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UNIFORM LIMITS OF CERTAIN A-HARMONIC
FUNCTIONS WITH APPLICATIONS TO
QUASIREGULAR MAPPINGS

Alexandre Eremenko and John L. Lewis

Abstract. Let uj,us,...,un be nonconstant uniform limits {on compact subsets) of A
harmonic functions in {z : |z| < R} € R™ where A satisfies certain elliptic structure conditions.
The authors show that if there exists A > 0 such that (i) {z : u;(x) < —A}N{z :u;(z) < -A} =0,
(ii) |uJ+ —uf| €A, and (i) |u;(0)} < A, for 1 <, j < m, then m < ¢ where ¢ depends only
on the structure conditions and n. As an application they show that their theorem provides a
completely P.D.E. proof of Rickman’s generalization of Picard’s theorem to quasiregular mappings.

1. Introduction

Let z = (x1,...,2,) denote a point in Euclidean n space (R"), and put
(z,y) =) =iy, x,y€R",
i=1

B(z,r)={y:|y—z|<r}, r>0, z ¢ R"

Let F, OF, and |E| denote the closure, boundary, and Lebesgue n measure of

E. If g is a function on R"*, put M(r,¢,29) = sup g, gt = max(g,0) and
B(zg,r)

Oz, 0z,' " Oz,

Let Lp(f?), 1 € p € o0, be the usual space of Lebesgue measurable functions
g on a domain } with norm denoted by |igl|,. Let W () be the Sobolev
space of functional elements with distributional gradients Vg and norm given by
||gfl|1’p = [|Vygll, +llgll,. We say that g € Wi ,(Q) locally, provided g € W1,,(0)
whenever O is an open set with O C Q. We denote the space of functions
with compact support in by C5°(2), and set Wi (), equal to the closure in
Wip(9) of C(9).

For fixed p, 1 < p < o0, suppose that A = A(z,n) is a function from
1 x R" -» R™ with the following properties:
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(a) For each 5 € R", z — A(z,7) is Lebesgue measurable,

(b) For almost every z € (with respect
to Leb
is continuous, peck to Lebesgue n measure) n — A(z, )

(©) er(lEl+1n) " Ple—n2 < (A(z, ) -4 _
whenever ¢ € R", 5 §n<_ ({01}?;:) (2,€)n f) , for almost every z € R ,
(d) 'A(i',??)f < ¢2[n]P~ ! for almost every z € 0, whenever n € R™.

v is said to be a weak solution to V- [A(z. Vv 1
| , —0 ; .
continuous on £, locally in W1,(2) a.nd[ ( ! = B i

(1.1) /ﬂ (A(z, Vv), Vi) dz =0,

;vhen ¥ € C5°(Q). Note from (d) and Hélder’s inequality that (1.1) remains true
or 1 € Wy ,(0), whenever O is open and O C Q. We remark that solutions v
as above are often called A-harmonic in the literature,
: Next for fixed a, b, p;, p, with 0 < @ b<oo,and 1 < p; < p; < o0
lfat lF(a, b,p1,p2,Q) denote the space of functions w on £ which are uniform
‘:’1:1125 (clmt'con;pa%t szl&s)e(ts of Q) 3f sequences (vx){® satisfying: Each vy is a
ax solution to V - A(z, Vur(z)) = 0 in ©; where A% satisfi i
. : es (a)—(d th
constants ¢(k), ca(k), p(k). Moreover, a < ¢;(k), b > ca(k) and p, (<)pgk§ :l
for k=1,2,.... In this paper we prove in Section 3: - -

» t’l;‘heorlem 1 For fixed a, b, p,, P2 as above let U1,%2,...,Uu,y be noncon-
ant functions in F[a, b,p1,p2, B(0, R ] . Suppose for some \ 2> 0 that whenever

1<i,j<m,i#j,
(1) {z:ui(z) < =M N{z:ui) < -A} =0

(i) Juf —uf| <A, ’

(iii) [u;(0)] < A.

Then there exists c3 = c3(n,a,b,p1,p2) > 0 such that either

(1.2) _——
or

R
(13) M(ﬁdﬂuj'lo) = C3/\, 1< i <m.

Observe that ¢3 in Theorem 1 js inde
. | i pendent of A\ and R. Using thj -
vation, we easily obtain the following Corollary (see Section 3) i this obser

Corollary 1. Let a, b, p1, pa, be as in Theorem 1 and suppose
Uy, Uz, ... »Um are nonconstant functions in F(a, b, p1,p2, R™). Suppose for some
A 20 that (i)-(iii) of Theorem 1 are valid, Then (1.2) holds
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We note that Corollary 1 follows directly from Theorem 1, once we show
Ui,...,Um are unbounded above in R™. Theorem 1 and Corollary 1, with p; =
p2 = n, have applications to quasiregular mappings. Recall that a function f
from a domain £ into R" is said to be K > 1 quasiregular provided each of its

coordinate functions are locally in W ,(2) and

(1.4) |Df(z)| = sup |Df(x)h| < K Jg(x)

for almost every = € Q. Here Df(z) is the Jacobian matrix of f while Jy is
the determinant of Df (the Jacobian of f). Moreover, if f # d in Q then
u = log |f — d| is locally a weak solution to (see [1])

(1.5) v. [(A(:L')Vu(:c),Vu(:n)>(n_2)/2A(x)Vu(:c)] =0

in §2, where
(1.6) A(z) = Jy(2)*" (D' f(2)Df(2)] 7",

when Df(z)™! exists, and A(z) = identity matrix, otherwise. In (1.5) D'f
denotes the transpose matrix of Df. Now if

(1.7) A(z,n) = (A(@)n, m) "2 A(e)n,

(z,n) € 2 x R", then clearly (a) and (b) are valid. (d) for p = n is a consequence
of (1.4) with ¢z = ¢p(n, K). (c) follows from the case p = n of the inequality

(1.8) (lyl + lwl)* |y — wf* < e{lylP~2y — [w|P 2w,y — w),

where 1 < p < 00, ¢ =¢(n,p) and y € R*, w € R™ — {0}. To get (d) from (1.8)

put
8(z) = J5(e)"/"Df(2)",

when Df(z)™! exists, and 6(z) = identity matrix, otherwise. Then from (1.7)
and (1.8) with y = 8(z)n, w = 8(x)é we deduce (c) for ¢; = ¢;(n, K') > 0 small
enough. Hence u € F(a,b,n,n,) for some a = a(n, K), b= b(n, K).

Next we use the above facts about quasiregular mappings and Corollary 1 to
prove Rickman’s theorem [12]: A nonconstant entire quasiregular mapping omits
at most a finite number of values. To this end suppose f is a nonconstant entire
quasiregular mapping which omits distinct values ay,...,an, . Let u; = log|f—a;l,
1<:<m,and choose é, 0 < § <1, so small that

0 < 6 < min {|£(0) - @i, lai — a;]} < max {1£(0) - @il |as — a5/} <67,
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when i # j, 1 €4, j < m. Then from the triangle inequality and simple
properties of logarithms it is easily seen that (i)-(iii) of Theorem 1 hold with
A =2log2 + log(1/6). Thus we can apply Corollary 1 to get m < ¢(n, K), which
is Rickman’s theorem for nonconstant entire quasiregular mappings.

We note that Rickman in [15] also proved a version of Schottky’s theorem for
quasiregular mappings. A somewhat weaker but similar theorem can be deduced
from Theorem 1 by essentially the same argument as above. We omit the details.
Now suppose that uj,...,um are as in Theorem 1 and A = 0 in (i)—(iii). Then
m < c3, since otherwise it would follow from (1.3), Harnack’s inequality for positive
functions in F[a, b,pl,pg,B(O,R)] {(see Lemma 3} and a connectivity argument

that w1 =--- = 4, = 0. Suppose m > 2 and put
01 = {z : v (z) > 0},
0,-+1:{:c:u,-(a:)<0}, 1<i<m.

Using Harnack’s inequality for F(e, b, p1, p2, B(0, R)) again, it is easily seen that
B(0, R) N 80; = B(0, R) N 80, 1<z, j<m+1.

Such an equality between open sets is topologically possible, but it requires some
work to construct examples since m > 2. In Section 3 we point out that m > 2
is in fact possible in Theorem 1 when A = 0. However, we do not know whether
there exist uj,...,u, (m > 1) which are A-harmonic for some A = A(z,n)
and satisfy the conditions of Theorem 1 with A = 0. A similar problem is to
characterize those A = A(x,n)} satisfying: If u,v are A harmonicin B(0, R) with
u(0) =0, ut =vt, and {u <0} N {v < 0} =0, then u = v = 0. This problem
is related to (but not the same as) the problem of determining those A which
have the unique continuation property at 0: If u,v are A-harmonic in B(0,R)
and u = v on an open set O C B(0, R), then v = v in B(0,R) (see [5], [7],
(18] for references and recent results in unique continuation). Another interesting
question which arises from this paper is to find minimal structural assumptions on
A which guarantee that the conclusion of Theorem 1 or Corollary 1 is valid when
U1,..., U, are A-harmonic and satisfy (i)-(iii).

As for the proof of Theorem 1, first observe that if uy,...,un, satisfy (i)-
(i11) with A = 0, then these functions satisfy (i)-(iii) for each positive A. Hence
Theorem 1 for A = 0 follows from Theorem 1 for A > 0 and so we assume
throughout the proof of Theorem 1 that A > 0. Second observe from the definition
of F(a,b,p1,pz, B(0,R)) and (iii) that there exists an A = A(x,n) harmonic
in B(0, R) with

(1.9) u(0) =0
and
(1.10) |lu(z) - ui(z)] <24, z € B(O, %R)
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Let p, p1 < p < p2 be the exponent in (c), (d} corresponding to u and let p be
the unique positive Borel measure associated with vt as follows:

(1.11) f {A(z, Vut), V) de = — / ¢du,
B(0,R) B(0,R)
whenever ¢ € C§°(B(0, R)). The existence of p1 can be deduced as in [6].
For completeness we sketch a proof of (1.11) in Section 2. Let
n(t,z1) = "u(B(zs,1)),  t>0.
Next in Section 2 we prove
Lemma 1. Let z; € B(0,R/4)N {z :u(z) =0}, and 0 < p < R/100. Then
there exists ¢4 = cq(n, a, b, p1,p2) > 0 such that
(cs) " nlp, 1) < M(2p,u,21)P 1 £ M(5p,u,21)P 7 < can(10p, 1)
In Section 3 we establish
Lemma 2. There exists r < 107*R, 2, € B(0,R/4)N {z : u(z) = 0}, and
cs = cs(n,a,b,p1,p2) > 0, such that
max {n(R/8,0},n(10r,z2)} < esn(r, z2).

We observe from (ii), (1.10), Lemma 1 with z; = 2;, p = r and Lemma 2
that

M(5r,uf,z2) ~ 3% < M(5r,u,22) < [esn(10r, a:z)]ll(”_l)

(1.12) < [c465n(r,a:g)]1/(P_l) < (ci%)l/(p_l)M(Zr,u,xg)
= csM(2r,u, 22} < cs [M(2r,u,—+,m2) + 3)\],
when 1 € i < m. Similarly, using (i), {1.9)-(1.10), Lemma 1 with z; = 0,
p = R/100 and Lemma 2, we get
R
M(%,uﬁ,o) —an < M(f
[C4C5n(r,w2)]1j(p_l) < egM(2r,u,zq)
cs [M(2T,U£+,$2) + 3/\].
Next in Section 3 we show that (1.12), (1.13) and essentially Harnack’s in-

equality for Fla, b,p1,p2, B(0,R)] (see Lemma 3) imply the existence of ¢; =
cr(n,a,b,p1,p2) > 0, such that

(07)_2 [M(%, 'U.J‘+, 0) bl 2(67)3Aj| S (C‘;)F—l [M(2r, u, SL‘Z) - (C7)2/\]
(1.14) < M(4r,—ui, 22) < er [M(3r, —us, z2) +

< e [M(5r,u,z2) + A

4,0) < [ean(R/8,0))/*70

(1.13) <
<
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holds for 1 <7, j < m, except for at most one possible 7. In Section 3 we also
deduce from (1.14) that if (1.3) is false for some j, 1 < j < m, and ¢3 is large
enough, then

(1.15) cs |{z € B(za,4r) : —ui(z) > LM(3r, —uj,22) > A} 27"

is valid for 1 <7 < m , with at most one exception. Here cg = cs(n,a,b,p1,p2) is
a small positive constant. Since by assumption {:c s ui(e) < —/\}, 1<i<m are
pairwise disjoint, we can then conclude from (1.15) that (1.2) and hence Theorem 1
are true.

As motivation for the proof of Theorem 1 we note that Rickman used a some-
what similar format in [12]. However Lemma 2 is simpler than its corresponding
analogue (Lemma 5.1) in [12]. Also much of the proof in {12], [15] uses the “method
of moduli of path families”. This method uses extremal length and many facts
about quasiregular mappings which are not available here. We remark that one of
our goals in writing this paper was to make Rickman’s generalization of Picard’s
theorem (which in our opinion is one of the highpoints in the the theory of quasireg-
ular mappings) more accessible to a larger audience, e.g. a person who is an expert
in p.d.e.’s and a nonexpert in q.r. mappings. Theorem 1 is also motivated by work
of Eremenko and Sodin in [2, 3]. They showed that Nevanlinna’s second funda-
mental theorem follows from a theorem they proved for §-subharmonic functions,
and in fact this theorem was used in [2-4] to prove a conjecture of Shiffman and
give a simple proof of Drasin’s theorem on deficient values. Rephrasing Rickman’s
Theorem in the language of A-harmonic functions led us to conjecture Theorem 1.
In a future paper we hope to obtain a generalization of the defect relation in [13]
to “§- A-subharmonic functions”.

Finally, we would like to thank Juha Heinonen for some helpful conversations.
Also the authors would like to thank Tero Kilpeldinen and Jan Mély for a preprint
of [9] which was helpful in proving Theorem 1.

2. Preliminary reductions

In the sequel ¢ denotes a positive constant which may only depend on n, a,
b, p1, pz, not necessarily the same at each occurence. Here we list some facts
about A-harmonic functions which will be used in the proof of Theorem 1. Let
v > 0, w be A-harmonic in B(y,t), t > 0, y € R™ with constants p = ¢, ¢1, ¢2,
in (c), (d), satisfying ¢; > a, c2 < b and p; < ¢ < p2. Then we shall often use
Harnack’s inequality for A-harmonic functions:

t \B
2.1 M(r,v,y) < ( ) in v,
— (o) <e(7=2) gainy

where 0 < 7 < t and 8 = B(n,a,b,p1,p2} > 1. We refer the reader to [17,
Theorem 5] for a proof of (2.1) when 7 = 3¢. (2.1) can be deduced from this case
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by iteration. Using (2.1), it is easily shown that there exists a = a(n,a,b, p1,p2),
0 < o < 1 such that

O8C W = sup w\r) —wz
Y=, S |w(z) — w(2)|
(22) = M(t1,w,y) + M(t1, ~w,y) < c(t1/t2)* osc w

B(y,t2)
= C(tl/t'l)a [M(tﬁa w, y) + M(tza —, y)] )

when 0 < #1 < ty < £. To obtain (2.2) from (2.1), put s = ¢, 93/10 = 7 and
v=M(s,w,y} w, v =M(s,—w,y)+w respectively in (2.1}. Adding the resulting
inequalities, we find for some & = é§(n,a,b,p1,p2), 0 < § < 1, that

9 9
M(Esyw’y) + M(Esa _w’y) < 6[M(S,way) + M(Sa _w’y)] y
which can be iterated to get (2.2). Similarly, if v = M(9¢/10,,y) -~ w then from
{2.1) we have with t replaced by 9¢/10 and T by 4t/5,

M(%t,w,y) + M(%t,w,y) <c [M(%t,w,y) — w(y)] .
Thus

4 9
2.3 —t,— <(c— — -
(2.3) M(5t, w,y) < (e 1)M(10t,w,y) cul(y).
We observe that (2.3) is also valid if w is replaced by —w, since if w is A(=z,7n)-
harmonic, then —w is A(x, —n)-harmonic. Finally observe from (a)-(c) that w-}-s
is A(z,n) harmonic for each real number s. From these observations and (2.1)-
(2.3) we easily deduce the following lemma.

Lemma 3. Let v 2 0, w € F[a, b,pl,pg,B(y,t)]. Then —w, w+ s are in
F[a,b,pl,pz,B(y,t)] . Also v satisfies (2.1) while w satisfles (2.2)-(2.3).

To prove Lemma 3 it suffices to note that our previous observations and (2.1)-
{2.3) remain valid for uniform limits.
Next we sketch the proof of existence for p as in (1.11). To do this we use a

clever idea of Heinonen and Kilpeldinen (see [6, Theorem 3.17]). Fix R; < R and
put

K= {c:o <¢<ut, (—ute Wl,p(B(o,Rl))}.

Using (a)-(d) and the theory of monotone coercive operators (see Theorem 1.7
and Section 4 in Chapter 3 of [8]) we deduce the existence of v € K with

(2.4) /B o (4@ V0, V6) d <0
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whenever 0 < ¢ € lep (B(O,Rl)). v is said to be a solution to the obstacle

problem for A in B(0,R,), with obstacle and boundary function equal to u™.

Using Hélder continuity of ut (see (2.2)) and Moser iteration, we conclude in a
standard way (see [11, Theorem 3.7]) that v is Holder continuous in B(0, R;) and

A-harmonic in
O = {z € B(0, Ry) : v(z) < u™(z)}.

Since v, ut are A-harmonic in O and v —ut € V'Vl,p(O) we deduce from the
maximum principle for A-harmonic functions, implied by (¢) in Section 1 (see [6]),
that v = ut. Since Ry, 0 < R; < R is arbitrary we conclude that (2.4) holds
with v = ut, whenever 0 < ¢ € W ,(G) and G is-open with G C B(0, R). From
(2.4) and the Riesz representation theorem we now get (1.11).

To begin the proof of Lemma 1 let 0 < o € C§°[B(z1,t)] with ¢ =1 on
B(z1,s) and |Vo| < 100(t —s)™!, 0 < s <t <10p. Put v =u, ¥ = uto? in
(1.1). From (c) in Section 1 with ¢ = 0 we obtain

(2.5) [ |Vut|?P dz < c/ (IVut|o) da
B(z1,s) B(zy,1)
< c/ (A(z, Vu™t),o? Vut) dz = J;.
B(z1,1)
From (1.1) and (d) we observe that

= T U u+0' r = T U+ u+(7 €.
0—]3(11,”@1(& ) Vton)de = [ (A(s, V), V(utar))d

(xllt)

From this observation, (d) , Hélder’s inequality and (2.5) we deduce
(2.6) J1 = -—cf (A(z, Vut),utVo?) da
B(zlltJ
Sc/ [Vut|P=1e?~ 1| Vo | do < cJy 1 7HP 1,17,
B(-tlst)
where
(2:7) J = f (u+!'\7’a|)pd:1: <e(t—&) PP Mt um )P
B(z1,t)

From (2.6) we see that J; < ¢J;. Putting this inequality, (2.5) and (2.7) together,
we get

(2.8) / IVutPda < ot — s) 4" M(t, u, 21 )P.
B(zls-’)
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Next, let s = p, t = 3p/2 and put ¢ = o in (1.11). Again from (c), (d), and
Holder’s inequality we find

u(B(z1,p)) < fadp = ——f(A(a:,Vu"*'),Va) dz
1-1
< c/qu+|p_1|Va|da: < c[f |Vut|Pda /pp(n/p—l)
(3(51.300/2)

& cpn—pM(2pa U, T )p-l,

where we have used (2.8) in the last inequality, with ¢ = 2p, s = 3p/2. Thus the
left hand inequality in Lemma 1 is valid.

To prove the right hand inequality in Lemma 1, we note from (2.2), (2.3) of
Lemma 3 with w = u, y = 27, that

M(tl,u, .'L‘l) S C(tlltg)aM(tz,u, 331),

whenever 0 < ¢; < t; < 10p. We now consider two cases. If p > 2, let h be the A-
harmonic function in B(z,10p) with h—u* € Wy ,(B(z1,10p)). Again, existence
of h follows from the theory of monotone coercive operators. Also 0 < ut < h
as follows from the maximum principle for A-harmonic functions (see [6]). Using
these facts and (2.1) of Lemma 3 with v = h, t = 10p, y = z; we find that

(2.10) M(5p,u,z1) < M(5p, h,21) < ch(z) < c*h(z),

whenever = € B(zy,5p). From (2.10), (2.9) with ¢, = 5p we deduce the existence
of di =di(n,a,b,p1,p2) > 0, such that

M(dip,u,z1) <1 min &,
(drpyu,21) < 2 B(z1,50)

which implies in view of (2.10) for z € B(z1,d;p) that
(211) dgh(:’,‘l) S (h == u+)(m) S d3h($1),

where d3, d3 have the same dependence as d;. Put ¢ = min [h —yt, dgh(ml)] in
(1.11) and let L be the set of points where V¢ exists and is nonzero. Then from
(2.11), Poincaré’s inequality, the fact that h is A-harmonic, and (c) in Section 1
we find

(dah(21))(dip)" < f Pl f Vg [Pda
< cpp/ (VA + [Vt ) ? 2| Vh - VutPde
L

(2.12) < cpp/ (A(z,Vh) - A(z, Vut), V(h — u™)) dz
L

= —cpP/(A(:c,Vu+),V¢> dx = cppfqﬁdp
< dyh(z1)p?u(B(21,10p)).
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From (2.10) and the above inequality we conclude the righthand inequality in
Lemma 1 for p > 2.

To prove this inequality for 1 < p < 2,let H = H(-,s) be the A-harmonic
function in B(z1,s), 5p < s < 10p with H —ut € Wy ,(B(z1,s)). If 0 < &' < s,
then from (2.1) we find as in (2.10) that

S

) H),

whenever z € B(zy,s"). It follows from (2.13) and (2.9), as in (2.11), that if s",
0 < s" < s' is chosen so that

(2.13) M(s' u,21) < M(s', H,z,) < c(

= §

S” o s ﬁ
- ) () -
and c is large enough, then
(215) d4H(IL‘1) S (H - U+)(.‘12) S d5H($1),

for z € B(z,s"), where dy, ds have the same dependence as d; above. Let
¢ = min [H —u*,ds H(z1)], and define L relative to ¢ as in (2.12). Using (2.15),
Poincaré’s and Holder’s inequalities, we deduce as in (2.12)

(2.16) (dsH(21))"(s" )" < es? / |Vé|Pdz < esP(I)P/*(1,) 772,

Here
L =/ (IVut| + [VH|)? 2|Vt - VH|2de,
L

and

By e / (IVH| + |[Vut|) da.
L
From (c) we have

Lz c/ (A(z,VH) — A(z,Vu't),VH — Vu’*’) dz
L

= C/gﬁd,u < dsH(z1)pu(B(z1,10p)).

Next, we note from (1.1) with v = H,s = H — u*, and (c), (d) that
/ |VH|Pdz < c/ (A(z,VH),VH) dx
B(“"lvg) B(Ill")

= c/ (A(z, VH),Vut) dz
B(111,3)

= c(j;?(rl,s) Ivu+|?dx) I/P(/B(a:“s) |VHIP dm) 1“1/P.
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Hence

f |VH|Pdz < c/ [Vut|Pdz.
B(z1,s) B(z1,s)

From this inequality and (2.8) we see for ¢t > s that
I <c(t—s) Pt"M(t,u,z1)P.
Putting the above estimates for Iy, I in (2.16) and using (2.13), we obtain

M(s',u, 9:1)”/2(3”)"
2.17 8/2
(2.17) < C( s )p

s$— 8

t“sp,u(B(.rl,IOp))p/z(t - 3)"9M(t,u,a:1)e,
where 8 = (3p)(2 — p), and @ = n(1 — 1p). (2.17) can be rewritten, after some
juggling, as

(2.18) U(s') < k(s, ', s",8)(2()" 7.

Here

U(r) = [n(lOp, T )] _P/Z(P_I)M(T, u, :r:l)’“/2

and
s

)pﬁ/ztasp(t L 3)—9P("—P)P/2_

k(S,S',S”,t) — (SH)-H(

Since 2 — p < 1, we can now iterate (2.18) to get the righthand inequality in
Lemma 1 when 1 < p < 2. Indeed, let

s— s

sj=10p(1-27%), j=1,2,...,
and put ¢ = s;j41, s' = s;j, s = 7(s' + t). Then from (2.14) we deduce that
k(s,s',s" 1) < 277,

for some v = vy(n,a,b,p1,p2) > 1. Using this inequality in (2.18) and iterating
we get

(2.19) T(s;) < 2TP(s5)2 P < o0 < (c2)["+"'+”(2—”}j]\If(3j+1)(Z‘P)j.
Letting j — oo in (2.19) we conclude first that ¥(s;) < ¢ and second from the

definition of ¥ that the righthand inequality in Lemma 1 is true for 1 < p < 2.
The proof of Lemma 1 is now complete.
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3. Proof of Theorem 1

Next we prove Lemma 2. To this end let 6(z) = 1 R—|z| when z € B(0, } R).
Let E = {z :u(z) =0} N B(0, ;R) and put

v = sup {n(107*é(z),z) : ¢ € E}.
Choose x; € E such that
(3.1) n(107*6(z2), z2) > 14
and put r = 1074§(zs). If
y € Ey, = EN B(z,,10r),
then clearly
(3.2) 38(z2) < 8(y) < 28(z2).

From compactness of E; and a well known covering lemma we see there exist
{yi}{ € E1 with

B(yi,107*r) N B(y;,107%r) =0, i #,

and E; C U'_,B(yi, 411*). Now, ! € ¢, for some absolute constant c, as follows
from the above equality and a volume argument. Using this fact, (3.1) and (3.2)
we deduce that

!
(3.3) n(10r,z2) < cr? ™" u(Ep) < cZn(10_45(y;),y;) < eyl < esn(r, z2).

i=1

Similarly, B(0, R/8)NE can be covered by at most ¢ balls of radius 107°R whose
centers are in E. Using (3.1) again on each ball and summing we get

n(R/8,0) < cRP_”,u(B (O, g) n E) < esn(r, z2).

From this inequality and (3.3) we conclude that Lemma 2 is valid.

We now prove Theorem 1. We follow the procedure outlined in Section 1. It
follows from Lemmas 1 and 2 as in (1.12), (1.13) that

(3.4) max { M(R/8,u,0), M(10r,u,z2)} < cM(2r,u,xs).
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From (ii) of Theorem 1 and (1.10) we see that |u;7 —uT| < 3\ for 1 <i < m.
Using this inequality and (3.4) we get

(3.5) max { M(R/8,u;t,0), M(10r,u;t,z2)} < c[M(2r,uiT,2z2) + 3A].

We note that (3.5) is essentially equivalent to (1.12)—(1.13). Next let A be the
set of all 7, 1 <7 <m with

—A S u,-(asg) S 3.

We observe from u(z2) = 0 (i), (ii), and (1.10) that the cardinality of A is at least
m — 1. From this observation and (2.3) of Lemma 3 with w = u;, y = 2, and
50r = 9¢, we deduce for i € A

(3.6) M(4r, —u;, z2) < c[M(5r,ui, z2) + 4)].

Similarly, using the above observation and (2.3) of Lemma 3 with w = —u;,
y = g, and 30r = 9t we get for ¢ € A,

(3.7) M(2r,uj,zq) < c[M(Sr, —ui, T2) + 4/\].

We observe that (3.5)-(3.7) imply (1.14) for 7 € A. Also if M(R/100,u;,0) > c3A
for some j, 1 < j < m, and c¢3 is large enough, then from (3.5)-(3.7) we see that

(3.8) 4\ < M*u;, s, 72] < eM['ug, t, z2],

whenever i, k € A, 3r < 5, t < 4r and *,/€ {+,—}. For fixed : € A choose
y € 0B(aq,7r/2) with u;(y) = —M(7r/2,—u;,z2) and put

7
w(z) = ui(z) + M(Er, —u;, .'Eg)
when z € B(y, 37). As in (2.9), we deduce from (2.2)~(2.3) of Lemma 3 that
ANYI2 1
(3.9) M(t,w,y) < c(;) M(3r,w,y), el o
Using (3.8) we obtain
7
M(%Ta w, y) < CM('2_T, —Ui, x?)a

and thereupon from (3.9) that there exists ¢, 0 < ¢g < i, such that

s
M(cor,w,y) < %M(Er, -—ui,:cg).
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Equivalently,

7
ui(z) < —%M(gr, —u,-,:cz) < —-%M(3r, —ui, T2) < —A,

when = € B(y,cor), thanks to (3.8). Hence, there exists cg = cg(n,a,b, p1,p2) > 0
such that

cs|{z € Bz, 4r) : —ui(z) > 3M(3r, —ui,z2) > A}| =",

which is (1.15) for 7 € A. From (i) we conclude first that m < ¢3 and thereupon
that Theorem 1 is true.

To prove Corollary 1 fix 7, 1 <4 < m and observe as in (2.9) and (3.9) that
it follows from (2.2)—(2.3) of Lemma 3 for 0 < r < p,
osc u; < c(z)‘1

osc u; < c(%)aM(Zp,u; —u(0),0).

B(0,r) p/l o B(0,p)
Letting p — oo, we conclude that either
(3.10) lim p™*M(p,ui,0) = 400,
p—ro0

or u; = ui(0). Since u; is nonconstant, it follows that (3.10) holds. Hence,
M(R/100,u;,0) > c3A for sufficiently large R, and so m < c3, thanks to Theo-
rem 1.

Finally, we point out that some examples of Rickman imply the existence
of uy,...,um, satisfying the hypotheses of Theorem 1 with A = 0 and m > 1.
Indeed, Rickman in [16, Theorem 1.2] constructed an example of a K quasiregular
mapping f which omits aj,...,am (m > 2). In fact, m = m(K) — oo as
K — co. Let

u =10g|f($) —ﬂl| —log|f(0) —al|,
and note from Lemmas 1-2, as in (1.12)-(1.13), that there exists a sequence
{B(yk,2rk)}?° with u(yx) =0,
(3.11) M(5ry,u,yx) < eM(2rk, u, yi),
and M(2rk,u,yx) — 0o, as k — co. Put
_ log |f(yk + drpz) — a,-|
M(4rk,u,yk) '

when = € B(0,1), 1 <i <m, and k = 1,2,... From (2.3) of Lemma 3 we see
that |u5k)! < cin B(0,1) for 1 <i < m , with at most one possible exception.

Also ugk) € F(a,b,n,n,B(0,1)) for some a,b independent of i, k, as follows from
the fact that f is quasiregular. Using (2.2) and Ascoli’s theorem, we find that a
subsequence of (ugk)) converges uniformly on B(0,1) to u; € F(a,b,n,n,B(0,1)),
whenever ¢ € A, where A has cardinality at least m—1. Clearly u;, ¢ € A satisfies
(i)-(iii) of Theorem 1 with A = 0. Moreover, u; #0, ¢ € A, thanks to (3.11).
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