl K, / t '  = RI, N K , v = v k, v '  = v~. By th i s  l e m m a  t h e r e  e x i s t s  f u n c t i o n s  l lk( t ) ,  /2k(t), ilk(t) + /~k(t) 2 
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sa t i s fy ing  the inequal i t ies  (1.5) and (1.6). We s e t  

l:(t) =/l~(t), r~ -~ t <~ r~+~/(@), 

l~(t)=la~(t) ,  r~<~t<~G+~/(4e), q +  i<~k<~n .  

F r o m  (1.6) it follows that  

t 
In M (r~.+l/4, u) >~ In M (r>~i.,'4, v~) >~ n 

,'h+l/(te) 

f dt 1 
,. tl. (t) -~ "2_ In 
r h 

dm 
"J, - - ~ l n 2 a .  (2.14) 

By the convexi ty  of the funct ion m( r ,  v~) r e l a t ive  to the l o g a r i t h m  

d m  

# r h  t t , 
(r'~ k) >~ 1 {m (rh, v~)--,n("d4, v,,)t. (2.15) 

dln ~ l n 4  

t 
F r o m  the def ini t ion of the funct ion  v~ it follows that  M ( r k / 4 ,  v k) = m ( r k / 4 ,  v~) = 0. Using (2.15) and (2.8), we 
find that  

d J n 7  , ~ m . 
r h 

A g a i n  us ing  the t h e o r e m  on finite i n c r e m e n t s ,  the convexi ty  of the funct ion M(r ,  vi~) r e l a t i ve  to the l oga r i t hm,  
and inequal i ty  (2.12), we obta in  

l d ~ r  'a 9 In2 (rh/4) (2.16) 

Substituting (2.16) into (2.14), we arrive at the inequality 

, j ~ + l / ( ' , e )  

S dt ' ]n M (rd4, u) --  ]n In r1~-- Q, (2.17) in M (ri,+l/4, u) ~ n tl 2 (t) -~ 
~k 

where Q is an absolute constant. Summing formulas (2.17) on k for q + 1 _< k -~ n, we find 

I h + l  (4,') 

,,) > t' o,, (2.18) Z,J . tl.,(t) + h l M ( r q + f l 4 ,  u , ) - - n l n l n r , , - -  
h q 4 1  J h 

F r o m  (1.5) it follows that  fo r  each  k, q + 1 _< k -< n, we have 

r k + l ( 4 e )  
o 

1)1 M (rj~+l/4, v~.) ~> .n J 
r h 

, ~ rh ] - -  ~ In 2 n .  t l  1 ( t )  ~ , 
(2.19) 

Using (2.6), the convexi ty  of  the funct ion m ( r ,  v k) r e l a t ive  to the l o g a r i t h m ,  (2.5), (2.7), and (2.8), we obtain  

dlnr  din-------7-- ~n ~ m ' r h ' U h ) ~ l [ 2 ~ " i ~ ' ~ ' ~ h }  ~ - - - 9 - - \  - ~ r  Iq(a) = ~,  (, "d--~ff7 ,,. / 

Applying Lemma 3 to the function Vk_ i we obtain from (2.20) 

,~m (r, ~) ~ ~ l, 2 M:(rd4, ~'~_~) 
- d ~ r  ~Ua ; /  9 In ~ (rh/4) 

We substitute the last inequality into (2.19). We have 

r h +  1/(4e)  

(rk+ll4, vk) ~> a, .i in M 
r k 

Summing  (2.21) on k for  q + 2 -< k-< n, we obtain  
n r h +  11(4e)  

In ( r ~ + , / 4 ,  v.) ~ zl Z t d---d--t '-- M 
.. t l  I ( t )  ' 

h=:q+2 rk 

d t  
a I (t) + in  M (rk/4 ,  v ~ - l )  - -  In In r h - -  Q. 

]n M (rq+2/4, Vq+~)- ( n -  1)In In r ~ -  ( n -  ~)Q. 

(2.20) 

(2.21) 

(2.22) 

679 



F r o m  (2.20) for  k = q + 1 and (2.11) for  k = q,  us ing  the fact  tha t  the number  q belongs to the f i r s t  c l a s s ,  we 
obta in  

nln2 dm(r,d_lnTvq+i) rq+l~'~" - - - ~  l ~ " > ~ l n 2 f d M ( r '  Vq) rq+l/' ))2>--al--~ 2 ~dM -gi-ffrVq) ~q/4} >--g--{M (rq/4, u)/ln'-(rq/4)}. (2.23) 

F r o m  (2.23), (2.19) for  k = q + 1, and (2.22), we obtain  

rh+l/(4e) 

ln M (rn+l/4, Vn) ~ ~ ~ ~ dt tl 1 (t-----~ + In 3I  (rq/4, u) - -  n in In rn - -  nO. (2.24) 
h=q +1 rh 

We s e t  X ~ =  ~ [rh, rh+t/(4e)]. 
h = q + l  

We note that 

Xn 

n ( l n l n r n §  n -+oo .  
(2.25) 

We choose  the n u m b e r  Pn f r o m  the condi t ion  

f y? n . tl 2(t) --Pn - - .  
Xn Xn 

Using L e m m a  4, f r o m  this we obta in  

f dt  - Pn ~ dt t 
~ . a-7-fff ~ 2 v 7 _  ~ ~ ,  p,~ >~ ~ .  

Xn Xn 

Inequa i i t i es  (2.18) and (2.24) can  now be r e w r i t t e n  in the f o r m  

lnM(lz~+ll, u)/> p,dln [z,+ll - I n  [zq[) + In M([zql, u) + o(ln [z~+Ll); (2.26) 

Pr~ 
l nM( iz~+i ]  ' v~) ~ 2p___~i~ 1 (ln [ z~+ i [_  lnlzql)  + l nM(Izq [  , u)+ o(lnlzn+i[), 

We obse rve  that  

n --~ oo. (2.27) 

pin [z~+1[ /> in M(Iz~+ll, u) + o(ln [z.+l[), n-~  % (2.28) 
~.ln [zq[ ~< lnM(lzq[, u) +o( ln  Iz,+ll), n ~ 0% (2.29) 

In u(zn+l) >~ In M(lz~+11, v~), n ~ oo. (2.30) 

We se t  lnu(zn+ 1) = A n l n  Izn+ 1 [. F r o m  (2.26)-(2.30) it follows that  for  suff ic ient ly  l a rge  n 

(p + e~) In [z~l /> p~(ln Izn+l[--ln [zql) + )~ In [zqt, 

Pn (A~ + e~) in I z,~+t [ ~ ~ (In ] z~+~ [ - -  In [ zq [) + L in I zq 1, 

w h e r e  e n - - 0  as  n - -  ~. We se t  tn = l n l z n + l l / l n  JZq] and a r r i v e  at  (1.9) w i t h p  + en in place o fp ,  A n + en in 
place of A,  and Pn in place of p. It  fol lows f r o m  L e m m a  5 that  An  + en -> A(p + en, X). Let t ing  n tend to ~,  we 
obtain  lira A , ~ A ( p ,  L), and hence in u(z~+l)/> A(p, ),) In [z~+~[ + o(ln [z~+~[), n ~ 0% which  p roves  (2.13) in the 

n~oo 

case  w h e r e  the number  n is of s econd  c lass .  The proof  of the t h e o r e m  is comple te .  

3 

By the method used  in the p roof  of T h e o r e m  1 it is poss ib le  to obtain the fol lowing r e s u l t  which  e n c o m -  
p a s s e s  the case  of z e r o  lower  o r d e r .  

THEOREM 3. Suppose that  the pos i t ive ,  d i f fe ren t iab le  funct ion ~0 is i n c r e a s i n g  on [0, ~),  

drp (r) 1 
d h i  r ~ --:2-' (3.1) 

and suppose  fo r  the s u b h a r m o n i c  funct ion u 

lnM(r, u)>~909, O < r < o o .  (3.2) 
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Then there exists an asymptotic curve F for which 

In zz(z) > q;(lzl)--(ln Iz[) z/>~, z ~ F, r > r(s) (3.3) 

for any e >0. 

Proof. We construct the curve F as in the proof of Theorem i. Because of (2.3), it suffices to show that 

the relation (3.3) is satisfied at the points z~ F. If the number n belongs to the first class, we use (2.9), (3.1), 

and (3.2) : 

lnu(z,~+i)~In3]([z~l, u)~q)(Iz,~l) ~q)( [z .+~l) -  ~/2(]n ]G+ll - l n  ]z,,]) 

= (~([-,,+~])--7~((n + t)~--n u) ~> (~'(lz~+,])--n--~/~. > (p(lz,,+ll)--ln lz~+~t'#>~, ,~ . . . .  

I f  the number  n belongs to the second  c l a s s ,  we have by {2.24}, (2.25), and l~(t) ~ 2~r the fol lowing inequal i t ies :  

In u(z,,+t) >~ In M(Iz,~+~[, v,,) > ~/~(ln Iz,~+,l-ln Iz~i) (p([z~+~l) - ~p(Izvl) ~< 7~(ln [z~,+~l - In tzqi). (3.4) 

F r o m  (3.1) i t  fol lows that  

q~([z~.tl) -- qo([zql) ~ t /2( tn  !z, ~_!I -- in !zq]). 

T o g e t h e r  wi th  (3.4) this gives  

In u(z,,+l) >~ q~(lz~+~l) + O(n in n)/> q~([z~+~[)--(!n lz~.+~]) */~+~, n -+ ~. 

The p roof  of the t h e o r e m  is comple te .  

I t  is obvious that  T h e o r e m s  1 and 2 a r e  s h a r p  for  X _< 1 / 2 .  The fol lowing example  shows that  T h e o r e m  1 
is s h a r p  for  2,_> 1. Fo r  such  X we have A(p, X) = 0 / ( 2 0 - 1 ) .  

Example .  Le t  o < ~. On [0, ~) we define two funct ions Ct and r as  fol lows:  

( 

I 
% (~) = { 

I 

t 

t/s 8k ~ r ~  8It + t; 

(lip --  "l/L) (r - -  8k --  1) q- 11>~, 8k + l ~ r ~ 8k + 2; 

tlp, 8k q- 2 ~ r ~ 8k q- 3; 

( i /L- -  l/p) ( r - -  8 k - -  3) @ i/p, 8k-J- 3 ~ r ~ 8 t c  @ 4; 

1/~, 8 k + 4 < r < 8 k  + 5; 

(2 - -  t/p --  1/)9 (r - -  8k -- 5) q- UZ, 8k @ 5 < r ~ 8k @ 6; 
2 -  t/p, 8k @ 6~.~ r ~  8k @ 7; 

( t / ~ - -  2 -~- i /9)  (r - -  8k  - -  7) + 2 - -  t /p ,  8k + 7 ~ r~-~8k+8. 
k = 0, t , . . . ;  

I (2 - -  l i p  - -  i / ~ )  (r - -  8k - -  t)  q- i / ~ ,  8k + t ~ r ~_ 8k + 2; 

2 - -  t/p, 8k q- 2 ~ r  ~ 8 k  + 3; 

/( t1s  2 + t/p) ( r - -  8 k - -  3) q- 2 - -  i/p, 8k q- 3 ~ r ~ 8 k q - 4 ;  
% ( r ) = l  I D , , 8 k + 4 ~ r ~ 8 k + 5 ;  

( t lp  - -  t1~) (r - -  8/c - -  5) + 11~,, 8k § 5 ~ r <~ 8k + 6; 

t / p ,  8k -}- 6 ~ r ~ 8k q- 7; 

(Ilk --  t/p)(r --  8k - -  7) + t/p, 8k + 7 ~ r~-~ 8k + 8; 

k = O , L . . . .  

We set lj(r) = Cj (in+ in+ r) , j = I, 2. It is obvious that 

dZj (~) 
7 i77  <~t,  i = ' 1 , 2 .  (3.5) 

We consider the half strips 

a ~ = ! ~ = x + ~ y : l y l < @ Z j ( x ) ,  x > e  ~, j = t , 2 .  

Suppose that  the funct ion ~j (z) maps  c o n f o r m a l l y  and in s i n g l e - s h e e t e d  fash ion  the half  s t r ip  a j  onto the ~half 
s t r ip  Q0 = {~ = ~ -~" i:q : I~11 < ~/2, ~ > 0}, ~ / •  + e e) = +---ia/2, ~(~)  = ~ . Apply ing  a t h e o r e m  of Ahl fo r s  [12, p. 
226] and a t h e o r e m  of V a r s h a v s k i i  [12, p. 230],  we obtain,  on r e c a l l i n g  (3.5), 
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dt 
R e ~ ( x + i y ) = ( i §  Z~( t ) ,  ]---- i ,  2, (3.6) 

0 

u n i f o r m l y  w i t h  r e s p e c t  to y a s  x - -  ~.  We s e t  x k = e x p e x p  k. Us ing  the de f i n i t i on  of the funct ions  lj ,  we deduce  
f r o m  (3.6): 

Re ~j(~: -Pig) <~ (t  + o(t))px, x ~ ~;  (3.7) 

max {Re ~(x  -~ iy)} ~ (t + o(i)))~x~ x -+ ~;  (3.8) 
J 

Re ~1(x8~+3 + ig) = (i  + o(t))pxa~+~, k -+ ~;  (3.9) 

Re ~j(x~h+, -b iy) = (t  + o(l)))~xs~+l, k -+ ~;  (3.10) 

Re ~i (xs~+7 -4- ig) ----- (t -{- o (I)) (p/(2p--  t)) xs~+7, k--~ ~ ;  (3.11) 

Re ~ (xsk+3 + iy) = (1 + o (t)) (p/(2p - -  1)) xsk+~, k --~ co. (3.12) 

The f u n c t i o n w  = eZ m a p s  the  ha l f  s t r i p  ~I  onto a J o r d a n  r e g i o n  D 1 in  the C p l ane ,  ~ ~ OD~. The func t ion  
~l ( lnz)  m a p s  c o n f o r m a l l y  and in  s i n g l e - s h e e t e d  f a s h i o n  the d o m a i n  D 1 onto the ha l f  s t r i p  ~0. We s e t  a l ( r )  = 
m a x { R e  ~l( lnz)  : [zl  = r} .  By Kennedy t s  t h e o r e m  [9, T h e o r e m  2] t h e r e  e x i s t s  a n  e n t i r e  func t ion  Fl(Z) bounded 
off the d o m a i n  D 1 for  w h i c h  

l n l n M ( r ,  F1) ~ (~l(r), r - +  co. (3.13) 

S i m i l a r l y ,  the f u n c t i o n - e Z  m a p s  the  ha l f  s t r i p  ~2 onto the d o m a i n  D2, ~ ~ OD2. It  is  e a s y  to s e e  tha t  
D1 n D~ = r  The func t ion  [2(ln ( -z ) )  m a p s  c o n f o r m a l l y  and in  s i n g l e - s h e e t e d  f a s h i o n  the d o m a i n  D 2 onto the 
ha l f  s t r i p  ~0. T h e r e  e x i s t s  a n  e n t i r e  func t ion  F 2 (z) bounded off the d o m a i n  D 2 fo r  wh ich  

l n l n M ( r ,  F~) ~ o2(r), r - +  % (3.14) 

w h e r e  a2(r) = m a x { R e  ~2(ln ( - z ) )  : I z] = r } .  

We  s e t  F(z)  = Fl (z)  + F2(z). F r o m  (3.7), (3.9),  (3.13), and  (3.14) i t  fo l lows  tha t  the func t ion  F is of o r d e r  
p, and  f r o m  (3.8), (3.10), (3.13), and (3.14) i t  fo l lows  tha t  the l o w e r  o r d e r  of the func t ion  F is equa l  to h. 

L e t  F be an  a s y m p t o t i c  c u r v e  a long  w h i c h  F(z)  ~ ~.  S ince  the func t ion  F is  bounded on C\(D~ U D2), 
s t a r t i n g  f r o m  s o m e  poin t ,  the c u r v e  F is  con t a ined  in  one of the d o m a i n s  Dj.  Suppose ,  e . g . ,  tha t  F ~ D , .  F r o m  
(3.11), (3.13) i t  then  fo l lows  tha t  the o r d e r  of g r o w t h  of the func t ion  F on the c u r v e  F does  not  e x c e e d  p / ( 2 p  - 
1). I f  F ~ D ~ ,  we  use  (3.12) and (3.14). 

A n  a n a l o g o u s  e x a m p l e  c a n  be c o n s t r u c t e d  for  p = ~ as  w e l l  by c h o o s i n g  s u i t a b l e  func t ions  '~1 and ~2. 

Thus ,  T h e o r e m  1 is b e s t  p o s s i b l e  fo r  ~ ~ 1. By a p p l y i n g  to the e x a m p l e  c o n s t r u c t e d  above  the method  
u s e d  in  E x a m p l e  2 of [1, Chap.  V, Sec .  2] ,  i t  i s  p o s s i b l e  to c o n s t r u c t  an  e x a m p l e  d e m o n s t r a t i n g  the s h a r p n e s s  
of  T h e o r e m  2 fo r  )~ ~ 1. In  th is  c a s e  for  e a c h  e > 0 we  ob t a in  a m e r o m o r p h i c  funct ion  f of o r d e r  p and l o w e r  
o r d e r  )~, 1 _< }, _< p _< ~r which  p[l~] = p[N(r ,  f)] < p / (2p  - 1 )  + e,  and  ~ is  not  an  a s y m p t o t i c  va lue  of the func-  
t ion  f. 

In  o r d e r  to c o n s t r u c t  an  a n a l o g o u s  e x a m p l e  w i t h  p[N] = p / ( 2 p  - 1), i t  is  n e c e s s a r y  to invoke  r e f i n e d  
o r d e r s  and in  p l a c e  of  L e m m a  2.1 of [1, Chap.  V, Sec .  2] to u se  T h e o r e m  5 of [13, Chap.  II].  

In  the  c a s e  w h e r e  1 / 2  < k < 1 i t  is  not  p o s s i b l e  to c o n s t r u c t  c o r r e s p o n d i n g  e x a m p l e s .  P r o b a b l y  T h e o r e m s  
1 and 2 c a n  be r e f i n e d  s o m e w h a t  in  th is  c a s e .  

The a u t h o r  thanks  A.  A.  G o l ' d b e r g  for  many  s u g g e s t i o n s  and r e m a r k s  m a d e  dur ing  the c o u r s e  of the 
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A R E M A R K  ON R I G I D I T Y  O F  Q U A S I C O N F O R M A L  

D E F O R M A T I O N S  O F  D I S C R E T E  I S O M E T R Y  G R O U P S  

O F  H Y P E R B O L I C  S P A C E S  

S.  L .  K r u s h k a l  T UDC 512.817:5],5,178:517.54 

1. Mostow's well-known rigidity theorem [I] asserts that in more than two dimensions quasiconformal 
equivalence of two complete Riemannian manifolds of constant negative curvature and finite volume implies 
their isometry (up to homotopy). See [2] for strengthenings and generalizations of this theorem. In a recently 
published, very substantive preprint of Sullivan [3] is given, in particular, an extension of this theorem to the 
case of manifolds of infinite volume, whose volume grows slower than the volume of a hyperbolic space. Let 
us observe that the hypothesis about the validity of this result was first made in an equivalent form by the 

author in [4]. Sullivan's proof is based on very deep facts from ergodic theory. The indicated rigidity theorem 
admits an equivalent reformulation in terms of appropriate Kleinian groups after passage to universal cover- 
ings of the considered manifolds. 

Here we show that in the more special case of manifolds, also, in general, of infinite volume, we can 
give an elementary proof of the rigidity theorem. This case covers Mostow's theorem, and for groups with a 
nonempty set of discontinuity on the invariant sphere somewhat sharpens the corresponding result of Sullivan. 
The proposed proof clears up the period of rigidity well. 

2. Let JX(n) be the MSbius group of (orientation-preserving) conformal automorphisms of the space 
R ~= R ~ U {~}, n >~ 2, and F be its discrete subgroup with the limit set A(F) and the set of discontinuity ~2(F) 
(which can be empty). 

The elements of ~(n) are extended to isometrics of the half space I~+ n+l = {x = (x I ..... xm. I) :Xn~ I > 0}~ 
considered as a hyperbolic space with the metric 

n+i 

ds~= ~_~ dx]lx~+i. (1) 

Then the extension of F gives a discontinuous group in R+n+l; the boundary points of its fundamenf~l polyhedron 
in R n+l, lying in A(F), w i l l  be called its boundary vertices. 

The group F is said to be (quasiconformally) r igid i f  each compatible (with it) quasiconfor~ml automor- 
phism f : R n+l ~ ~n+l ~.+ , i.e., an automorphism f such that IF] -~ = i% ~ ~((n) , induces a M6bius mapping on ~n = 
8R n+1 [i.e., for each such f the group Ff is conjugate to F in J/(n) ]. 
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