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Abstract

We introduce a quasiregular analog F' of the sine and cosine function such that,
for a sufficiently large constant A, the map x — AF'(x) is locally expanding. We show
that the dynamics of this map define a representation of R%, d > 2, as a union of
simple curves v : [0,00) — R% which tend to co and whose interiors v* = ~((0, 00))
are disjoint such that the union of all v* has Hausdorff dimension 1.

1 Introduction and statement of results

The Julia set J(f) of an entire function f is defined as the set of all points in C where the
iterates f* of f do not form a normal family. An equivalent definition was given in [9]:
J(f) = 0I(f) where I(f) ={z: f*(2) — oo} is the set of escaping points; see [3] for an
introduction to the dynamics of entire an meromorphic functions.

Devaney and Krych [7] showed that J(Ae®) is a “Cantor bouquet” for 0 < A < 1/e.
To give a precise statement of their result we say that a subset H of C (or RY) is a hair if
there exists a continuous injective map v : [0, 00) — C (or R?) such that lim; ., y() = oo
and v([0,00)) = H. We call v(0) the endpoint of the hair.

The result of Devaney and Krych is the following.

Theorem A. Let 0 < A < 1/e. Then J(\e?) is an uncountable union of pairwise disjoint
hairs.

We denote by dim X the Hausdorff dimension of a set X in C (or in R?). The following
result is due to McMullen [15, Theorem 1.2].

Theorem B. For A € C\{0} we have dim J(\e*) = 2.
Karpinska [13, Theorem 1.1] proved the following surprising result.

Theorem C. Let 0 < A\ < 1/e and let E\ be the set of endpoints of the hairs that form
J(Ae?). Then dim Ey\ = 2 and dim(J(Ae*)\E)) = 1.
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The conclusion of Theorem B holds more generally for entire functions of finite order
for which the set of critical and asymptotic values is bounded; see [2, Theorem A] and [21].
If, in addition, this set is compactly contained in the immediate basin of an attracting
fixed point, then the conclusions of Theorems A and C also hold [1, 2].

These results apply in particular to trigonometric functions. However, the analogue
of Theorem A for trigonometric functions had been obtained already much earlier by
Devaney and Tangerman [8].

Theorem D. Let 0 < A < 1. Then J(Asin z) is an uncountable union of pairwise disjoint
hairs.

McMullen [15, Theorem 1.1] and Karpinska [12, Theorem 3] also considered the case of
trigonometric functions. Their results are as follows. Here area X stands for the Lebesgue
measure of a measurable subset X of C.

Theorem E. Let A\, ;u € C, X\ # 0. Then area J(Asin z + u) > 0.

Theorem F. For 0 < A < 1 let E\ be the set of endpoints of hairs that form J(Asin z).
Then area Ey > 0.

The conclusion of Theorems D and F' holds more generally for functions of the form
f(z) = Asin z 4 p if the parameters are chosen such that the critical values £A + p of f
are contained in the immediate basin of the same attracting fixed point. If this condition
on the critical values is not satisfied, then the hairs in the Julia set of f still may exist,
but in general distinct hairs may share their endpoints [19].

If the critical values of f(z) = Asinz + u are strictly pre-periodic, then J(f) = C.
Schleicher [20] showed that J(f) is still a union of hairs which are pairwise disjoint except
for their endpoints, and the Hausdorff dimension of the hairs without their endpoints is 1.
Thus he obtained the following result.

Theorem G. There exists a representation of the complex plane C as a union of hairs
with the following properties:

e the intersection of two hairs is either empty or consists of the common endpoint;
e the union of the hairs without their endpoints has Hausdorff dimension 1.

Zorich [23] introduced a quasiregular analog F' : R* — R3*\{0} of the exponential
function. It was shown in [4] that the results about the dynamics of the exponential
function quoted above (Theorems A, B and C) have analogs in the context of Zorich
maps.

In this paper we introduce a higher dimensional analog of the trigonometric functions.
The dynamics of this map are then used to extend of Theorem G to all dimensions greater
than 1.

Theorem 1. For each d € N, d > 2, there exists a representation of R as a union of
hairs with the following properties:

e the intersection of two hairs is either empty or consists of the common endpoint,

e the union of the hairs without their endpoints has Hausdorff dimension 1.



The construction of our higher dimensional analog of the trigonometric functions is
similar to the construction of Zorich’s map as given in [11, Section 6.5.4]. We begin with
a bi-Lipschitz map F' from the half-cube

{z=(21,...,24) €ER*: 2] < 1,24 > 0} = [-1, 1] " x [0,1]

to the upper half-ball
{zx e R ||z||s £ 1,24 > 0}

which maps the face [—1,1]47! x {1} to the hemisphere {z € R? : ||z|s = 1,24 > 0}.
We will give an explicit construction of such a bi-Lipschitz map F' in Section 4. Next we
define F: [—1,1]"! x (1,00) — R? by

F(z) =exp(xqg— V)F(z1,...,24-1,1).

The map F is now defined on [—1,1]971 x [0, 00), and it maps [—1, 1]971 x [0, 00) bijectively
onto the upper half-space H* := {x € R? : 1, > 0}. Using repeated reflections at
hyperplanes we can extend F to a map F': RY — R,

It turns out that the map F' is quasiregular. However, we shall not actually use this
fact. On the other hand, the quasiregularity of F' is one of the underlying ideas in the
proofs, and thus we make some remarks about quasiregular maps in Section 5. We also
show there that our map F' is indeed quasiregular.

We note that since F' is locally bi-Lipschitz, the restriction of F' to any line is absolutely
continuous, and [ is differentiable almost everywhere. We denote by

IDF(x)|| := sup [[DF(x)(y)]]

lyll=1

the operator norm of the derivative DF(z). (Here and in the following |ly|| = ||y||2 for
y € R? that is, unless specified otherwise we consider the Euclidean norm in R%.) We

also put

HDE()) = inf [DE()y)]l
We note that it follows from the definition of F' that if x,2’ € (—=1,1)%"! x (1,00) and
zj =1} for 1 <j<d-—1, then

DF(2') = exp(z), — x4) DF(x) (1.1)

whenever these derivatives exist.

It is easy to see that
B :=essinf (DF(x)) >0

zeRd

for our map F. We choose A > 1/ and consider the map f = AF. Clearly f is quasi-
regular and
a:=essinf((Df(x)) = A3 > 1, (1.2)

zeRd

that is, f is locally uniformly expanding in R¢.
We put S := 741 x {—1,1} and for 7 = (r,...,74) € S we define

T(r)={r eR:|z; —2rj| <lfor 1 <j<d—1, rgzqg >0}
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We find that if

o(r):= i + %(Td - 1)

=1

is even, then f maps T'(r) bijectively onto H*. If o(r) is odd, then f maps T(r) bijectively
onto H™ :={z € R?: 24 < 0}.
For a sequence s = (si)x>0 of elements of S we put

H(s):={z e R": f¥(z) € T(sy) for all k > 0} .

Evidently R? = 3 ¢ H(s), where S is the set of all sequences with elements in S for
which H(s) is not empty.

Proposition 1. If s € S then H(s) is a hair.

For s € S we denote by E(s) the endpoint of H(s).
Proposition 2. If s’ # " then H(s') N H(s") =0 or H(s') N H(s") = {E(s)}.
Proposition 3. dim (U§€§ H(§)\{E(§)}) =1.

Theorem 1 follows from these propositions.

2 Preliminaries
It follows from the definition of F' that
|F(z)|| = exp(|zq] — 1), x €RY, |z4] > 1,

so that
1f(@)|| = Xexp(|zq| — 1), = €R?, |4 > 1. (2.1)

For r € S we denote by A" the inverse function of f|rq). Thus A" : H* — T(r) or
A" : H= — T(r), depending on whether o(r) is even or odd. For x € T(r) and y = f(x)
we have

, B 1
|DA"(y)|| = m
and thus .
IDA" ()l < (2.2)

by (1.2). It follows from (2.2) that if a,b € T'(r), then

la = bl = [[A"(f(a)) = A"(f ()] < éHf(a) = FO)]-

Hence
|f(a) — f(b)|| > alla—10| fora,beT(r), res. (2.3)

If |z4) > 1 then we have

UDF(z)) > aexp(|za — 1) = 04||f§$)|| _ Hf(;)“



by (1.1), (1.2) and (2.1). Note that the condition |z4| > 1 is equivalent to ||y|| > A. Thus

IDA” (y) y R, |yl > A (2.4)

<
Bl

Similarly we deduce from (1.1) that there exists a positive constant § such that

o
[DA"(y) ()]} = W Ye RY, |lyll = X. (2.5)

We shall also need the following result.

Lemma 1. Let s = (si)g>0 be an element of S and let v,y € H(s). For k > 0 we put
o = (2, af) = M) and vt = (v, yh) = R (y).
There exists M > 0 with the following property: if

[yal > laql + M (2.6)

for some k > 0 then

A
lva ™| > 5 explygl + M = Bl | + M.

Proof. We will denote by p the projection
. d d—1
p:R* =R (zq,...,24-1,%4) — (T1,...,Tq-1)-

Suppose that (2.6) holds. Then using (2.1) we obtain

+1| k+1|| _ k+1)H

|y Ip(y
Aexp (Jya| = 1) = [[pG" )| —2vd =1

A exp (}yg‘ — 1) — Aexp (‘xiﬂ — 1) —2V/d—1
Aexp (}yij’ —-1) - Aexp(’yij} - M-1) - 2vd -1

A (1 — e_M) exp}yij‘ —2vd—1.

e

|yk

AVARNAVARN AV V]

Noting that |y%| > M by (2.6) we find that if M is sufficiently large then
] o A k
% ‘dexpwd‘_'_M'

Since N N : N
X exput] > 2eM explat] = 2 oh41] 2 2 [obhy

the last inequality in the conclusion of the lemma also holds if M is large.



3 Proof of the Propositions

Proof of Proposition 1. For a sequence s = (s;) in S we have

H(s) =) (A® 0 A" o... 0 A%) (T(sp41)).

k>0

Thus X := H(s) U {oo} is an intersection of nested, connected, compact subsets of
Re := R U {oo}. This implies that X is compact and connected.

To prove that H(s) is a hair we follow Rottenfuler, Riickert, Rempe and Schleicher [17]
and use the following lemma from [16].

Lemma 2. Let X be a non-empty, compact, connected metric space. Suppose that there
1s a strict linear ordering < on X such that the order topology on X agrees with the
metric topology. Then either X consists of a single point or there is an order-preserving
homeomorphism from X onto [0, 1].

To define the linear ordering on X = H(s)U{oo} we choose M according to Lemma 1.
For x,y € H(s) we say that z < y if there exists k > 0 such that |y%| > |2%| + M, and
we define x < oo for all x € H(s). Lemma 1 implies that 2 < y and y < = cannot hold
simultaneously. Another easy consequence of Lemma 1 is that our relation < is transitive.

To show that it is a linear ordering we notice that ||z* — y*|| > o*||lz — y|| by (2.3).
Since |x§7 — yf] <2for1<j<d-1we deduce that

|2k — yk| > oz — yl| — 2Vd — 1.

Thus x # y implies either z < y or y < z.

Now we prove that the order topology on X is the same as the topology induced
from R4. We have to show that the identity map from X with the induced topology to
X with the order topology is a homeomorphism. Since X with the induced topology is
compact and since X with the order topology is Hausdorff, it suffices to show that the
identity map is continuous [14, p. 141, Theorem 8]. Thus we only have to show that the
sets

U(a)={weX:w=<a} and U'(a) ={weX:w>a}

are open with respect to the induced topology for all @ € X. In order to do so, let
w € U~ (a) and choose the minimal k such that w® < a%—M. Then there is a neighborhood
V of w in R? where the same inequality is satisfied. The intersection V N H(s) is a
neighborhood of w that is contained in U~ (a). Thus U~ (a) is open with respect to the
induced topology. The proof for U (a) is similar. o

Thus the order topology on X agrees with the topology induced from R?. Proposition 1
now follows from Lemma 2. O

Proof of Proposition 2. Let y € H(s')NH(s"). Let m be the smallest subscript such that
st # st . Then f™(y) belongs to the common boundary of T'(s],) and T'(s],). From the
definition of f we conclude that f*(y) belongs to the hyperplane {x € R¢ : x4 = 0} for
all £ > m + 1. This implies that = < y is impossible for any z. So y is a minimal element
of the order < and thus an endpoint of H(s') and H(s"). O



Proof of Proposition 3. We follow the argument in [4] and with ¢ : [1,00) — R,

() == exp (x/log t)
and M := max{1,3\} > 3/ we put
Qo= {2z €R: |zal 2 M, [Ip(2)]| < (lzal)} -
The following result is analogous to [4, Lemma 5.3].

Lemma 3. Ify € H(s)\{FE(s)} then f*(y) — oo as k — oo. Moreover, f*(y) € Q for
all large k.

Proof. Let s = (sg)k>0 € S such that y € H(s). With x = E(s) and the ordering < as
in Section 3 we have z < y. As before, we put ¥ = f*(z) and y* = f*(y) for k > 0. By
Lemma 1 we have

lyk| > 5|2k 4+ M for all large k.

We also have
Iy — 2*|| > o¥|ly — 2| for all k

by (2.3). Since z*,y* € T(s;) we have
Ip(y") — p(z®)|| < 2v/d =1 for all k.

It follows that |y¥| — oo and hence y* — oo as k — oo.

Since
[p(")|| < |[p(=*)|| +2vVd =1 < ||| +2vd—1
we see that f*(y) € Q holds for large k if ||2¥| < R, where R is any fixed constant.

Since
[ 2*]] < Xexp |25 < Aexp |25,

we also find that f*(y) € Q holds for all large k for which ||2*~!| < log(R/\).
We may thus suppose that min{||z*||, ||«*~||} is large. Lemma 1 now yields for large
k that

A
] 2 Sew i+
> %exp(5}x§_2‘+M)+M
eM k_21\5
> ﬁ()\exppcd ‘) + M
> |5
> |51
and hence that
A
il > Sexplyi+M
> %exp(‘x§_1|4>
A
> Xexp (o5 4]

v

exp <log kaH3> .
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Thus

IO < |lp@®)|| +2vd -1
< |t +2vd-1
< exp <(1og |yh )1/3> LoV
< exp \/m
for large k. This means that y;, € ©, and the proof of Lemma 3 is completed. u

The following result [4, Lemma 5.2] is a simple consequence of some classical covering
lemmas. Here we denote by B(x,r) the open ball of radius r around a point z € R%.

Lemma 4. Let Y C R? and p > 1. Suppose that for all y € Y and n > 0 there
ezist r(y) € (0,1), d(y) € (0,n) and N(y) € N satisfying d(y)’N(y) < r(y)* such that
B(y,r(y)) NY can be covered by N(y) sets of diameter at most d(y). Then dimY < p.

In [4, Lemma 5.2] it is additionally assumed that Y is bounded, but this hypothesis
can be omitted, since the Hausdorff dimension of a set is the supremum of the Hausdorff
dimensions of its bounded subsets.

We now begin with the actual proof of Proposition 3, following the argument in [4].
Since f is locally bi-Lipschitz, and since the Hausdorff dimension is invariant under bi-
Lipschitz maps, Lemma 3 implies that it suffices to show that

Y :={ye H(s)\{E(s)}: ff(y) € Qfor all k > 0}

has Hausdorff dimension 1. We shall prove this using Lemma 4.
Let y € Y N H(s) and, as before, put y* = f*(y). With 2 = E(s) we deduce from
Lemma 1 that

. A .
it > 3 &P [yl + M (3.1)

for large j.

We now fix a large k and denote by By the closed ball of radius %
cover By, N by closed cubes of sidelength 1 lying in {z € R?: |z4| >
then the number N, of cubes required satisfies

N <clybl v (2]d5)"

provided k is large enough. Given € > 0 we thus can achieve

|y%| around y;,. We
Slyk}. I e > 2471

14¢
Ny < [ub]"
by choosing k large.
Let By be the component of f~*(By) that contains y. With

p:=AN"0 A" 0. 0 A%

we have By = ¢(By). Using (2.2) and (2.4) we find that if C is one of the cubes of
sidelength 1 used to cover By N2, then

1 2 1
diam C < ——
AT ] S

diam p(C) < -
vl
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if k is sufficiently large. Thus we can cover Bo NY by N, sets of diameter dy, where

< (3.3)

|yd‘
In order to apply Lemma 4 we estimate the radius r; of the largest ball around y that is
contained in By. Let z € 0By with ||z — y|| = 7. Let og be the straight line connecting y
and z. For 1 < j <k we put 0; = f/(09), B; = f/(By) and 27 = fi(z). Then o4 connects
y* to z¥ € OBy, and thus

length(oy,) ‘yd‘ (3.4)
We deduce from (2.4) that
3
diam By_; = diam A%~ (By)) < diam By, = —
20 4| B
and hence 3
diam B; < —
iam B; < 23
for j <k —1 by (2.2). This implies that
1 .
o; C Bj CcB (yk, 5 ‘yé|>
for j <k — 1. It thus follows from (2.5) that
20
length o; = length A% (0;41) > 3 ’y]H} length o4
d

for j < k — 1 and this implies that

3N (1715
length o), < (%) (H |yé‘> length o

Combining this with (3.4) we find that
1/26\" 1
T = 1ength00 2 - (3) W

Using (3.1) we see that we can achieve

[\]

1
k
d

|y
by choosing £ large.

We thus find that we can cover B(y,r;) NY by Ny sets of diameter at most dy, where
Ny, d and 7, satisfy (3.2), (3.3) and (3.5). With p = 1 + (d + 1)e it follows from (3.2),
(3.3) and (3.5) that

1+4e— —de
(AN < Jys] " =l < ()"

Given 1 > 0 we can also achieve that r, < 1 and d; < n by choosing k large. We thus see

that the hypothesis of Lemma 4 are satisfied with r(y) = ry, d(y) = di, and N(y) = Ny.
It follows that dimY < p = 1+ (d + 1)e. Since ¢ > 0 was arbitrary, we obtain

dimY < 1. U



4 An explicit bi-Lipschitz map

Let Bt := [—1,1]971x[0,1], B~ := [-1,1]9tx[-1,0], UT := {z € R : ||z|[, < 1,24 > 0}
and U~ :={r € R?: ||lz||y < 1,24 <0}. Then hy := B* — B~ 2~ 2—(0,...,0,1), and
hy: B~ = U™, 2 (|z|l/||z|l2) 2, are both bi-Lipschitz, and with X := [-1,1]¢71 x {1}

and Y := {x € R? : ||z]|s < 1,24 = 0} we have hy(hi(X)) = Y. It remains to define
a bi-Lipschitz map hs : U~ — U* with h3(Y) = {z € R? : ||z]|s = 1,24 > 0}. Then
h := hs o hy o hy has the desired properties.

In order to define hs we note that

z+1
1z+1

T(z) =

defines a bi-Lipschitz map from the lower half-disk {z € C : |z] < 1,Im 2z < 0} to the
upper half-disc {z € C: |z| < 1,Im z > 0}, with {z € C: |z| < 1,Im 2z = 0} being mapped
onto {z € C:|z| =1,Imz > 0}. Withz = (z1,...,24) = (p(x),24) and z = ||p(x)]]2+ixy
it follows that

= p(x) (] zZ m ya
halz) = (||p<x>||2R T(z), Im T ’)

has the desired properties.

5 Quasiregular maps

Let  C R be open. A continuous map f : Q — R? is called quasiregular if it belongs to
the Sobolev space Wy,,.(Q2) and if there exists a constant Ko > 1 such that

|DF(x)||? < KoJp(z) ae., (5.1)

where Jr = det DF' denotes the Jacobian determinant. Equivalently, there exists K; > 0
such that
Jr(z) < K {(DF(x)) a.e.

The smallest constants Ko and K for which the above estimates hold are called the outer
and inner dilatation. For a thorough treatment of quasiregular maps we refer to [18].

To see that our map F' defined in Section 1 is quasiregular, we note that first that (5.1)
holds on the half-cube (—1,1)471 x (0, 1) since F is bi-Lipschitz there. By the same reason,
(5.1) holds on the bounded set (—1,1)41 x (1,2). Using (1.1) we deduce that (5.1) holds
on (—1,1)%! x (1,00). Thus (5.1) holds on (—1,1)¢71 x (0,00) and in the sets obtained
from this by reflection. We deduce that F'is indeed quasiregular.

We note that for quasiregular maps there is no obvious definition of the Julia set; see,
however, [5, 22]. On the other hand, the escaping set I(f) can be defined. It was shown
in [6] that if f is a quasiregular self-map of R? with an essential singularity at co, then
I(f) # 0. In fact, I(f) has an unbounded component.

We mention that for the entire functions f(z) = Ae* or Asinz + p considered in
Theorems A-G we have I(f) C J(f) and thus J(f) = I(f); see [10, Theorem 1]. This
plays an important role in the proofs of these theorems. For example, McMullen actually
proved that the conclusion of Theorems B and E holds with J(f) replaced by I(f). Also,
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a crucial part in the proofs of Theorems C, F and G is based on the fact that points which
are on a hair but which are not endpoints escape to infinity under iteration very fast.

This also played an important role in our proof. In particular, for the map f considered
in this paper we have

J H\E)} € I(f)

s€S

while {E(s):s € S}\I(f) #0 and {E(s) : s € S}NI(f) #0.
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