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MA 165 LESSONS 23+24: OPTIMIZATION

Optimization Problems: Often this includes finding the maximum or minimum value of
some function.

* e.g. The minimum time to make a certain journey,

e e.g. The minimum cost for constructing some object,

¢ ¢.g. The maximum profit to gain for a business, and so on.

How do we solve an optimization problem?
» Determine a function (known as objective function) that we need to maximize
or minimize.

e Determine if there are some constraints on the variables. (The equations that describe
the constraints are called the constraint equations.)
o If there are constraint equations, rewrite the objective function as a function of
only one variable.

e Then we can solve for absolute maximum or minimum like we did before.
o Using either the First Derivative Test or Second Derivative Test.

Recipe for Solving an Optimization Problem

Step 1: Identify what quantity you are trying to optimize.

Step 2: Draw a picture (if applicable), corresponding to the problem, and label it with
your variables.

Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

Step 5: Identify the domain for the function you found in Step 4.
Step 6: Find the absolute extrema of the variable to be optimized on this domain.

Step 7: Reread the question and be sure you have answered exactly what was asked.
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Example 1: A carpenter is building a rectangular room with a fixed perimeter of 54
feet. What are the dimensions of the largest room that can be built? What is its area?

Step 1: Identify what quantity you are trying to optimize. A ra / A

Step 2: Draw a picture (if

applicable), corresponding to —
the problem, and label it with y
your variables.

X

Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.

A=xy

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

BU=P=2x+2y & AF=Xx+Yy

Step 5: Identify the domain for the function you found in Step 4.

ho length =) %=0/y=0 Domain .
ho wdth 2 X:Q?,y:l? of x8 y lO, 1;')

Step 6: Find the absolute extrema of the variable to be optimized on this domain.

So‘w égn from
4 for y.
y: 2#-X
Plug y inte Area
A= x(23~x)
=9Fx-x2

| Find A” and set=0,
A’z )3 -2x30

972> 2%
x=2¥
2

Checlk x>2%a §ives
abs mex.

B y p " dJl rivetive

Tcs;% s

4'(2}‘ ) =-2€0

=)abs mox

Step 7: Reread the question and be sure you have answered exactly what was asked.

x: 21. 3) Y.‘.ﬁ?‘x

Amﬂ=gx%=3ﬁ

Y 2 23/ N
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Example 2: A rancher plans to make four identical and adjacent rectangular pens
against a barn, each with an area of 25 m?. What are the dimensions of each pen
that minimize the amount of fence that must be used?

Step 1: Identify what quantity you are trying to optimize. pe r'mk r, P
y vy %L 2 7

Step 2: Draw a picture (if 1 it

applicable), corresponding to the

problem, and label it with your X R| & x x

variables.

Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.

P=8y+5x

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

A-xy=25 So P=8y+5x
4 =82 =200 x™'+5x
y= 29x (2)+6x =

Step 5: Identify the domain for the function you found in Step 4.
no aren when x of y €guals 0.

So domain of x ond y (0,20)

Step 6: Find the absolute extrema of the variable to be optimized on this domain.

P lx)=~200x45<0  Check x=2{® s an
abs min.
5= 200 oz 400X =3

x* % 2400 __ >0
sxteao  PRTOEES>

X =40 ~ .
x> Nﬁ' = abs m.n

Step 7: Reread the question and be sure you have answered exactly what was asked.

imensions. ~ X= @ i by 25
Dimensions. v 2540, So Hio" by alet
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Example 3: An open-top box with a square base is to have a volume of 8 cubic
feet. Find the dimensions of the box that can be made with the least amount of

material.
Surface Area , A

Step 1: Identify what quantity you are trying to optimize.

open fop

Step 2: Draw a picture (if Y
applicable), corresponding to the
problem, and label it with your X

variables. x

Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.

2
A = x4 Yx y
Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

2 — -
2= V=x y Dy
Step 5: Identify the domain for the function you found in Step 4.
no lenghh } X20,¥=0 = Domanof .

no width xod y - (070)

Step 6: Find the absolute extrema of the variable to be optimized on this domain,
P|u3 y:i into Area| Find AZand sch=0. | Checkt x=3fic’
— A/= Ax=3Lx 2.0 | 9°ves obs min
A= x ‘“h(%‘) x-32-0 8y 24 Decintiy
x
=x‘*4}% ¥ =3_x’1£ :f:’l*"" -3
a -\ )(3=|6 A'(W) 20
2% 432 - [ Sabs e

Step 7: Reread the question and be sure you have answered exactly what was asked.

90D v ie
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Example 4: Find the point on the graph of f(x) = 2x + 4 that is the closest to the

point (/,3).

Step 1: Identify what quantity you are trying to optimize. D ' Shna ‘)
4(x)>2%+Y

Step 2: Draw a picture (if

applicable), corresponding to the (] (l / 3)

problem, and label it with your 2

variables. \ '

Step 3: Express the variable to be oitimized as a function of the var}ables you used in Step 2.

D= (x-x)et ly-y)'= (x-ely-3)®

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

Y=2x+4

Step 5: Identify the domain for the function you found in Step 4.

Domain : (—”/N)

Step 6: Find the absolute extrema of the vgiable to be optimized on this domain.' b
D= (xaiy's (ns¥-3)" | Cheek x°3 gives abs
=(x-—l)’+(9x+l)’ e 9y 2" Qerivative
Test,
D’z 2(x-1) + 2(2x+1)270 07 ©
-1 +2axt =0 D)5 >0

x! ;::r:‘lo:o = abs min
X=-V/5 |

Step 7: Reread the question and be sure you have answered exactly what was asked.

Aoy (50

y="§+3%
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Example 5: A piece of wire of length 40 is cut, and the resulting two pieces are
formed to make a circle and a square. Where should the wire be cut to minimize
the combined area of the circle and the square?

Step 1: Identify what quantity you are trying to optimize. A rea / A

Step 2: Draw a picture (if y
applicable), corresponding to the @ + | X

problem, and label it with your
variables.

Step 3: Express the Var1ab1e to be optnmzed as a function of the variables you used in Step 2.

Yn‘r

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2 20

Qer+ Yx=Yo &> Tr +2x=

Step 5: Identify the domain for the function you found in Step 4.

=0 » 2::%0 Domein of r: (0/%)
20 ) Tr=0 r= 204 Domasy of x (Y% 10)

Step 6: Find the absolute extrema of the variable to be optimized on this domain.

Solve Wrt2x=20 | A% prr-u(|0~ r)=0

for x. RS
20-Yr =2 2r- ('° :‘f')”'
'0°Ifzx Ar ,|0~_75rr:0

Plug ink A, Yr_ X =10
A wete (10 Lp)y a 2

Find A’and set =0. ';._
A’ T"r-l-?(lo-" ) T') :—VTW

Example 6: From a thin piece of cardboard 20 in by 20 in, square corners are cut
out so that the sides can be folded up to make a box. What dimensions will yield a
box of maximum volume? What is the maximum volume?

Step 1: Identify what quantity you are trying to optum \/0 ‘um V
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. \/a\umc,, Y}

Step 1: Identify what quantity you are trying to optimig
X .3

Step 2: Draw a picture (if

: g x %
applicable), corresponding to the
problem, and label it with your 20
variables. % ¢

4 A
Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.

V = x(20-2x)"

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

N/A

Step 5: Identify the domain for the function you found in Step 4.

Ooma:n. (0,'0)
of x -

Step 6: Find the absolute extrema of the variable to be optimized on this domain.

V= (20-20+ X (2)(20-34(-2)| So only Check x=%
gives abs max.

= (20~ 2x)[ 20 -2x ~4x] 2 e

=(26-2x) (20-6x) ~6(20-23)

20~Ax =0 20-6);20 v»(_zag),—g(ao-{sf»
20 x4 <o

Not in =) abs

Adomain.
© =10 w=20-2x Dimensions = l¢ooo
S*CP 7 3 = Mo/ 19, x\l% qu/g J 27
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