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306 A. E. EREMENKOQ

THEOREM Let [ be a meromorphic function of finite lower order.
Suppose that the inverse function f~' has a direct singularity over co.
Then there exists a curve I < C such that f(z)— o0, zeT, z— w0 and
S) is a ray [wg, c0) = R.

Proof Tt follows from the Denjoy—Carleman-Ahlfors theorem that
the function f ! has finitely many direct singularities. Thus there exists
aneighborhood ¥ of a direct singularity over co on the Riemann surface
of f7! which is the neighborhood of exactly one direct singularity,
wenV,

Let w, € IV be a point, nw, > 0. Consider the curve y, = V beginning
at w, and having the following properties: n is one-to-one on y,, 1y, =
[aw,, @), 7w, < a, €o; 7, has the maximal property, ie if
v, <y < Vay < [aw,, oo)theny’ = y,.Itisclear that sucha y, actually
exists. If @, = oo then the curve /'~ '(y,) = C is the desired asymptotic
curve. If ¢, < oo we choosea point w, € F,nw, > a,. Consider the curve
y, beginning at w, such that z is one-to-one on y,, 7y, = [7Aw,, a,),
aw, < a, < o0, and y, has the maximal property. If a, = co then
F 7 y,) is the desired asymptotic curve. We shall show that the
assumption that a, < o leads to a contradiction. Indeed if a, < o0 we
connect the points w,, w, by acurvey, < Vtiseasy to see that the curve
¥, WYy, Uy, divides V in two parts. Each of them contains its own
neighborhood of some direct singularity over o, This contradicts the
assumption that V is a neighborhood of exactly one direct
singularity, Q.ED.

We shall give two examples showing that neither of the two
assumptions of the theorem may be removed.

Example | f(z) = iz/sin z. This function has co as an asymptotic
value. We may take I' = [0, + oo) for an asymptotic curve. There is no
natural asymptotic curve. The inverse function has an indirect singu-
larity over oo.

Example 2 We shall construct an entire function # (of infinite lower
order) having no natural asymptotic curves. First of all we construct a
simply connected Riemann surface F, oo € nF containing no rays with
real projection. Further we shall show that F is of the parabolic type.

1. Consider the set of all finite sequences K = (0, k,,..., k,) where
k;e ZMO0Lj=1,...,n Denote [K| = n,ne Z,. With each sequence K

S
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we associate the open half-plane

AK) = {w:Imw < 0} if |K{is even
and
AK) = {w: Im w > 0} if K| is odd.

If n=|K|> 0, consider the intervais I(K,s) € A(K), se Z. The left
endpoint of I (K, s + 1) coincides with the rightendpoint of (K, 5), s€ Z.
To determine uniquely this system of intervals it is sufficient to determine
I(K, 0) and the length |I(K, s)| of all I(K,s),s#0.

Consider the intervals I((0), s) < JA(0), s Z\0}:

(0}, s)=(s— 1,s) if s=>0
and
ml{(0),s) =(s,s + 1) if s<0

Let I(K, s) = dA(K) be already determined for K] =#u 2 0. Put

T, kps oy ke 1 0) = RGO, kyy k) Ky ) (1)

and
n+1

II((O! k]a ree !krr+1)s S)l = 2 H (l + 2“{}')’ SEZ\{O} (2)
ji=1

The desired Riemann surface F is the result of the sewing of A(K)'s.
We sew A0, k..., k,.,) to A0, ky,...,k,) along the interval
(0, ky, ..o ks ), 0) = OA(O, Ky, . . ., k.y1) which is identified with
O, kyy .oy k) Ky ) < DA, ky, ..., k,). Thisis possible in view of (1).
The endpoints of the intervals I(K, s) do not belong to F.

It is easily seen that defined in such a way the Riemann surface is
simply connected and does not cover co. The surface F has no algebraic
branch points and no critical points over the finite plane except for the
logarithmic singularities. The latter lic over the real axis, The surface F
does not contain any ray over the real axis.

Every logarithmic singularity is the endpoint of a countable set of
intervals. There are exactly two of these intervals which have non-zero
numbers s. These two intervals are:

K, s) IK, s+ 1), ss+ D#£0  if K #(0)
or
A R0 I kY (R EY JA(0), ve Z.

With each logarithmic singularity we associate the common endpoint of
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the before mentioned pajr ofintervals iy OA(K). Thus we obtain the ope-
to-one correspondence between the set of the logarithmic singularities of
£ and the set of the endpoints of the intervals 1K, 5),5 Owhich are not
endpoints of the intervals 1K, 0).

Let us show that there is a finite set of logarithmic singularities over
each disk of the form {w; wl < r}. For any interval | < § g =
sup{|wl: we i}, We claim that

n=1

(O, &y, .. Sk )os) < IMa+ 2k, (1 + 245 (3)
i=1

This is obvioys forn=1. Suppose that (3) is true for = . In view of
{(1-(3) we have

O ke, k), s)) < MOk, .. k), 00 + IS0, &y k), Y/

< ITa+ ki) + 205 ﬁ {1+ 2k,
i=1 i=1

m

- ﬂ 0+ 20k 1)1 + 211)

which proves G forn=m 4 4 and consequently for aj ¢ N.
Consider now a point a e A(0, Kis.oo. k) which is the endpoint of
(0, k,, . .. s ko) s) but is not the endpoing of I{{0, koo, k,}, 0). Denote
by x the projection of the endpoint of I((0, .. ., k,), 0) with the maximal
modulus. We have Imal = [na — x| — |, Applying (D~(3) we conclude

lma) = 2 T (1 + 2k;[) - H (I + 2lk,)) = Ia+ 2Jk;)).
j=1 j=1 i=1

This implies that the set of such o’ overany disk {w: Wl < r}isfinite and
consequently the set of the logarithmic singularities over this disk jg
finite,

2. Let (d;) be the Projections of aJf logarithmic singularities of F,
[l <jdyf <.y 2. There is the following sufficient condition for
parabolicity of g (3], §10);

n i nind, o o 4
Consider the homeomorphism of the w-plane

W=y, g{r)e?,
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¢ is a continuous increasing function. We choose ginsucha way that the
sequence |dj] = g(ld;]) satisfies (4). The image F' of F under this
homeomorphism is the parabolic Riemann surface having all the desired
properties.

Remark  Using the method of constructing Example 2 it is possible to
construct an entire function with finite Picard exceptional value having
no natural asymptotic curves. This example will answer the question due
to 5. Hellerstein in the original form. To find such a function we
construct first of all a simply connected Riemann surface F covering
{w:|w] < oo} with the following properties: There are no algebraic
branch points and no other singularities except for the logarithmic
branch points. The set of the logarithmic branch points over each strip of
the form {w: -4 < Rew < A} is finite. There are no rays on F
projecting to theset {w = u + iv: ~00 <u < +a0;p = 2kn ke Z}. The
construction of such a surface F is essentially the same as in Example 2.
Let £ be the image of F under the homeomorphism u + iv +— g(u) + iv.
We choose g in such a way that £’ satisfies (4), If /; maps conformally C
to F' then f = exp f] is the desired function,

The author is deeply grateful to Professor A. A. Gol'dberg for his
advice,
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