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L e t  the  func t ion  f be m e r o m o r p h i c  in the  f in i t e  p lane .  Pu t  

2g 'S m (,- , /)  = m (r, ~ ,  /) = ~ ~og+ 11 ( rd~) l  d% 
0 

re(r, a , / ) = r e ( r ,  i / U - a ) ) ,  a r 1 6 2 1 6 2  

D r a s i n  and W e i t s m a n  [1] showed tha t  the  se t  A ~ C  of v a l u e s  a f o r  which 

re(r, a, /) --~ ~ ,  r - ~  0% (1) 

ho lds  has  z e r o  c a p a c i t y ,  T h e y  a l so  c o n s t r u c t e d  an e n t i r e  func t ion  of o r d e r  p fo r  which (1) ho ids  f o r  a ~ A  f o r  
a n y  se t  A of z e r o  c a p a c i t y  and any  p > 1 /2 .  The  ana logous  p r o b l e m  was  posed  by  D r a s i n  and W e i t s m a n  [2, 
p. 156, P r o b l e m  1.27(c)] f o r  m e r o m o r p h i c  func t ions  of o r d e r  p -< 1 /2 .  ( I t i s w e l l  known tha t  f o r  e n t i r e  f u n c -  
t i o n s  of o r d e r  p < 1/2  Eq.  (1) is  s a t i s f i e d  on ly  f o r  a = ~ . )  

The  fo l lowing  t h e o r e m  a n s w e r s  the  ques t i on  of D r a s i n  and W e i t s m a n .  

THEOREM.  Le t  A ~ C  be a se t  of z e r o  c a p a c i t y ,  r  de f ined  on [0, ~)  and m o n o t o n i c a l l y  i n c r e a s i n g  
with ~b(r) ~ ,o a s  r ~ ~ ,  r = 1. T h e r e  e x i s t s  a m e r o m o r p h i c  funct ion  F fo r  which (1) ho lds  with a ~ A  and 

T(r, F) -----O(~/(r)log2 r), r--~ ~ (2) 

(T(r ,  F)  is  the  Nevan l inna  c h a r a c t e r i s t i c  funct ion  of F) .  

T N LEMMA.  L e t  {ek]]~= 1 and {Ok}~= ~ be f in i t e  s e q u e n c e s  of n u m b e r s  in the i n t e r v a l  ( - ~ / 2 ,  ~r/2); 0 k < 0~ < 

0k+l  < Ok+l. Put  D = ~ [01~, 0~]. L e t  {akin= 1 be c o m p l e x  n u m b e r s  with ] a k l - <  vr2/2. T h e r e  e x i s t s  a m e r o -  

m o r p h i c  funct ion  f with the  p r o p e r t i e s :  

T(r, ]) =o(~(r )  log 2 r) ,  r--*- ~c, (3) 

/(z)--+a k umformlyas j z l - + ~  , O h ~ a r g z ~ O ~ ,  (4) 

1(0) ~0 ,  (5) 
]](z) [ ~ i ,  a r g z ~ D .  (6) 

P r o o f .  V a l i r o n  [3] c o n s t r u c t e d  a m e r o m o r p h i c  funct ion  g s a t i s f y i n g  cond i t ion  (3) and hav ing  the  f o l l o w -  
ing p r o p e r t i e s :  f o r  e v e r y  a ,  0 < a < ~/2,  g(z) -* 1 u n i f o r m l y  a s  Iz l  ~ ,  a -< a r g z  -< ~ -  ~ ,  g(z) ~ 0 u a i -  
f o r m l y a s  I z J - ~ ,  l r + a  - -<a rgz  < 2 ~ - a .  

! 
We put ~Pl = (1/2)(01 - r / 2 ) ,  Cpk = (1/2)(0 k + 0k_ l) f o r  2 -< k -< N. Then the funct ion  

N 

h = 2  

has  p r o p e r t i e s  (3), (4). L e t  {bk}K=l be a l l  the  p o l e s  of the  funct ion  g~ on the s e t  E--~-{z:argz~D}. ( T h e i r  n u m -  
K 

b e r  is  f in i t e  by  (4).) The  funct ion g2 (z) = gl (z)(z + i) - K  1-I (z - bk) is  h o l o m o r p h i e  in E.  We put M (z) -= max t g2 (z) I. 
h = t  Iz l=r  

zEE  

It f o l l ows  f r o m  (4) tha t  l i m M ( r ) ~ J  ~2/2. A s s u m e  tha t  M(r) -< 1 and r > r 0. We put  M = m a x M ( r )  and  t ake  
r-->c~ r ~ r e  

> 0 so  s m a l l  tha t  I ~ z ( ~ z  + 1) -1 ] < 1 / M  ho lds  f o r  Jzl -< r 0. B e a r i n g  in mind  tha t  I ~ z ( ~ z  + 1)-1[ < 1 in the 
r i g h t  ha l fp lane ,  we ob ta in  tha t  the  func t ion  

/(z) --•215 
s a t i s f i e s  a l l  the h y p o t h e s e s  of the  l e m m a .  

T r a n s l a t e d  f r o m  S i b i r s k i i  M a t e m a t i c h e s k i i  Zhurna[ ,  Vol .  19., No. 3, pp. 571-576,  M a y - J u n e ,  1978. 
O r i g i n a l  a r t i c l e  s u b m i t t e d  N o v e m b e r  11, 1976. 

0 0 3 7 - 4 4 6 6 / 7 8 / 1 9 0 3 - 0 4 0 1 5 0 7 . 5 0  �9 1979 P l e n u m  P u b l i s h i n g  C o r p o r a t i o n  401 



P r o o f  of the T h e o r e m .  We f i r s t  p rove  the t h e o r e m  in the case  when the se t  A is bounded. Without l o s s  
of gene ra l i t y ,  it is then poss ib le  to a s s u m e  that  A c { z :  Izl ~1/2}.  BV a t h e o r e m  of Car tan  [4, p. 96] t he re  
ex i s t s  a m e a s u r e / ~  such that  

i l o g ~ d ~ , ( ~ )  = c~, a ~ A .  

We m a y  a s s u m e  that  the suppor t  of/~ is conta ined in the squa re  A~ = {z = x + iy :  - 1/2 -< x < 1/2,  - 1/2 -< y < 
1/2}, and that  the total  m e a s u r e  is equal  to Ir/2. We divide the square  A ~ into congruen t  squares /x} ,  j = 
1 . . . . .  4. (The s q u a r e s  a r e  n u m b e r e d  in a c lockwise  d i r ec t ion  s t a r t ing  with the upper  left  square . )  

A s s u m e  that  the squa re  A ~ has  a l r e a d y  been subdivided into congruen t  s q u a r e s  A~ -1, j = 1 . . . . .  4 n ' l .  
We divide each  of the s q u a r e s  A n-1 into fou r  cong ruen t  s q u a r e s  o r d e r e d  c lockwise  f r o m  the uppe r  left. We 
a r r a n g e  the q u a r t e r - s q u a r e s  thu~s obta ined  in the s a m e  o r d e r  as  a n-1 and n u m b e r  them in sequence .  We get  
a sequence  A~, j = 1 . . . . .  4 n. (We a s s u m e  that  the left  and lower~sides  be long to the squa re  a~;  the r igh t  
and uppe r  s ides  do not be long to it.) We note that  the length of a side of the squa re  a~  equals  2 -n.  

We denote by m e s a  the rad ian  m e a s u r e  of the angle a .  We divide the f i r s t  quadran t  into fou r  angles  
/3~ so that  

4 

This  can  be done s ince  ~ ~(A))  = I~(h~ = n/2. 

i but with angie  with the s a m e  b i s e e t r i x  as/~j  

mes [8~ = u (A}). 

1 be the The angles  a r e  e n u m e r a t e d  coun te r c lockwi se .  Let  a j  

mes a} = V~ 1* (h}) = !.4 mes 18~. 

n (numbered  in sequenee  in a coun te r c lockwise  We divide each  of the angles  c~ n-1 into four  angles  /3j 
J 

di rec t ion)  with 
/ 4~ - -  i  mo' / 

n Let  o~  be the angle with the s a m e  b i s e e t r i x  as  r but with 

me~ ~7 ; ( ~ - 2 - ~ )  m~s ~2. 
~ 4 n 

P u t t i n g T =  n U e ~ ,  it is e a s y  to see  that  

or 

and 

m e ~ ( ~  N T) = t ~ ( A , ) .  (7) 

We put ai~lh(--t-3yi), a2~lh(i-~-i), as~--~lh(i--i), a4~lh(--]--i). 

/fit 
If we apply  the l e m m a  to the se t  D = U a~ U [ - -  ~/4, 0], we get  a m e r o m o r p h i c  funct ion fn with p r o p e r t i e s  

] = i  

(3), (5), (6), and such that  

]n(z)---~ak, argz~cr  ]~ -k (mod4) ,  (8) 

J~(z) -+0, - - ~ / 4 ~ a r g  z ~ 0 ,  (9) 

u n i f o r m l y  as  I zl - -  ~ .  It fo l lows f r o m  (3), (5) tha t  t he re  ex i s t  n u m b e r s  ~n > 0 such that  

I]~(• I < t  for Izl < e'," ( lo)  
T(r, ]~(• ~ 2-~?(r)log2r, r ~  2. (ii) 

By (10) the s e r i e s  F (z) = ~ 2-~]~ (• r e p r e s e n t s  a funct ion m e r o m o r p h i c  in the f ini te  plane, and by  (10) 

and (11) the funct ion F sa t i s f i e s  condi t ion (2). 

Le t  ~ n  be the midpoint  of the squa re  A~ n. It fo l lows f r o m  (8) that  

z - % ( •  ~ I ; l -+~ ,  a r g z ~ ? .  (12) 
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We show that  the funct ion F sa t i s f i e s  the hypothes i s  of the t h e o r e m .  
F a t o u ' s  t h e o r e m ,  we obtain 

4m 

as  m--,-oo, a~A.  Let  m be any  na tu ra l  number .  By  (6) we have 

L,=~+ 2-~f~ (• -m for a r g z ~  T. (13) 

In a c c o r d a n c e  with (12) we choose  r 0 so that  

f o r  arg z ~ a~, [z]>~ro. F o r  such z we have by (13) that  F ( z ) ~  D~, where  D p  is a square  with the s a m e  c e n t e r  
as  • ?  and with s ides  pa ra l l e l  to the s ides  of A ?  but th ree  t imes  longer .  

It is e a s y  to see  that  f o r  any  a 

I ' ~ - -  a { t log 3. inf log+ ~ inf log + ] ~ _ a l  

Thus  fo r  r > r 0 we have,  bea r ing  in mind (7), 

n/2 

m(r, a , F ) ~ - ~  l~ ]F(rei~)--a] 2n J m g  [F(rei~)__a~dcp~ 
0 T 

4m 

~ . ~ 1  ( inf log + rues (~z'~ I~ T) .~ S m (a) _ ~ . . . . . . . . .  l~g 3 (14) 

Since m was chosen  a r b i t r a r i l y  and Sm(a) --" ~ as  m ~ ~,  it fo l lows that  re(r,  a, F) - -  ~o fo r  a~A.  

We now c o n s i d e r  the case  when the se t  A is unbounded. Le t  A = A ~ U A ~ , A ~ { z :  lz]~<l}, A ~ { z :  tz] > t } .  
We put A ' =  {a: llamA2}. Since the t h e o r e m  has been p roved  fo r  an)- bounded se t  A, the re  ex i s t s  a m e r o m o r -  
phic funct ion F1 sa t i s fy ing  condi t ion (2) and by (9), (14) having the p rope r t i e s :  

a/2 

f log+ t i) [Fl(reiW)__a[ dcp---~oo as r-.,-oo, ff a ~ A 1 ,  (15) 

Fl (z) -+uninformly as [z] --~ c~, --r~/4~<arg z ~ 0 .  (16) 

Analogous ly ,  we c o n s t r u c t  a m e r o m o r p h i c  funct ion F 2 sa t i s fy ing  (2) with the p r o p e r t i e s  

- - . ~ 1 8  * 

t' log + ~ d~o-~oo as r - + ~ ,  ff a ~ A ' ,  (17) 
--x/& 

F2(z) "+0 uniformly a~ .[z] ---)-0% 0 ~ a r g  z~r~/2. (18) 

We now c o n s i d e r  a funct ion f sa t i s fy ing  (2) such that  

/(z) "+0, --~/4~--<arg z<~--n/8, (19) 

](z) .-+ ~o, 0~.~arg z<~/2,  (20) 

u n i f o r m l y  as  {z{ ~ ~.  

We show that  the funct ion 

F r o m  the definit ion of the m e a s u r e  # and 

F(z) -----F~ (z) +i/[F~(z) + l ( q  ], 

f o r  which (2) obv ious ly  holds ,  s a t i s f l e s t h e  hypo thes i s  of the t h e o r e m .  Let  g be a m e r o m o r p h i c  funct ion tending 
to z e r o  as  I zl ~ r 0 -< a r g z  -< ~r/2. It is e a s y  to see  us ing  (14) that  Eq. (15) will hold if F1 is r ep l aced  by 
F l + g .  If, on the o the r  hand, the funct ion g tends to z e r o  u n l f o r m l y  as  I Z l ' - * ~ , - T r / 4 < - a r g z < - - ~ / 8 ,  r e | a -  
t ion (17) will hold f o r  the funct ion F 2 + g. 

We let  k(a, b) denote  the cho rda l  d i s t ance  between the points  a and b on the Riemann sphere .  It is e a s y  
to see  that  
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k(a, b)~k(l /a,  i/b). 

M o r e o v e r ,  f o r  any  01 and 82 we have as r - -  

e, O, 

1 J' 1 ~ log k(F(rei~),a) dqo= l~ IF(re i r  dqo+O(t ) .  

If a~A,, then by  (18), (20), (15)we obtain in s u c c e s s i o n  

I y log + t 
2"E / F, (re i~) -- a I d(p -,- ~ ,  r --~ no. 

0 

t re(r, a, F)~---~ log+ 1 .d~--* ~ ,  r - +  cr 

If, on the other  hand, a~A~, we obtain in succession (17), (22), (21), (19), (16). We have 
--.~/8 

l ~ log+ l 
27  v I F, (r~i '~)- - , , - ' l  dcp--+- co, 

- - h i 4  

- - .~/8 

! [ i  

log i d(p-+ oo, 
2~ k (~ (~++), ~-') 

--a/z+ 

- -~18 

t .I log 1 2-'-~" ~ k ((F 2 (re ir -- ] (rei~~ - l, a) dq) --~ co, 
-~/~ 

--~/8 

m (r, a, F) / /~-E j log+ I r (r~'r l d~-+ ~o, r --)~ oo.  

The t h e o r e m  is proved.  

R e m a r k  1. Let  the m e r o m o r p h i e  funct ion f s a t i s fy  the condit ion lim___.T(r, l)/ln 2 r < c o .  In this  case ,  as  
r--> oo 

was shown by  T u m u r a  [5], t he re  ex i s t s  a sequence  of posi t ive  n u m b e r s  T k --" oo, such that  the sequence  fffk z) 
c o n v e r g e s  u n i f o r m l y  in the annulus {z:  1 -< I zl -< 2}. It fo l lows that  Eq. (1) can hold fo r  the funct ion f f o r  at 
m o s t  one value a ~ C  

R e m a r k  2. A s s u m e  that  a m e r o m o r p h i c  function of a given o r d e r  p, 0 -< p -< :% tends to z e r o  u n i f o r m l y  
in the r ight  halfplane.  If  we add this  funct ion to the funct ion F c o n s t r u c t e d  in this  paper ,  we obtain a m e r o -  
morph ic  funct ion of o r d e r  p fo r  which (1) holds .  

The au thor  e x p r e s s e s  his deep  gra t i tude  to A. A. G o l ' d b e r g  fo r  his in t e res t  in this  work and fo r  m a n y  
va luable  c o m m e n t s .  

R e m a r k .  While this  paper  was  in p r e s s ,  the fol lowing somewha t  weaker  r e su l t  of Damoda ran  [6] 
appea red :  f o r  e v e r y  se t  A ~ C  of z e r o  c a p a c i t y  and any funct ion r  tending to infinity, t he re  ex i s t s  a m e r o -  
morph i c  funct ion f with p r o p e r t y  (1) f o r  all a~A and T(r ,  f) = O ( r  r - - ~ .  

(21) 

(22) 
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