ON THE ZEROS OF MEROMORPHIC FUNCTIONS
OF THE FORM f(z) = T2, %
By

ALEXANDRE EREMENKO*, JiM LANGLEY! AND JOHN Rossi

Abstract. We study the zero distribution of meromorphic functions of the
formf(z) = 3.7 | :—fﬂi where a;, > 0. Noting that f is the complex conjugate of
the gradient of a logarithmic potential, our results have application in the study of
the equilibrium points of such a potential.

Furthermore, answering a question of Hayman, we also show that the derivative
of a meromorphic function of order at most one, minimal type has infinitely many
Zeros.

1. Introduction

Consider a meromorphic function

[e ] a;
1.1 = : )
(1.1) ) Z:.Z—Zk’ a >0
We suppose that
oo a;
(1.2) > o <%
k=1

and thus that the series in (1.1) converges absolutely for all z € C, z # z;. The
function f is the complex conjugate to the gradient of the logarithmic potential

1—il,
Zt

which is a subharmonic function of order at most one, convergence class. This
follows from (1.2). The zeros of f are the equilibrium or critical points of u. If the

(1.3) u(z) =Y _ailog
k=1
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ay are all positive integers, we may also consider the entire function

oo} z ai
F(z) = -—— .
@-TI(1- %)
k=1
In this case f = F'/F.
The zeros of f were studied in [3] where the following results were obtained:

Theorem 1.1 If all the a; are positive integers, then f has infinitely many
zeros.

Theorem 1.2 Ifall the a; are positive real numbers and

(1.4) > aj=o(Vr), r— oo,
{itlz1<r}
then f has an infinite set of zeros.

The condition (1.4) means that the function u given by (1.3) has order at most 1/2,
minimal type.

The paper [3] also contains results for the case when the a; are real but not
necessarily positive, as well as some counterexamples. Some earlier results on the
distribution of zeros of f, with complex a; are contained in [6, Ch. V].

Throughout this paper we use the standard notation of value distribution theory
for meromorphic and subharmonic functions. The reader is referred to [6], [8], [9]
and [10]. Our first result extends Theorem 1.1 to allow for non-integer values of
aj.

Theorem 1.3 Iff defined by (1.1) has order at most one, minimal type, then
[ has an infinite set of zeros.

We remark that, in general, there is no relationship between the growth of f and
u. However, if we assume that the g, are bounded away from zero, then T(r,f) =
O(N(r,u)) and we obtain the following corollary, whose proof is immediate from
(1.3).

Corollary 1.4 Suppose that ay > a > 0in (1.1). Then f has an infinite set of
zeros.

Thus Theorem 1.3 is stronger than Theorem 1.1.

In [3] it was proved that if F is a meromorphic function of order less than 1/2,
then F’/F has infinitely many zeros. Examples were given to show that there
exist merormorphic functions of any order greater than or equal to 1/2 whose log
derivatives have no zeros. This led Hayman to ask whether the derivative of a
meromorphic function of order less than one has any zeros. Our next theorem
answers this question affirmatively.
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Theorem 1.5 Let F be a transcendental meromorphic function of order at
most one, minimal type; then F' has infinitely many zeros.

For F of order at most one convergence class, it is easily seen that Theorem 1.5
is equivalent to the following

Theorem 1.6 Iff is as in (1.1) and the a; are integers, with ax > —1 for
J > Jjo, then [ has infinitely many zeros.

To establish the equivalence, note that under the conditions of Theorem 1.6 we have
f = g'/g, where g is a meromorphic function with at most finitely many multiple
poles, having order at most one, convergence class. Applying Theorem 1.5 to
F = 1/g we conclude that f = g'/g has infinitely many zeros. Conversely if F is
a meromorphic function of order at most one convergence class, then either F" has
infinitely many multiple zeros, or else we may apply Theorem 1.6 to f = —F'/F.
In either case Theorem 1.5 is true.

We mention that Theorem 1.5 is sharp. Indeed for p > 1, it was shown in [3]
that there exists an entire function G of order p such that G’/G has no zeros. Then
F = 1/G is meromorphic of order p and F’ has no zeros.

The next two theorems give quantitative information on the distribution of the
zeros of f in certain cases.

Theorem 1.7 If the function f defined in (1.1) has lower order A < 1 and
(1.5) O<a<aqr <A<

for some constants a and A, then §{(0,f) < 1.

Corollary 1.8 Let F be an entire function of order p < 1. Further suppose
that the multiplicity of the zeros of F is uniformly bounded. Then §(0,F’/F) < 1.

Theorem 1.9 Iff defined by (1.1) has lower order A < 1/2, then
§(0,f) €1 —cosmA.

Further if x = 1/2, then
6(0,f) < 1.

Corollary 1.10 For entire functions F of order p < 1/2, we have
§(0,F'JF) <1 —cosmA.

Further if A\ =1/2, then
8(0,F'/F) < 1.
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We note that the proofs of the corollaries follow immediately from their respective
theorems.

Remark There is a conjecture of W. H. J. Fuchs which states that for entire
functions F of lower order A < 1/2, §(0,F'/F) = 0. Our Corollary (1.10) proves
this if A = 0.

We propose the following related problem:

Problem Let p < 1/2 be the order of the subharmonic function u in (1.3). Can
one estimate §(0,f) in terms of p?

We note that if the a; are bounded from below then A(f) < p(u) < 1/2 and
Theorem 1.9 gives an answer.

The authors are indebted to Jim Clunie for extremely valuable and poignant
conversations related to this paper.

2. Proof of Theorems 1.3 and 1.5
We need the following

Proposition 2.1 Let ¢ > 0 and let g be a transcendental meromorphic func-
tion, of order at most one, minimal type-having only finitely many poles. Let T be
a path such that I'(t) — oo as t — oo and

log |g(z)

@D log I

—r00 as z— oo, ze€l.

Then there exists a domain S with the following properties:
a. If 6(t) = meas{8 € [0,2r] : te'® € S}, then for some ry > 0, we have

Todt
do(r) == logr—w/ro ;‘?(75 ~ +00

asr — 4oo.
b. For some r\ > 0 the part of T lying in {z : |z| > r} is contained in S.
¢. For any z1,z; € S there exists a path vy from z; to z, satisfying

/ 1g(2)|"ldz] < e.

~

We postpone the proof of Proposition 2.1 to the end of this section.
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Proof of Theorem 1.3 We now suppose that f has only finitely many zeros,
and we set g = 1/f. Then by a theorem of Lewis, Rossi and Weitsman [12], there
is a path T" such that (2.1) holds, and such that

2.2) /F 18(2)|~|dz| < o0

(The result was stated in [12] for entire functions, but the required generalization
is trivial.) Applying Proposition 2.1 with € = 1, we see from (2.2), b., ¢. and the
fact that |g(z)| ™! = |grad u(z)|, that u(z) < C on S, for some positive constant C.

Let
6,(t) = meas{f € [0,27] : u(te’®) > C}

so that

(2.3) 8o(r) + 6,(f) < 27

where 6y(7) = 0(z) is as in a..
Using [14, p.116], a. and the fact that 4 has at most order one, minimal type,
we have for some 1y > 0, and for j = 0, 1 that

@j(r) :=logr—m /t" dt/(t6;(t)) — +oc

as r — oo. Setting ¢(r) = min{do(r), #1(r)}, we have

0 0

Adding these inequalities for j = 0, 1 and using (2.3), we obtain
log?(r/to) < (logr — ¢(r)) logr,
which is a contradiction since ¢(r) — +oo. O

Proof of Theorem 1.5 Assuming that F’ has only finitely many zeros, we set
g = 1/F'. Applying the result of Lewis, Rossi and Weitsman [12] again, we obtain
a path T such that (2.1) and (2.2) hold. Since g = 1/F’, we conclude from 2.2)
that F tends to a finite value as z — oo on I'. We may assume that this value is 0.

But F/F’ also has at most order one, minimal type, and has at most finitely many
poles. Moreover, F/F' must be transcendental by the growth restrictions on F. It
follows [12] that there exists a path I'y such that

log |F(z)/F'(z)|/log|z| — +o00 as zel} — oo,
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and

/r IF'(2)/F(2)ldz]| < +oo.

We now see that F must tend to a finite, nonzero value, which we may assume to
be 1, as z — oo on T'y. Thus g grows transcendentally on I';.

We now assume without loss of generality that |F(z)| < 1/4 for all z € T and
|F(z) — 1] < 1/4 for all z € T';. Applying Proposition 2.1 again with € = 1/4, we
obtain rp > 0 and domains Sy and S, with the following properties. For j = 0, 1,
we have |F(z) — j| < 1/2forall z € S;, and for 6;(¢) := meas{6 € [0, 2n] : t¢’® € §;},
we have

90([) + 6:1(t) < 2.

This follows since Sy and S are disjoint. Also forj=0,1,
r
¢j(r) :=logr — 7r/ dt/(16;(t)) — +oo.
o

We now obtain a contradiction exactly as in the proof of Theorem 1.3.
Before proving Proposition 2.1, we need the following lemma. (Compare with
(15, p-44])

Lemma 2.2 There exists a monotone increasing sequence R, € (22"2,2%")
such that for large n the total length of the level curves |g(z)| = R, in

Dy ={z: 2| < 27}

is at most 237/,

Proof For R > 0 we have
n(2",Re’,g) < N(2"*2,1/(g — Re?)) < T(2"*?,g) + logt R+ O(1)
Thus
1 2 )
@4 palR) =5 /0 n(2",Re”, g)d6 < T(2"+?,g) +log* R + O(1).

Let /,(R) denote the total length of the level curves |g(z)] = R in D,. Put
. = 22", = 22"~2, By the length — area principle (c. f. [7, p. 18]), we have

5 12(R)dR
L < 2 - area(D,) = 272 - 220,
[ ety < (Dn)

n
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So there exists R, € (ay, [3,) such that

B(R,) < 1 R.pn(Ry) - 27% - 22",

~ By — o
From (2.4) and the fact that g has order at most one, minimal type, we have that for
n large enough p,(R,) < 0(2"). This and the obvious fact that the sequence {R,}
is monotone increasing proves the lemma. O

Proof of Proposition 2.1 To prove Proposition 2.1, we take a sequence R,
as in Lemma 2.2, noting that we are free to choose the R, so that the level curves
|g(z)| = R, have no multiple points, and are never tangent to any of the circles
{z:]z| =2"}.

We take P > 0 so that all the poles of g lie in {z : |z| < P}, and for 7 so large that
R, > M(P,g), we set

2.5) Un={z:P <z <2" |g(2)| > Rn}

We set U = U,,, Un, where ng is so large as to satisfy certain conditions to be
specified later. Now if m > ng and ny is sufficiently large, the part of I" lying in
{z : 2™~ < |z| < 2™} is contained in U,, by (2.1), and we define S to be the
component of U which contains the part of " lying in {z : |z] > 2™~!}. Thus b. is
trivially satisfied.

Now suppose that zg € 3S. Then for some n, zp lies on the boundary of some
component of U,. Therefore, either |zp] < 2" and |g(zo)| = R, or |zo| = 2" and
|g(z0)] > R,. In the latter case we must have |g(z0)| < R4 for otherwise zg is an
interior point of some component of U, and so is an interior point of S, since §
is a component of U. Moreover, if |zy| < 2” and |g(zp)| = R, with n > ng, then we
must have that |zo| > 2"}, for otherwise zg is in U, and so is an interior point of
S. Since U,, is bounded away from zero, there exists therefore a positive constant
L so that
(2.6) lg(2)| < L|z|?, ze€ds.

Now consider the function
w(z) = log|g(z)| — 2log|z| — logL

which is subharmonic in {z : |z[ > P}. By (2.1) and (2.6), S contains an unbounded
component S’ of the set {z: w(z) > 0}. Setting

6'(t) = meas{6 € [0,2x] : te’’ € §'},
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we have {14, p.116] for some positive ¢, that
togr — 7 [ dr/ 1) — +x,
H]

which proves a., since §' C S.

To prove c., we recall that 3S consists of some arcs of the level curves |g(z)| = R,
lying in {z : |z] < 2"}, together with some arcs of the circles {z : |z} = 2"} on each
of which R, < |g(z)] € R,+1. Moreover 45 has no multiple points, and each
component of 45 is a piecewise analytic, simple curve. Now using Lemma 2.2, we
have

Q.7 / |8(2)|~"|dz| < Y R;'(2/2 4+ 272") < €/2
as no

if np is chosen large enough. Now given z; and z; in S, we note that the straight line
segment from z; to z; meets S finitely often. If wy, wy( are two such intersection
points such that the open line segment joining them lies in a component V of C\ §,
then 8V must have a bounded subarc w joining wy to wy, |, and we replace the line
segment between w; and w;, by w. This gives a path from z; to z; through S,
which we can easily replace by a simple path y. Now if T, is the part of v which
lies on the straight line segment between z; and z; and lies in {z : 2"~! < |z} < 27}
(orin {z: P < |z| < 2"} if n = np), then

[ le@I el < 27 Ry < 22
Tn
so that using 2.7, we have c¢. provided ng is chosen large enough. O

3. Proof of Theorem 1.7

By a theorem of M. Keldysh-1. V. Ostrovski (cf. [6, Ch. V, Theorem 6.1] we
have

(3.1) m(r,f) = o(1), r — 0o,
and so
(3.2) T(r,f)=N(r.f)+0(1), r — 00.

Choose a sequence r; — oo of strong Pélya peaks of order A for
1 _
N(ru) = 5- /0 u(re®)do
(cf. [13]). Then

A
(3.3) N(r,u) _<_(1+0(1)) (;r—) N(rk,u), Ak_'rkgrSAkrk, Ay — oo,
k
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and N
(3.4) T(r,u)<C (;) N(ry,u) A < r < Agree.
k

From the condition (1.5), Jensen’s formula and (3.2) we conclude that for suffi-
ciently large r

(3.5) gT(r, f) < N(r,u) < 24T (r,f),

SO A

(3.6) T(r.f)<C <"—> T(rif), A 'me <r<Agri, A — oo
k

Consider the sequence of - subharmonic functions

_ loglf(na)|

=TT

Using (3.6) and a theorem of Anderson and Baernstein [1, Theorem 4 and The-
orem 5], we conclude that the sequence wy is normal. That is, we may choose a
subsequence, also denoted wy, such that

3.7 wi(z) — w(z), k — 0.

Here the convergence in (3.7) holds in L} (dxdy) and the convergence holds in

L'(d#) for any circle {re® : 0 < 6 < 2x}. Furthermore the Riesz mass (generalized
Laplacian) of wy converges weakly to that of w. Finally [2] the convergence holds
in /-measure in C, that is, given ¢ > 0, and K compact, the set

{z:|we(z) = w(2)] 2 e} NK

can be covered by the union of disks, the sum of whose radii approaches zero as k
approaches infinity (see also [5]).
From (3.1) and the L! convergence on circles, we have that

(3.8) w(z) <0, zeC.

Suppose that
6(0,f)=1.

This implies that
(3.9 N(r,1/f)=o(T(r.f)),  r— o0,

so that, for suitably adjusted Ay

N(r,1/fy=oT(r.f)),  r/n<An,  k— o0
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Thus by the weak convergence of the Riesz mass of w, to that of w, we have that
w has no positive mass and is hence superharmonic.
By 3.9y m(r,1/f) = (1 + 0(1))T(r,f) as r — oo and hence

1 2m i
5;/ w(e®)do = —1.
0

In particular
(3.10) wZ0.

Consider the subharmonic function u defined in (1.3). It follows from (3.4) that

the sequence
u(ryz)

- N(rk, u)

will again be normal in the sense of Anderson and Baernstein and after passing to
a subsequence we have vy — v where v is a subharmonic function having order at
most A. Here the convergence is to be interpreted as in (3.7). Also v, v # 0 since

1 2n ]
ﬂ/ v(re®)do = 1.
0

Denote by £ a component of the set {z : w(z) < —1}, which contains a point z
such that w(z) < —1. (Hayman and Kennedy [9] call such components “thick”.)
Then E is closed because w is lower semicontinuous. The minimum principle
implies that £ is unbounded. As the order of w is less then one, there is exactly one
thick component [9]. To complete the proof of Theorem 1.7 we need the following
lemma.

vi(2)

Lemma 3.1 The function v(z) is constant on E.

Once Lemma 3.1 is proved, we proceed as follows. Set u; = —w — 1. Then i,
is subharmonic and #; < 0 on C\ £. Further v is subharmonic and v(z) = con E.
So the function h := (v — ¢)™ + 11" is subharmonic, has order A < 1 and the set
{z : h(z) > 0} has at least two thick components. This contradicts Theorem 8.9 in
[10].

We conclude the proof of Theorem 1.7 by proving Lemma 3.1.

Proof of Lemma 3.1 Fix a point zp € E and ¢ > 0. We know that w is
superharmonic and w(zp) < —1. By the Wiener criterion [10, Ch. 7.1], there is a
set X C (0, €) of positive linear measure such that

reX = wz+re?) < -1/2, 18] < =.

Since wy converges to w in i-measure, we can find a circle C centered at zg of
arbitrarily small radius such that



ZEROS OF MEROMORPHIC FUNCTIONS 281

i. wz)<-1/2,forzeC.
ii. w; — w uniformly on C for an appropriate subsequence still denoted w; (see
[5D.

Now note that
(3.11) f=gradu

Set Cy = {ri( : ¢ € C} and recall the definition of w;. We obtain by (3.11), i.
and ii. that
|grad u(z)| < exp(=T(re.f)/4)

for z € Cy and for k > ko, where ky depends only on C. This gives immediately
that forz € Cy and k > kg

oscillation;ec,u < ridiam(C)exp(—T (rx,f)/4).

Since the right hand side of the above inequality approaches zero as k approaches
infinity, we obtain

oscillation,ccvy — 0, k — 0.

and conclude that v is constant on C.

Thus every point zg € E may be surrounded by arbitrarily small circles on
which v is constant. Since E is closed and connected, we may cover E by open
disks {D;}$2, such that v is constant on 8Dy for each k, each compact subset of
E intersects only a finite number of disks, and ¥ = UZ°:1 8Dy is a connected set.
Thus v(z) = ¢ on Y for some constant ¢. By the maximum principle, v(z) = ¢ on
Ure Dk D E. The proof of Lemma 3.1 and hence of Theorem 1.7 is complete. O

4. Proof of Theorem 1.9; A < 1/2
Suppose that A < 1/2 and that
“.1) 6(0.f)=1-c, Cc < CcOSTA.

Then by a theorem of Goldberg [6, Ch. 5, Theorem 3.2],

imind EMES) o
where M(r,f) = max..—.{|f(z)|} In particular
4.2) M(ri.f) <r?

for some sequence ry — co.
We need the following lemma.
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Lemma 4.1 Letf beasin(1.1). Then
max{|f(2)} 2 c/r”"
sij=r

where r > 0 and c is a positive constant.

Note that once we prove Lemma 4.1, it and (4.2) lead to a contradiction. Hence
(4.1) must be false and Theorem 1.9 must be true.

Proof of Lemma 4.1 Let u be as in (1.3) and denote B(r) = max - {u(z)}.
Fix ro > 0 and let zg = rge'® be a point such that u(z) = B(rp). Then if » < o, we
have

u(roe’®) — u(re®) > B(ro) — B(r),

and hence

Thus
dB
|grad u(zo)| > E(ro—)-

The lemma follows from this, (3.11) and the fact that the maximum of a subhar-
monic function is a convex increasing.function of log r [9, p. 66]. O

5. Proof of Theorem 1.9; A = 1/2

For the sake of exposition we assume throughout that A = 1/2 is the order of
f. The main tools used here are theorems in [4] and [11] both of which have
explicitly stated lower order analogues (in sections 9 and V respectively). We
leave the details to the interested reader.

We may write

(5.1 f=hlfn

where f| and f, are entire functions with no common zeros, both having orders no
greater than 1/2. By (3.1) and (5.1) we obtain

T(r,f) =N(r,1/f2) + o(1)
and
N(r,1/f) =N(r,1/f).

So if we assume that
5(0,f) =1,

then
(5.2) N(r,1/fi) = o(N(r,1/f2)), r — oo.
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Rotate the zeros of fi and f> to the negative axis and form the respective canonical
products F and F». For g entire, define

mo(r,g) = g!li:r,l_ 18(2)I-

Classically [10, §6.1.1] fori = 1,2,

(5.3) logmo(r,F;) < logmo(r,f;) < logM(r,f;) < logM(r,Fi),
(5.4) logmo(r,F;) +log M(r,F;) < logmy(r,f;) +log M(r,f;)
and = N(t, 1/f)

(55) logM(r,F,-) :rA —(r;-_t)zdt

We obtain from (5.2), (5.3), and (5.5) that

(5.6) log M(r.fi) < o(logM(r,F2)), r — oo.
From Lemma 4.1 and (5.1) it follows that

(5.7 M(r.f1)/mo(r.f2) > M(r.f) > cr™!

Now (5.7), (5.6) and (5.3) imply that

(5.8 log mo(r.f2) < o(logM(r,F2)), r— oo,

(5.9) logmg(r,F2) < o(logM(r,F2)), r— oo.

We use the following result of Drasin and Shea [4] which concerns the case of

equality in the cos mA-theorem:
If an entire function F, of order 1/2 satisfies (5.9) then there exists a set E C
[0, co] of logarithmic density 1 such thatforr € E, r — o0

(5.10) logM(r,Fy) = r'/?L(r),

where L is a slowly varying function in the sense of Karamata on E (cf. [4, p.
233)),

(5.11) N(r,Fy) = (% + 0(1)) log M(r, F2)

and
(5.12) |log mo(r, F2)| = o(logM(r, F5)).
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(Recall that the logarithmic density of a set E is defined by

. Jeapndt/t
lim ————,
r—oo  logr

If the limit does not exist we may define upper and lower logarithmic density in
the obvious way.)
Now it follows from (5.10), (5.3), (5.4), (5.12) and (5.8) that

(5.13) logM(r.f2) = (1+4+0(1))logM(r,F>)
= (L+o(1))r'’L(r), reE, r— .

As N(r,f2) = N(r,F3), (5.11) implies that
2 12
(5.14) N(r.fa) = = +o(1) ) r'L(r).
Then (5.13), (5.14) and [4, Lemma 8.1] imply that for every § > O there exist
€ > 0, a set E; C E of logarithmic density one and subsets K(r) C [0,2x] with
meas(K (7)) < 6 such that
(5.15) log |f>2(re®®)| > elogM(r,f>), 6 € [0,2x]\K(r), reE,.
Now from (5.6) and (5.13) it follows that

(5.16) logM(r,fi) = o(logM(r.f2)), re€eE, r—-o

and (5.15), (5.16) and (5.1) imply
/ rif(re®)|dd — 0, reE;,r— .
[0.27]\K(r)

To get a contradiction we apply the following

Lemma 5.1 Let f be as in (1.1). Then there exists a § > 0 and a set Ey of
positive lower logarithmic density such that if K(r) is any set of angular measure
no greater than 6 then

— rif(re)|d8 — oo,
27 Ji0,200\K ()

when r — oo on Ey.
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6. Proof of Lemma 5.1

When f is the logarithmic derivative of an entire function F of finite order,
Lemma 5.1 is contained, but not explicitly stated in [11]. We follow their arguments
extremely closely.

Let u be the subharmonic function given by (1.3). Define

2
i dr(r)
+ (it — —
/0 ut(re’®)do, A(r):= dlog 7 and n(r):= {k-|ZE|<r}ak.

T(r) =

Differentiation under the integral gives

A(r) = L/ Re(reief(reio))dO,
2n {6:u(rei?)>0}

while by the Residue Theorem we have

n(r) = —21— /21r Re(re'®f(re'®))ds.
T Jo
So

6.1) max{A(r),n(r)} < !

27 Jo

2n
Re™ (re®f(re'®))dd.

Suppose that the lemma is false. Then, for any set Eo of positive lower logarith-
mic density, there are subsets J(r) C [0,2n] such that meas(J(r)) — 0 and

6.2) / rlf (re®)|dé = O(1),
(0,2m]\J(r)

where r — oo, r € Eq.
We find in exactly the same way as in [11, (4.17), (4.19)-(4.21)], that

IA

n(r) — n(r/e) + o(A(r) + n(r))

< (n+o(1))n(r) + o(A(r)),

(6.3) /, ( )Re+ (re'f (re'®))dd

A

as r — oo, on a set of positive lower logarithmic density, where 7 € (0, 1). To
derive (6.3) we use Lemmas 2, 3 and 5 from [11] which are just growth lemmas
for increasing functions and the differentiated Poisson—Jensen formula for u [11,

3.D1.
Then (6.3) and (6.2) contradict (6.1), and the lemma is proved. O



286 A. EREMENKO ET AL.

REFERENCES

[1] J. Anderson and A. Baernstein, The size of the set on which a meromorphic function is large,
Proc. London Math. Soc. 36 (1983), 518-539.

[2] V. Azarin, On asymprotic behavior of subharmonic functions of finite order, Mat. Sb. 108
(1979), 147-167.

[3] J. Clunie, A. Eremenko and J. Rossi, On the equilibrium points of logarithmic and Newtonian
potentials, J. London Math. Soc. (to appear).

[4] D. Drasin and D. Shea, Convolution inequalities, regular variation and exceptional sets, J.
Analyse Math. 29 (1976), 232-293.

[5] A. Eremenko, M. Sodin and D. Shea, On the minimum modulus of an entire function on a
sequence of Polya peaks, Soviet Math. 48 4 (1990), 386-398 (English translation).

[6] A. Goldberg and 1. Ostrovski, Distribution of Values of Meromorphic Functions, Moscow,
Nauka, 1970 (Russian).

[7] W.Hayman, Multivalent Functions, Cambridge University Press, 1958.

(81 W. Hayman, Meronorphic Functions, Oxford University Press, 1964.

[9] W. Hayman and P. Kennedy, Subharmonic Functions I, Academic Press, London, 1976.

[10]1 W. Hayman, Subharmonic Functions I, Academic Press, London, 1989.

[11] S. Hellerstein, J. Miles and J. Rossi, On the growth of solutions of "' + gf' + hf = 0, Trans.
Amer. Math. Soc. 324 (1991), 693-706.

[12] J. Lewis, J. Rossi and A. Weitsman, On the growth of subharmonic functions along paths,
Ark. Mat. 22 (1983), 104-114.

{13] J. Miles and D. Shea, On the growth of meromorphic functions having at least one deficient
value, Duke Math. J. 43, (1976), 171-186.

[14] M. Tsuji, Potential Theory in Modern Function Theory, Maruzen, Tokyo, 1959.

[15] A. Weitsman, A theorem on Nevanlinna deficiencies, Acta Math, 128 (1972), 41-52.

Alexandre Eremenko
DEPARTMENT OF MATHEMATICS
PURDUE UNIVERSITY
LAFAYETTE, IN 47907, USA

Jim Langley
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF NOTTINGHAM
ENGLAND

John Rossi
DEPARTMENT OF MATHEMATICS
VIRGINIA POLYTECHNIC INSTITUTE AND STATE UNIVERSITY
BLACKSBURG, VA, USA

(Received September 1, 1991 and in revised form November 17, [991)



