Section 9.5: Heat Conduction and Separation of Variables
(Pt 1)

Geal' se Fourier Stries to Solve a POE,
—
Rod of "”3“" L

u is constmt °2ro$f,, ulx1)- Hmpcml—un of red
sechs +-+ime
l —> X
=0 v=L . sont
Assume Hyat He kmfcmk‘rc is constont Threugh a cross section,

We can modzl Hue ‘kmr(f‘a}uﬂ of the rod USIU the 10 Heat Egn,
Uy =Kuxx " 0£x<L, 4506

Here W is called +he Hurmal d;ﬂus;m, (>0) depads om the

maMrial o Hu rod.
Common Thermal Du‘FFus-'v.'h‘cs

Majeric | K (em®/s)
Silver ). 70
Copplf . 15
Alummum 0.35
Iy-on 0.15
ancrtk 0.004

To solve the PNE, more 1nformation

+20" u=f
usT & /\)U'Tﬁ.
L —
x=0 x=L
+ x=0, held ot constant femperature T,
Assume :l. L he ldd al ConStant "’fv:;f:rq}un Yy
/
fx).
At +=0, inm'l'ia“, the red has "”'"":‘ k’f’P‘m*“m )
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A+ +=o0 s.,..'+.'au, the rod has imtial Hemperature TUX).
/
Boumlary Volke Problen (BVP)

We=kuxy ©h o¢x<lL, >0

u) =T
u(yt) =T,
w(x,0) = f0x)

Definition: TF u(oh) =u(L )70, we say Hai Hhe PDE has
homojeﬂew\s bouhoby conditicrs.

NOTEE: The heat eqn W= Uy is lincar, so He principle ef
Suplrpossﬁoh shll holds.
To solve His BVP we use He metod of S-Cfovrﬂ*f“' of
variables.

ASSUW "’Lt’l"' u(x/+) Can be S?OMJ-CJ nto 2 Par-}s'

wix ) = }'g) . :(/g

functun of Ponction of enc

one voriohle  voricble 7,
X

Plu.a into PDE . W:kuxx
% (X TE) = k 2= (X0 TD)

? . 2
20 2 (Ten) = K ™) = (X))

X () T/() = kT(H X”(x)
Gel all the X }erms on one Side and T Jerms ¢n other,

T E: Key observation:
R—T X These can only be
Colled this conston? =X equal IF both sides

rve Oocual da He



Colled this conston? =X equal if both sides
are egual to the

Noke: X is called Hhe separ abion Same Constan'.

Constand
Assume N0

X'-T -\

X KT
"'Z',: =-» I::’}\
X KT
'X”='Xx T/= - KT
R+ N0 T/+\kT=0

+
Assume T=¢"

Assume X= e
Characterishic Egh.

Characker stic Fa™

r"'* X:O r+kX=0
2R N
7= cse‘kX“'

£ = ¢ cos{ Ix'x) +Casin(iny)

Now \ooundary conditions
w(o,+) = ulL4)=0

What does this meen for X end T?
w(0,H)2X@TH) =0 = X(9)=0
w(l,N =X\ TH) =0 D X()=0

So X7+0\X=0
X()=0 X(=0

o X(x) =G cos (Jhx) 1 L Sn(3 1)
X (0)= C, cos (0) + M:o —>¢=0
Y (L= Ca sin (J™M-L)=0 (since €i=0)



X(L)': Cjy $in (N' L)=0 (Su'rlcc c,=0)

Assume ;70 (ble if not we heve the drivial soltion |
sin(V.1.)=0
NL:nrr for n=l2. ..

)\h:(gt‘ﬂ_‘)z for n:}.?/...
Family o solubions X, s

X ()= Sin (2] n=las

Plua )n: (‘”"‘II:)2 ints e QSFAA‘ﬁ&h ‘for T(")
Tn/‘* uanh z0

Fomily of solutions Tn 13

= ()= ~UPnt -n*ut/?
ly\(“'\‘e = e h=|/2/3/,”

Recall we assumed thal
ulx, = X(x) TH)
So He ‘f’o\mily of So‘ufioz s
uh(x/"')""e-k”’w Nz S'n .'%P—x) for n:j 2,...

each solution satisfies {u,,=uuxx
uloP=ulLt) 2o
BY‘H\L Principle of Suptfposi{ion/ t+he 3m(m| solutich is G |'near
Com piradion € thes¢
)
wb = = b, (x4)

h=\
Uit A2
- oo e Kn' 0 s:n(h?f‘x
2 bn [

n=|



“Z T LT/

n=(

Now let’s use the last conditicn . wu(x,0) 4 (x)
. YL )
L((x/O) 2 E' bn M“” ﬂc:_)‘() = £(x)

o0
This is a Fourier Sing senes of £ )
= b, are Hhe Fourier coeflicients,

with 'On"'%-gt f(x) sin ('277':5 Y«

So He solution of the BVP with hemogenteus boundany condities is
u(xﬁﬁ% by e-un‘l’:‘"-+/|_'z Sin (—"—E—X)
L

n=|
with bn = %SOL £(x) So'n(".'_"‘:_x )Jx
Ex: Selve He BVP
Uy = Juxx
% wlo) = w(r4)=0

Se ﬂx)=“‘53n(2x) L= k=3

on 0¢ XS, >0

where bp? %g: Ysin(2x) sinlnx)dx

Use The or‘)l'\oﬁcha“‘"/ of Sinlnx)

(N i n=p



u(x,+) 2

f Sin (nX)

Ak i n=M
{o 't nEgzM

Use the ar-%cgonalrf-)/ c
g - Sin (m)‘)Sm("X)AX

W
w o f nEm

Qg $in (mx) sin(nx)dkx 32‘ cl) P nEdm

S m(mx) $in (nx)a(x—fv/l l:‘F n=m
’ 0) lia NE m

D - O
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Q. ‘f‘/ﬁ ;f ":3
| é o) F n# 2

w
%"' it n=2
0O W nv2

bn -3 "S m(nx) =Ye m“sm (2x) = Ye

e
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S’n(Zx)



