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For an infinite discrete set of point masses in space, is it always true that
the force created by these masses vanishes at some point?

The gravity force created by masses ak > 0 placed at the points xk in R
n

is

F (x) =
∞
∑

k=0

ak(xk − x)

|x − xk|n
,

which converges when
∞
∑

k=0

ak

|xk|n−1
< ∞. (1)

The question is whether every such F has at least one zero.
If we consider potential kernel,

K(x) =

{

log |x| for n = 2,
−|x|2−n for n ≥ 3

then the potential

u(x) =
∞
∑

k=0

akK(x − xk)

converges if
∞
∑

k=0

ak

|xk|n−2
< ∞, (2)

1



which is a stronger condition than (1). So in the general case the potential
has to be defined by

u(x) =
∞
∑

k=1

ak(K(x − xk) − K(xk)),

which converges under the condition (1). In any case we have F (x) =
const∇u(x), so the equilibrium points coincide with the critical points of
the potential.

Existence of equilibrium points is known only in the following two cases:
(i) n ≥ 2, (2) holds, and ak > a with some a > 0 [1], or
(ii) n = 2, (1) holds, and ak > a with some a > 0 [2].

In the case n = 2 one uses complex variables, namely the fact that the
complex conjugate F (x) is a meromorphic function, which permits to obtain
a stronger result.
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