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Abstract In this paper, we consider a complex-valued d-dimensional fractional Brownian
motion defined on the closure of the complex upper half-plane, called analytic fractional
Brownian motion and denoted by �. This process has been introduced in Unterberger (Ann
Probab 37:565–614, 2009), and both its real and imaginary parts, restricted to the real axis,
are usual fractional Brownian motions. The current note is devoted to prove that a rough path
based on � can be constructed for any value of the Hurst parameter in (0, 1/2). We also show
how to solve differential equations driven by � in a neighborhood of 0 of the complex upper
half-plane, by means of elementary arguments.

Keywords Rough paths theory · Stochastic differential equations · Fractional Brownian
motion
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0 Introduction

The (two-sided) fractional Brownian motion t → Bt , t ∈ R (fBm for short) with Hurst
exponent α, α ∈ (0, 1), defined as the centered Gaussian process with covariance

E[Bs Bt ] = 1

2

(|s|2α + |t |2α − |t − s|2α
)
, (1)

is a natural generalization in the class of Gaussian processes of the usual Brownian motion, in
the sense that it exhibits two fundamental properties shared with Brownian motion, namely,
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198 S. Tindel, J. Unterberger

it has stationary increments, viz.

E
[
(Bt − Bs)(Bu − Bv)] = E[(Bt+a − Bs+a)(Bu+a − Bv+a)

]

for every a, s, t, u, v ∈ R, and it is self-similar, viz.

∀λ > 0, (Bλt , t ∈ R)
(law)= (λα Bt , t ∈ R). (2)

One may also define a d-dimensional vector Gaussian process (called: d-dimensional
fractional Brownian motion) by setting Bt := Bt = (Bt (1), . . . , Bt (d)), where (Bt (i),
t ∈ R)i=1,...,d are d independent (scalar) fractional Brownian motions. Its theoretical interest
lies in particular in the fact that it is (up to normalization) the only Gaussian process satis-
fying the two properties (1) and (2). Furthermore, a standard application of Kolmogorov’s
theorem shows that fBm has a version with (α−ε)-Hölder paths for every ε > 0. This makes
this process amenable to models where a Gaussian process with Hölder continuity exponent
different from 1/2 is needed, and we refer for instance to [3,12,15] for some applications to
biophysics.

Consequently, there has been a widespread interest during the past ten years in constructing
a stochastic integration theory with respect to fBm and solving stochastic differential equa-
tions driven by fBm. The multi-dimensional case is very different from the one-dimensional
case. When one tries to integrate for instance a stochastic differential equation driven by a
two-dimensional fBm B = (B(1), B(2)) by using any kind of Picard iteration scheme, one
encounters very soon the problem of defining the Lévy area of B which is the antisymmetric
part of

Ats :=
t∫

s

d Bt1(1)

t1∫

s

d Bt2(2). (3)

This is the simplest occurrence of iterated integrals of the form

Bk
ts(i1, . . . , ik) :=

t∫

s

d Bt1(i1) . . .

tk−1∫

s

d Btk (ik),

which lie at the heart of the rough path method due to T. Lyons.
Let us describe briefly this method, rephrased in the setting of [8] which is going to be used

in the sequel of the paper: assume X = (X (1), . . . , X (d)) is some non-smooth α-Hölder
d-dimensional path. Integrals such as

∫
f1(X (t))d X1(t) + · · · + fd(X (t))d Xd(t) do not

make sense a priori because X is not differentiable (Young’s integral works for α > 1
2 but

not beyond). In order to define the integration of a differential form along X , it is enough
to define a truncated multiplicative functional (X1, . . . , X�1/α�) where X1

ts = Xt − Xs and
each

Xk = (Xk(i1, . . . , ik))1≤i1,...,ik≤d

—a matrix of (increments of) continuous paths—is a substitute for the a priori diverging iter-
ated integrals

∫ t
s d Xt1(i1)

∫ t1
s d Xt2(i2) . . .

∫ tk−1
s d Xtk (ik), with the following two properties:

(i) Each component of Xk is kκ-Hölder continuous for any κ < α.
(ii) Multiplicativity: letting (δXk)tus := Xk

ts − Xk
tu − Xk

us , one requires

(δXk)tus(i1, . . . , ik) =
∑

k1+k2=k

Xk1
tu (i1, . . . , ik1)X

k2
us (ik1+1, . . . , ik). (4)
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Analytic fractional Brownian motion 199

Once these functionals are defined, the theory described in [6,8,13] can be seen as a pro-
cedure which allows to define out of these data iterated integrals of any order and to solve
differential equations driven by X .

With these preliminary considerations in mind, it is easily conceived that the fundamental
problem in order to apply the general theory is to give a suitable definition of the functionals
Xk. For any smooth path, Xk can be defined as a Riemann multiple integral. The multi-
plicative and Hölder continuity properties are then trivially satisfied, as can be checked by
direct computation. So the most natural way to construct such a multiplicative functional is
to start from some smooth approximation Xη, η ↘ 0 of X such that each iterated integral
Xk,η(i1, . . . , ik), k ≤ �1/α� converges in the kκ -Hölder norm for any κ < α. This general
scheme has been applied to fBm in a paper by Coutin and Qian [4], by means of standard
n-dyadic piecewise linear approximations B̃2−n

of B. In a later paper, one of the authors [16]
tried to tackle the problem by seeing B as the real part of the boundary value of an analytic
process � living on the upper half-plane 	+ = {z ∈ C‖
z > 0}. The time-derivative of this
centered Gaussian process has the following hermitian positive-definite covariance kernel:

E
[
�′

z�
′
w

]
= K ′(z, w̄) = α(1 − 2α)

2 cos πα
(−ı(z − w̄))2α−2 , z, w ∈ 	+ (5)

where z2α−2 := e(2α−2) ln z (with the usual determination of the logarithm) is defined and
analytic on the cut plane C\R−. Also, by construction, E�′

z�
′
w ≡ 0 identically. It is essential

to understand that K ′ is a multivalued function on C × C\{(z, z̄) | z ∈ C}; on the other
hand, for z, w ∈ 	+ we have 
(−ı(z − w̄)) > 0, so the kernel K ′ is well-defined. Then
Bη

t := 2
�t+ıη is a good approximation of fBm, namely, Bη converges a.s. in the κ-Hölder
distance to a process B with the same law as fBm for any κ < α.

Both approximation schemes introduced in [4,16] (see also the recent preprint [5]) lead
to the same semi-quantitative result, namely:

• When α > 1/4, the Lévy area and volume (in other words, the multiplicative functional
truncated to order 3) converge a.s. in the appropriate variation norm. The heart of the proof
lies in the study of the Lévy area Ã2−n

ts , resp. Aη
ts (recall that those quantities have been

defined by (3)) of the smooth approximations, B̃2−n
, resp. Bη; one may prove in particular

that E[(Ã2−n

ts )2] and E[(Aη
ts)

2] converge to the same limit when 2−n or η go to 0;
• When α < 1/4, E[(Ã2−n

ts )2] and E[(Aη
ts)

2] diverge resp. as 2n(1−4α) and η−(1−4α). Hence
the methods alluded to above fail.

The latter result is of course unsatisfactory. Actually, a rough path has been constructed in
a recent paper by one of the authors [18,19] above fBm with arbitrary Hurst index; how-
ever, the rough path is not obtained by an approximation procedure, but through an algebraic
regularization procedure. To the best of our knowledge, there is no explicit example in the
literature of a construction by approximation of a rough path over a d-dimensional (with
d > 1) process with Hölder regularity α < 1/4.

In the current article, we propose to consider the complex-valued process (�z)z∈	̄+ over
the closed upper half-plane 	̄+ := {z ∈ C | 
z ≥ 0} for its own sake, and show how to
construct a rough path over � by using its analytic approximation �

η
z := �z+ıη, η > 0. An

adequate limiting procedure for η → 0+ will allow us to prove the following main result:
the iterated integrals �k,η(i1, . . . , ik), k ≤ �1/α� converge in the (kκ)-Hölder norm for any
κ < α and any Hurst index α > 0. The limiting objects �k satisfy our conditions (i) and
(ii) above, which yields the construction of a rough path above the process �. It should be
noticed that, in the analytic context we are dealing with, our rough path will be indexed by
	̄+. We will also show how to solve (locally in 	̄+) some differential equations driven by �.

123



200 S. Tindel, J. Unterberger

Let us make a few comments on these results:
(i) An appropriate name for the �-process could be analytic fractional Brownian motion
(analytic fBm or afbm for short). This is the name we shall use throughout the article. Yet
the reader should be warned against two possible misunderstandings:

– � is analytic only in the (open) upper half-plane. When we consider its restriction to R

(its boundary value on R, one might say) it is merely a continuous process with the same
Hölder continuity as the usual fBm. The fact that � is very irregular on R makes it inter-
esting to be able to solve stochastic differential equations driven by �, whereas they are
almost trivially solved on 	+;

– considering the restriction of � to R, one may be tempted to write �t = 
�t + ı
�t and
to consider separately the real and the imaginary part. Elementary computations show that
both 
� and 
� have the same law as fBm. But � is not merely a complex fBm since 
�

and 
� are not independent (see Sect. 1). It is the correlation between 
� and 
� that
cancels the singularities for small Hurst indices.

(ii) It can be shown, thanks to the fact that a geometric rough path above � exists, that
stochastic differential equations on 	̄+ of the type

zt = a +
∫

γt

b(zu)du +
∫

γt

σ(zu)d�u, a ∈ C
n, t ∈ 	̄+ (6)

can be handled, where b and σ are vector-valued, resp. matrix-valued analytic functions on a
complex neighborhood of a, and where the integrals

∫
γt

are understood as integrals along any

continuous path γt from 0 to t lying inside 	̄+, in a sense which is compatible with the rough
paths theory. We shall see however at Sect. 4 that, in spite of the fact that � is irregular on R,
Eq. 6 can be solved in a rather easy way thanks to a limiting procedure involving Lebesgue
type integrals only. From our point of view, the interest of the current paper rather lies in
the construction of iterated integrals with respect to �, which is based on elegant complex
analytic methods and yields sharp Hölder estimates.
(iii) Let us try to explain briefly why the regularized Levy area is divergent for the real fBm
and α ≤ 1/4, while it converges for the analytic one for any α > 0. Let us call then Aη

ts the
regularized Levy area for 
�, and let us compute E(Aη

ts)
2 for t, s ∈ R: by definition (recall

that E[�′(z)�′(w)] ≡ 0 identically)

E
[
(Aη

ts)
2] = 2E

⎛

⎝
t∫

s

d�x1+ıη(1)

x1∫

s

d�x2+ıη(2)

⎞

⎠

⎛

⎝
t∫

s

d�̄y1+ıη(1)

y1∫

s

d�̄y2+ıη(2)

⎞

⎠

+2
E

⎛

⎝
t∫

s

d�x1+ıη(1)

x1∫

s

d�̄x2+ıη(2)

⎞

⎠

⎛

⎝
t∫

s

d�̄y1+ıη(1)

y1∫

s

d�y2+ıη(2)

⎞

⎠

=: V1(η) + V2(η). (7)

The first term in the right-hand side writes

V1(η)

= C

t∫

s

dx1

x1∫

s

dx2

t∫

s

dy1

y1∫

s

dy2(−ı(x1 − y1) + 2η)2α−2(−ı(x2 − y2) + 2η)2α−2
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Analytic fractional Brownian motion 201

= C ′
t∫

s

dx1

t∫

s

dy1(−ı(x1 − y1) + 2η)2α−2

× [
(−ı(x1 − y1) + 2η)2α − (−ı x1 + 2η)2α − (ı y1 + η)2α

]
,

while the second term writes

V2(η) = C ′
t∫

s

dx1

t∫

s

dy1(−ı(x1 − y1) + 2η)2α−2

× [
(ı(x1 − y1) + 2η)2α − (ı x1 + 2η)2α − (−ı y1 + η)2α

]
.

Both integrals look the same except that V2 (contrary to V1) involves both −ı x1 and ı x1,
and similarly for y1. This seemingly insignificant difference is essential, since V1 can be
shown to have a bounded limit when η → 0 by using a contour deformation in 	+ × 	+
which avoids the real axis where singularities live, while this is impossible for V2. Namely,
(−ı(x1 − ȳ1) + 2η)2α−2 is well-defined if (x1, y1) is in the closure of 	+ × 	+, while
(ı(x1 − ȳ1)+2η)2α for instance is well-defined on the closure of 	− ×	−, where 	− is the
lower half-plane. In fact, explicit computations prove that V2(η) diverges in the limit η → 0
when α < 1/4. Now, the integral V1(η) is the one which appears in the computations con-
cerning the analytic fBm �, while the additional integral V2(η) is needed in order to handle
the case of the real-valued fBm 
�. This fact had already been noted in [16], where V1(η)

(as part of the calculations needed to compute Aη
ts) is evaluated in closed form involving

Gauss’ hypergeometric function (see [16, proof of Theorem 4.4])—in fact (see [16], for-
mula (4.36))

V1(η)
η→0→ α(2α − 1)

4 cos2 πα
.

[
2�(2α − 1)�(2α + 1)

�(4α + 1)
+ cos 2πα

(2α − 1)(4α − 1)

]
|t − s|4α (8)

(a regular expression when α → 1/4 or 1/2 as Taylor’s formula proves). In the same article,
more general iterated integrals of the process �η are introduced en passant under the name
of analytic iterated integrals and shown to converge in the limit η → 0; we reproduce these
crucial results here. On the other hand, singularities of non-analytic iterated integrals for
α < 1/4 are analyzed in great details in [17].

Here is how our article is structured. In Sect. 1, we recall the basic features of the alge-
braic integration theory. The remaining sections deal with the rough path construction for
the analytic fBm �: Sect. 2.1 is concerned with the definition of this process, Sect. 2.2 with
the proof of some general regularity results for increments. Some useful (yet elementary)
complex analysis preliminaries are given in Sect. 2.3. We then proceed to prove the conver-
gence of our approximations based on �η: Sect. 3.1 deals with �η itself, Sect. 3.2 handles
the case of the Levy area, while the general multiple integral case is treated in Sect. 3.3.
Finally, at Sect. 4, we show how to solve a differential equation driven by � thanks to simple
considerations.
Notations: Starting from Sect. 2 and throughout the paper, the following notations concern-
ing processes will be used. A generic μ-Hölder function will be denoted by X , while general
variables on 	̄+ are denoted by s, t, u, z, etc., whereas variables on the real boundary R

are usually denoted by x, x ′, etc. The analytic fBm defined on the complex upper half-plane
is written � = {�t ; t ∈ 	̄+}, and its smooth approximation is denoted by �ε or �η. If
s, t ∈ 	̄+, then [s, t] = {λs + (1 − λ)t |λ ∈ [0, 1]} ⊂ 	̄+ is the segment between s and t .
Generally speaking, � will denote a bounded neighborhood of 0 in the closure of the upper
half-plane 	̄+. Since this notation is generally used for probability spaces, we shall call
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202 S. Tindel, J. Unterberger

(U, F, P) the probability space under consideration here. Here is also a convention which
will be used throughout the paper: for two real positive numbers, the relation a � b stands
for a ≤ C b, where C is a given universal constant (possibly depending continuously on
α ∈ (0, 1)).

1 Algebraic integration

Algebraic integration theory is conceived as an alternative to the popular rough paths anal-
ysis, and aims at solving differential equations driven by irregular processes with a minimal
theoretical apparatus. Introduced in [8] for a Hölder regularity of the driving noise μ > 1/3, it
has then been extended to arbitrary μ > 0 in a quite general setting (far beyond the geometric
case) in [9]. Our aim is more modest here and we will merely recall some basic vocabulary
from the theory, in the unusual context of processes indexed by the complex plane, allowing
to define the objects we shall consider in the sequel. Notice that all the functions considered
in the remainder of the paper will be analytic on the open upper half-plane 	+.

1.1 Increments

The extended integral we deal with is based on the notion of increment, together with an
elementary operator δ acting on them. These first notions are specifically introduced in [8,10],
and we shall merely recall here their definition in the complex plane context. Consider an
arbitrary neighborhood � of 0 in the closure of the upper half-plane 	̄+ = {z ∈ C
z ≥ 0}.
Then, for a complex vector space V , and an integer k ≥ 1, we denote by Ck(�; V ) the set
of functions g : �k → V , analytic on (	+)k , such that gt1···tk = 0 whenever ti = ti+1

for some i ≤ k − 1. Such a function will be called a (k − 1)-increment, and we shall set
C∗(V ) = ∪k≥1Ck(�; V ). The operator δ alluded to above can be seen as an operator acting
on k-increments, and is defined as follows on Ck(�; V ):

δ : Ck(�; V ) → Ck+1(�; V ), (δg)t1···tk+1 =
k+1∑

i=1

(−1)i gt1···t̂i ···tk+1
, (9)

where t̂i means that this particular argument is omitted. Then a fundamental property
of δ, which is easily verified, is that δδ = 0, where δδ is considered as an operator
from Ck(�; V ) to Ck+2(�; V ), so (C∗(�; V ), δ) is a cochain complex. We shall denote
ZCk(�; V ) = Ck(�; V ) ∩ Kerδ and BCk(�; V ) = Ck(�; V ) ∩ Imδ.

Some simple examples of actions of δ, which will be the ones we shall really use through-
out the paper, are obtained by letting g ∈ C1 and h ∈ C2. Then, for any t, u, s ∈ �, we
have

(δg)ts = gt − gs, and (δh)tus = hts − htu − hus . (10)

Furthermore, it is readily checked that the complex (C∗, δ) is acyclic, i.e. ZCk(�; V ) =
BCk(�; V ) for any k ≥ 1.

Let us mention at this point some conventions on products of increments which will be
used in the sequel: assuming for the moment that V = C, set Ck(�; C) = Ck(�). Then the
complex (C∗(�), δ) is an (associative, non-commutative) graded algebra once endowed with
the following product: for g ∈ Cn(�) and h ∈ Cm(�) let gh ∈ Cn+m−1(�) be the element
defined by

(gh)t1,...,tm+n−1 = gt1,...,tn htn ,...,tm+n−1 , t1, . . . , tm+n−1 ∈ �. (11)
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Analytic fractional Brownian motion 203

The pointwise multiplication of g, ĝ ∈ Cn(�), denoted by g ◦ ĝ, is also defined by:

(g ◦ ĝ)t1,...,tn = gt1,...,tn ĝt1,...,tn , t1, . . . , tn ∈ �.

Our future discussions will mainly rely on k-increments with k ≤ 2, for which we shall
use some analytic assumptions. Namely, sticking to the case V = C

d for d ≥ 1, we measure
the size of these increments by Hölder norms defined in the following way: for f ∈ C2(�; V )

let

‖ f ‖μ ≡ sup
s,t∈�

| fts |
|t − s|μ , and Cμ

2 (V ) = {
f ∈ C2(�; V ); ‖ f ‖μ < ∞}

.

In the same way, for h ∈ C3(�; V ), set

‖h‖μ,ρ = sup
s,u,t∈�

|htus |
|u − s|μ|t − u|ρ

‖h‖ν ≡ inf

{
∑

i

‖hi‖ρi ,ν−ρi ; h =
∑

i

hi , 0 < ρi < ν

}

,

(12)

where the last infimum is taken over all sequences {hi ∈ C3(�; V )} such that h = ∑
i hi and

for all choices of the numbers ρi ∈ (0, z). Then ‖·‖μ is easily seen to be a norm on C3(�; V ),
and we set

Cν
3 (V ) := {h ∈ C3(�; V ); ‖h‖ν < ∞}.

Notice that, in order to avoid ambiguities, we shall use the notation N [·; Cμ
k (�; V )], instead

of ‖·‖μ, to denote the Hölder norms in the spaces Ck(�; V ). It also turns out to be useful
to consider the spaces of continuous (k − 1) increments C0

k (�; V ), equipped with the norm
N [h; C0

k (�; V )] = supt1,...,tk∈� |ht1,...,tk |. Let us mention once and for all that all the Hölder
spaces we are considering in this article are complete.

1.2 Iterated integrals on the open upper-half plane

The iterated integrals of analytic functions on � ∩ 	+ are particular cases of elements of
C∗ which will be of interest for us. Let us recall some basic rules for these objects. Set
Cω

k (� ∩ 	+) = Cω
k (� ∩ 	+; C) for the set of analytic (k − 1)-increments from � ∩ 	+ to

C, and consider f, g ∈ Cω
1 (� ∩ 	+). Then the integral

∫
dg f , which will also be denoted

by J (dg f ), can be considered as an element of Cω
2 (� ∩ 	+) ≡ Cω

2 (� ∩ 	+; C). That is,
for s, t ∈ � ∩ 	+, we set

Jts(dg f ) =
(∫

dg f

)

ts
=

∫

[s,t]
dgu fu =

∫

γst

dgu fu,

where γst is any continuous path in 	+ joining s and t .
The multiple integrals can also be defined in the following way: given a smooth element

h ∈ Cω
2 and s, t ∈ � ∩ 	+, we set

Jts(dg h) ≡
(∫

dgh

)

ts
=

∫

[s,t]
dguhus .
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204 S. Tindel, J. Unterberger

In particular, the double integral Jts(d f 3d f 2 f 1) is defined, for f 1, f 2, f 3 ∈Cω
1 (�∩	+), as

Jts(d f 3d f 2 f 1) =
(∫

d f 3d f 2 f 1
)

ts
=

∫

[s,t]
d f 3

u Jus
(
d f 2 f 1) .

Now, suppose that the nth order iterated integral of d f n · · · d f 2 f 1, still denoted by
J (d f n · · · d f 2 f 1), has been defined for f 1, f 2 . . . , f n ∈ Cω

1 (� ∩ 	+). Then, if f n+1 ∈
Cω

1 (� ∩ 	+), we set

Jts(d f n+1d f n · · · d f 2 f 1) =
∫

[s,t]
d f n+1

u Jus
(
d f n · · · d f 2 f 1) , (13)

which defines the iterated integrals of smooth functions recursively. Observe that a nth order
integral J (d f n · · · d f 2d f 1), where we have simply replaced f 1 by d f 1, could be defined
along the same lines.

The following relations between multiple integrals and the operator δ are easily checked
for analytic functions. They are also a prototype of the algebraic relations we shall impose
in the rough setting:

Proposition 1.1 Let f, g be two elements of Cω
1 (� ∩ 	+). Then, recalling the convention

(11), it holds that

δ f = J (d f ), δ (J (dg f )) = 0, δ (J (dgd f )) = (δg)(δ f ) = J (dg)J (d f ),

and, in general,

δ
(J (d f n · · · d f 1)

) =
n−1∑

i=1

J
(

d f n · · · d f i+1
)

J
(

d f i · · · d f 1
)

which is simply a way of rewriting the multiplicative property (4).

2 Analytic fractional Brownian motion and preliminaries

We review in this section the construction of the analytic fBm �, and we also include here
some useful preliminary results concerning the regularity of increments in �, and some
complex analysis estimates for the kernel (−ı(z − w̄))2α−2 defined on 	+.

2.1 Definition of the analytic fBm

‘ As mentioned in the Introduction, the article [16] is an elaboration of a stochastic calculus
with respect to the fractional Brownian motion by analytic continuation. More specifically,
a complex-valued processed indexed by z ∈ 	+, called �, is introduced there. This process
is analytic on 	+ and converges uniformly over every compact in probability, and also in
L2(U) for the rough path distance, see [16], to a continuous process with real-time parameter
(still denoted by �) when the imaginary part of z goes to 0. The current section is devoted to
recall this formalism, which is the one we shall adopt in order to construct a fractional rough
path for � for any Hurst parameter α ∈ (0, 1). Notice that, since the case α > 1/2 is trivial
from the rough path analysis point of view, we shall assume in the sequel that α ∈ (0, 1/2).
The Brownian case α = 1/2 may be seen as a limit.

123



Analytic fractional Brownian motion 205

Let us first recall some classical notations of complex analysis: for x ∈ R and k ∈ N,
the Pochhammer symbol (x)k is defined by: (x)k = ∏k−1

j=0(x + j). Recall that we denote by

	+ = {z = x + ı y | x ∈ R, y > 0}, resp. 	̄+ = {z = x + ı y | x ∈ R, y ≥ 0} the open, resp.
closed upper half-plane in C. Similarly, 	−, resp. 	̄− stand for the open, resp. closed lower
half-planes.

With these notations in mind, the easiest way to define � = {�z; z ∈ 	+} makes use of
a series expansion involving the analytic functions { fk; k ≥ 0}, defined on 	+ by:

fk(z) = 2α−1
[

α(1 − 2α)(2 − 2α)k

2 cos(πα)k!
]1/2 [ z + ı

2ı

]2α−2 [ z − ı

z + ı

]k

.

It is shown in [16] that the series
∑

k≥0 fk(z) fk(w) converges in absolute value for z, w ∈
	+, and that the following identity holds true:

∑

k≥0

fk(z) fk(w) = α(1 − 2α)

2 cos(πα)
(−ı(z − w̄))2α−2 . (14)

This fact allows to define the process � in the following way:

Proposition 2.1 Let {ξ1
k , ξ2

k ; k ≥ 0} be two families of independent standard Gaussian
random variables, defined on a complete probability space (U, F, P), and for k ≥ 0, set
ξk = ξ1

k + ıξ2
k . Consider the process �′ defined for z ∈ 	+ by �′

z = ∑
k≥0 fk(z)ξk . Then:

(1) �′ is a well-defined analytic process on 	+, i.e. z → �′
z , z ∈ 	+ is a.s. analytic.

(2) Let γ : (0, 1) → 	+ be any continuous path with endpoints γ0 = 0 and γ (1) = z, and
set �z = ∫

γ
�′

u du. Then � is an analytic process on 	+. Furthermore, as z runs along

any path in 	+ going to x ∈ R, the random variables �z converge almost surely to a
random variable called again �x .

(3) The family {�x ; x ∈ R} defines a Gaussian centered complex-valued process, whose
covariance function is given by:

E[�x�x ′ ] = 0,

E[�x �̄x ′ ] = e−ıπαsgn(x)|x |2α + eıπαsgn(x ′)|x ′|2α − eıπαsgn(x ′−x)|x ′ − x |2α

4 cos(πα)
.

The paths of this process are almost surely κ-Hölder for any κ < α.
(4) Both real and imaginary parts of {�x ; x ∈ R} are (non independent) fractional Brownian

motions indexed by R, with covariance given by

E[
�x
�x ′ ] = − tan πα

8

[−sgn(x)|x |2α + sgn(x ′)|x ′|2α − sgn(x ′ − x)|x ′ − x |2α
]
.

(15)

Remark 2.2 It should be stressed at this point that the paper [16] mainly focuses on the real
part of �, that is a standard fractional Brownian motion. We shall see however that � is an
interesting process in its own right, insofar as it allows the construction of a rough path for
any value of the Hurst parameter α ∈ (0, 1).

Let us also recall some basic facts about � which will be used extensively in the sequel:
first, according to (14), the (Hermitian) covariance between �′

z and �′
w for z, w ∈ 	+ is

given by:

E
[
�′

z�̄
′
w

] = α(1 − 2α)

2 cos(πα)
(−ı(z − w̄))2α−2. (16)
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Some more general line integrals with respect to � will also be needed, and let us define
them more specifically: in general, an integral over any continuous path γ = γst in � joining
s and t is constructed thanks to a simple limiting procedure. Indeed, for any ε > 0 and any
function z which is analytic on the upper half plane 	+, the integral Jt+ıε,s+ıε(d�∗z) is
analytic, which yields:

Jt+ıε,s+ıε(d�∗z) =
∫

γ+ıε

d�∗
u zu,

where the last integral is understood in the Riemann sense. Furthermore, this integral only
depends on the ending points t + ıε, s + ıε. If one is then allowed to pass to the limit ε → 0,
we still write Jγ (d�∗z) = Jts(d�∗z) in a natural way.

This being said, the following formula will be used throughout the article: for a continuous
path γ : (0, 1) → 	+, we have:

E

⎡

⎣
∫

γ

�′
zdz

∫

γ

�̄′
wdw

⎤

⎦ = α(1 − 2α)

2 cos(πα)

∫

γ

dz
∫

γ̄

dw̄ (−ı(z − w̄))2α−2 . (17)

2.2 Garsia–Rodemich–Rumsey type lemmas

This section is devoted to recall or give some deterministic regularity results for increments,
which will be essential in order to quantify the convergence of the approximations of our
process �. First let us recall a particular case of a classical lemma due to Garsia [7, Lemma 2]:

Lemma 2.3 Let f be a continuous function defined on a compact set D ⊂ R
d for d ≥ 1,

and set, for p ≥ 1

Uκ,p( f ) =
⎛

⎝
∫

D

∫

D

|(δ f )wv|2p

|w − v|2κp+2d

⎞

⎠

1/2p

.

Then N [ f ; Cκ
1 (D)] ≤ cUκ,p( f ), for a universal positive constant c.

When D = � ⊂ 	̄+, we need an extension of this lemma to increments which are not
necessarily written as δ f for functions f ∈ C1:

Proposition 2.4 Let � := B(0, r)∩	̄+ be a neighborhood of 0 in 	̄+, and R ∈ C2(�; C
n)

for n ≥ 1 such that δR ∈ Cκ
3 (�; C

n). Set for p ≥ 1

Uκ,p(�; R) :=
⎛

⎝
∫

�

∫

�

|Rwv|2p

|w − v|2κp+4 dvdw

⎞

⎠

1/2p

, (18)

where dv = d
vd
v, resp. dw = d
w d
w is the usual area element of R
2 � C, and

assume Uκ,p(�; R) < ∞. Then R ∈ Cκ
2 (�; C

n); more precisely,

N [R; Cκ
2 (�; C

n)] ≤ c
(
Uκ,p(�; R) + N [δR; Cκ

3 (�; C
n)]), (19)

for a universal constant c > 0.
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Proof Let s, t ∈ �′ := B(0, r/4) ∩ 	̄+ ⊂ �, so that |t − s| < r/2. We wish to show that

Rts ≤ c
(
Uκ,p(�; R) + N [δR; Cκ

3 (�; C
n)]) |t − s|κ . (20)

To this end, let us construct a sequence of points (sk)k≥0, sk ∈ � converging to t in the follow-
ing way: set s0 = t , suppose by induction that s0, . . . , sk ∈ 	̄+ with |s0−s|, . . . , |sk−s|<r/2
(so that, in particular, s0, . . . , sk ∈ �) have been constructed, and let Vk := B(s, |sk−s|

2 )∩	̄+.
Note that, since we are working on the upper half plane 	+, the area μ(Vk) of Vk is at least
1
2μ(B(s, |sk−s|

2 )) = π
8 |sk − s|2. Define then

Ak :=
{

v ∈ Vk | I (v) >
16

π

U 2p
κ,p(�; R)

|sk − s|2
}

(21)

and

Bk :=
{
v ∈ Vk | |Rskv|2p

|sk − v|2κp+4 >
16

π |sk − s|2 I (sk)

}
(22)

where we have set

I (v) :=
∫

B(s,|v−s|)∩	̄+

|Ruv|2p

|v − u|2κp+4 du.

Let us prove now that Vk\(Ak ∪ Bk) is not empty: observe that

U 2p
κ,p(�; R) ≥

∫

Ak

dv I (v) >
16

π

U 2p
κ,p(�; R)

|sk − s|2 μ(Ak)

and

I (sk) ≥
∫

Bk

|Rusk |2p

|sk − u|2κp+4 du >
16

π

μ(Bk)

|sk − s|2 I (sk).

All together one has obtained μ(Ak), μ(Bk) < π
16 |sk − s|2 so μ(Ak)+μ(Bk) < μ(Vk). One

now chooses sk+1 arbitrarily in Vk\(Ak ∪ Bk). Note that, by construction, |t − s| < r/2, and∣∣∣ sk+1−s
sk−s

∣∣∣ < 1/2 so sk → s while staying inside �.

Now decompose (by using a number of times the operator δ) Rs0,s into

Rs0s = Rsn+1s +
n∑

k=0

(Rsk sk+1 + (δR)sk sk+1s
)
. (23)

Applying (22)k and (21)k−1, one gets

|Rsk sk+1 |2p

|sk − sk+1|2κp+4 <
16

π |sk − s|2 I (sk) <
256

π2 U 2p
κ,p(�; R)|sk − s|−4.

Recalling our convention a � b for the relation a ≤ Cb, where C is a given universal
constant, we obtain |Rsk sk+1 | � Uκ,p(�; R)|sk − s|κ . Furthermore, we have by construction
|sk − s| � 2−n |t − s|, and thus

∣∣∣∣∣

n∑

k=0

Rsk ,sk+1

∣∣∣∣∣
� Uκ,p(�; R)|t − s|κ . (24)
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Turning now to δR, it is easily seen that |δRsk sk+1,s | � N [δR; Cκ
3 (�; C

n)]|sk − s|κ .
Invoking again the relation |sk − s| � 2−n |t − s|, we end up with

n∑

k=0

|δRsk sk+1,s | � N [δR; Cκ
3 (�; C

n)]|t − s|κ . (25)

Finally, plugging relations (24)–(25) into (23) and letting n → ∞, we easily get the
announced bound (20), which ends the proof. ��
2.3 Complex analysis preliminaries

The identity (17) involves integrals along some continuous paths in C, which have to be
estimated. We summarize in this section the upper bounds which will be needed later on.

First of all, the integral appearing in (17) can be estimated thanks to the following lemma
borrowed from [16, Lemma 1.5]:

Lemma 2.5 Let γ : (0, 1)→ 	+ be a piecewise smooth, continuous path, with ends
γ (0), γ (1) ∈ 	̄+. Then

∣∣∣∣∣∣
E
∫

γ

�′
zdz

∫

γ

�̄′
wdw

∣∣∣∣∣∣
= α(1 − 2α)

2 cos πα

∣∣∣∣∣∣∣

∫

γ

dz
∫

γ̄

dw̄ (−ı(z − w̄))2α−2

∣∣∣∣∣∣∣
≤ c|γ (1) − γ (0)|2α,

for a universal positive constant c.

The following bound on iterated integrals of the process �, shown in [16, Theorem 3.4]
(where they are called analytic iterated integrals) can then be seen as an extension of the
previous lemma.

Lemma 2.6 (analytic iterated integrals) Consider s, t in a fixed bounded neighborhood of 0
in 	̄+, and let f1, . . . , fn and g1, . . . , gn be analytic functions defined on a neighborhood
V of the closed strip

	̄+
s,t := {z ∈ C|z = λs + (1 − λ)t + ıμ|t − s|, λ, μ ∈ [0, 1]}.

Let also � = (�(1), . . . , �(d)) be an analytic fractional Brownian motion with d inde-
pendent components, where each component �( j) is defined as in Sect. 2.1. For ε, η small
enough, define Vs,t (ε, η) by

Vts(ε, η) = E [Z1 Z2]

=
⎛

⎜
⎝

∫

[s,t]
du1

∫

[s,u1]
du2 . . .

∫

[s,un−1]
dun

⎞

⎟
⎠

⎛

⎜
⎝

t∫

s

dv1

∫

[s,v1]
dv2 . . .

∫

[s,vn−1]
dvn

⎞

⎟
⎠

×
n∏

j=1

f j (u j + ıε)g j (v j + ıη)(−ı(u j − v̄ j ) + ε + η)2α−2du j dv j ,

where Z1 is defined by
∫

[s,t]
f1(u1 + ıε)d�u1+ıε(1)

∫

[s,u1]
f2(u2 + ıε)d�u2+ıε(2) . . .

∫

[s,un−1]
fn(un + ıε)d�un+ıε(n),
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and Z2 can be written as:
∫

[s,t]
g1(v1 + ıε)d�̄v1+ıε(1)

∫

[s,v1]
g2(v2 + ıε)d�̄v2+ıε(2) . . .

∫

[s,vn−1]
gn(vn + ıε)d�̄vn+ıε(n).

Then the following bound holds true:

|Vts(ε, η)| �
n∏

j=1

sup
z∈	̄+

s,t

| f j (z)|
n∏

j=1

sup
z∈	̄+

s,t

|g j (z)||t − s|2αn .

The last ingredient we need for our computations is a specific bound for analytic functions
integrated with respect to the kernel (−ı(x − y))2α−2. Observe that this bound will not be
used directly in the sequel, but will serve as a prototype for our future computations.

Lemma 2.7 Let s, t in a fixed bounded neighborhood of 0 in 	̄+, and φ(z, w̄) be an analytic
function on a neighborhood of 	̄+

(s,t) × 	̄−
(s,t), where

	̄+
s,t := {z ∈ C|z = λs + (1 − λ)t + ıμ|t − s|, λ, μ ∈ [0, 1]}, 	̄−

s,t := {z̄|z ∈ 	̄+
s,t }.

(26)

For ε, η > 0, define �(φ) as:

[�(φ)] (ε, η; s, t)

:=
∫

[s,t]
dz

∫

[s̄,t̄]
dw̄

[
(−ı(z − w̄) + 2ε)2α−2 − (−ı(z − w̄) + ε + η)2α−2]φ(z, w̄).

Then, for every ρ ∈ (0, 2α), there exists Cρ such that

| [�(φ)] (ε, η; s, t)| ≤ Cρ |ε − η|ρ |t − s|2α−ρ Mφ
ts, (27)

where

Mφ
ts � sup

{
|φ(u, v̄)|; (u, v̄) ∈ 	̄+

(s,t) × 	̄−
(s,t)

}
.

Proof Without restriction of generality we may assume that ε > η > 0. We use the following
contour of integration in 	̄+

(s,t) × 	̄−
(s,t):

� := γ × γ̄ , γ = γ1 ∪ γ2 ∪ γ3

:= [s, s + ı |t − s|] ∪ [s + ı |t − s|, t + ı |t − s|] ∪ [t + ı |t − s|, t]. (28)

Set �i, j = γi × γ̄ j so that � = ∪1≤i, j≤3�i, j . Let Ii, j be the integral over �i, j of the
function (z, w̄) �→ [

(−ı(z − w̄) + 2ε)2α−2 − (−ı(z − w̄) + ε + η)2α−2
]
φ(z, w̄). We shall

give a bound of type (27) for each Ii, j . The proof relies on the following observation: if
ε, η > 0 and z ∈ C, 
z > 0, then (for any ρ ∈ (0, 1))

|(z + ε)2α−2 − (z + η)2α−2| ≤ C |ε − η|ρ |z|2α−2−ρ. (29)

By symmetry we only need to consider the following four cases (only the fourth one is
non-trivial since z and w̄ may be ε-close):
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Case 1 i = j = 2.

|I2,2| =
∣∣
∣
∫

[s,t]
dz

∫

[s̄,t̄]
dw̄

[
(−ı(z − w̄) + 2|t − s| + 2ε)2α−2

−(−ı(z − w̄) + 2|t − s| + ε + η)2α−2]φ(z + ı |t − s|, w̄ − ı |t − s|)
∣
∣
∣ (30)

≤ Cρ

∫

[s,t]
|dz|

∫

[s̄,t̄]
|dw̄||t − s|2α−2−ρ(ε − η)ρ Mφ

ts = C ′
ρ |t − s|2α−ρ(ε − η)ρ Mφ

ts .

Case 2 i = 1, j = 3.

|I1,3| =
∣
∣
∣

|t−s|∫

0

dx

|t−s|∫

0

dy
[
(−ı(s − t̄) + x + y + 2ε)2α−2

−(−ı(s − t̄) + x + y + ε + η)2α−2]φ(s + ı x, t − ı y)

∣
∣
∣

≤ Cρ

|t−s|∫

0

dx

|t−s|∫

0

dy|t − s̄|2α−2−ρ(ε − η)ρ Mφ
ts

≤ C ′
ρ |t − s|2α−ρ(ε − η)ρ Mφ

ts, (31)

since |t − s̄| ≥ |t − s|.
Case 3 i = 1, j = 2.

|I1,2| =
∣∣∣

|t−s|∫

0

dx
∫

[s̄,t̄]
dw̄

[
(−ı(s − w̄) + |t − s| + x + 2ε)2α−2

−(−ı(s − w̄) + |t − s| + x + ε + η)2α−2]φ(s + ı x, w̄ − ı |t − s|)
∣∣∣

≤ Cρ

|t−s|∫

0

dx
∫

[s̄,t̄]
|dw̄||t − s|2α−2−ρ(ε − η)ρ Mφ

ts = C ′
ρ |t − s|2α−ρ(ε − η)ρ Mφ

ts .

(32)

Case 4 i = 1, j = 1.

|I1,1| =
∣∣∣

|t−s|∫

0

dx

|t−s|∫

0

dy
[
K2ε(x, y) − Kε+η(x, y)

]
φ(s + ı x, s − ı y)

∣∣∣

≤ Cρ

|t−s|∫

0

dx

|t−s|∫

0

dy(x + y)2α−2−ρ(ε − η)ρ Mφ
ts ≤ C ′

ρ |t − s|2α−ρ(ε − η)ρ Mφ
ts,

(33)

where we have set Ka(x, y) = (2
s + x + y +a)2α−2 for any positive a. It should be noticed
at this point that the last integral converges only if ρ < 2α, which is one of our standing
assumptions. Now, putting together the estimates (30), (31), (32) and (33), we get the desired
result. ��
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Remark 2.8 The kernel (x, y) → (x + y)2α−2−ρ appearing in the last case is singular only at
the point (x, y) = (0, 0), whereas the usual kernel (x, y) → (±ı(x − y))2α−2 is singular on
the diagonal. This simple fact explains why our estimates work (and why the deformation of
contour is so important). Note that the absolute value should not be placed inside the integral
before the deformation of contour (otherwise the integrals become most of the time infinite
in the limit η → 0).

3 The rough path associated to �

We proceed in this section to the definition of a rough path above the process � defined at
Sect. 2.1. To this purpose, let us first recall what is meant by rough path in our complex plane
context:

Definition 3.1 Let � be a neighborhood of 0 in 	+, X : � → C
d be a μ-Hölder path with

0 < μ < 1, whose restriction to 	+ is analytic, and set N = �1/μ�. We say that X generates
a rough path if there exists a family {Xn; 1 ≤ n ≤ N } defined on �, satisfying:

(i) Xn is a 1-increment with Hölder regularity nμ, taking values in C
dn

, that is Xn is an
element of Cnμ

2 (�; C
dn

). Recall in particular that Xn is by definition analytic on 	+.
(ii) We have X1 := X , and the algebraic relations satisfied by the Xn are the same as

those of Proposition 1.1: for any n ≤ N , (i1, . . . , in) ∈ {1, . . . , d}n , we have the
multiplicative property

δXn(i1, . . . , in) =
n−1∑

j=1

Xj(i1, . . . , i j )Xn−j(i j+1, . . . , in), (34)

that is δXn
tus(i1, . . . , in) = ∑n−1

j=1 Xj
tu(i1, . . . , i j )Xn−j

us(i j+1, . . . , in), for any
t, u, s ∈ �.

(iii) Furthermore, the rough path generated by X is said to be of geometric type under the
following additional condition: for any n, m such that n + m ≤ N , we have:

Xn(i1, . . . , in) ◦ Xm( j1, . . . , jm)=
∑

k̄∈Sh(ı̄,j̄ )

Xn+m(k1, . . . , kn+m), (35)

where, for two tuples ı̄, j̄ , �(ı̄,j̄ ) stands for the set of permutations of the indices
contained in (ı̄, j̄ ), and Sh(ı̄, j̄ ) is a subset of �(ı̄,j̄ ) defined by:

Sh(ı̄, j̄ ) = {
σ ∈ �(ı̄,j̄ ); σ does not change the orderings of ı̄ and j̄

}
.

For instance, Eq. 35 reads for n = 2 and m = 1

X2(i1, i2) ◦ X1( j1) = X3(i1, i2, j1) + X3(i1, j1, i2) + X3( j1, i1, i2). (36)

As mentioned in the introduction, the construction of the rough path above our analytic
fBm will be achieved by regularizing � into a process �ε defined on 	+ by �ε

t = �t+ıε .
The latter process is analytic on an open neighborhood of 	̄+, which allows to define any
iterated integral of �ε in the Riemann sense. Then the convergence of these integrals in some
suitable Hölder spaces is obtained by combining the Garsia type result of Proposition 2.4
and some moment estimates similar to Lemma 2.7.

123



212 S. Tindel, J. Unterberger

3.1 Convergence of �ε

A very first step in the analysis of � consists in getting some convergence results for �ε itself
towards �, in Hölder spaces. In order to obtain this (intuitively trivial) convergence, we shall
use the following estimates, which are immediate consequences of Lemma 2.5: there exists
a constant c such that, for all ε, η > 0, and s, t ∈ 	̄+, we have

E
[∣
∣�ε

t − �ε
s

∣
∣2
]

≤ c |t − s|2α , and E
[∣
∣�ε

t − �
η
t

∣
∣2
]

≤ c |ε − η|2α . (37)

We are now ready to study the convergence of �ε on our fixed neighborhood � (recall
also that we work on a complete probability space (U, F, P)):

Lemma 3.2 As ε → 0, the process �ε converges in L1(U; Cμ
1 (�)), for any μ < α and

T > 0. Its limit is the analytic fractional Brownian motion �.

Proof We shall divide this proof into two steps:
Step 1: Reduction to moment estimates. We shall prove that {�ε; ε > 0} is a Cauchy sequence
in L1(U; Cμ

1 (�)), and in order to estimate N [�ε − �η; Cμ
1 ], we shall resort to Lemma 2.3

with f = �ε − �η. This yields, for p > 1 and μ < α,

N [�ε − �η; Cμ
1 ] ≤ cUμ,p

(
δ(�ε − �η)

) = c

⎛

⎝
∫

�

∫

�

|δ(�ε − �η)ts |2p

|t − s|2μp+4 dsdt

⎞

⎠

1/2p

.

Hence, invoking Jensen’s inequality, we obtain:

E
[N [�ε − �η; Cμ

1 ]] �

⎛

⎝
∫

�

∫

�

E
[|δ(�ε − �η)ts |2p

]

|t − s|2μp+4 dsdt

⎞

⎠

1/2p

�

⎛

⎝
∫

�

∫

�

Ep
[|δ(�ε − �η)ts |2

]

|t − s|2μp+4 dsdt

⎞

⎠

1/2p

,

where we have used the fact that �ε, �η are Gaussian processes in the last inequality. By
considering p large enough in the relation above, it is thus easily seen that, if we can prove
that

E[|δ(�ε − �η)ts |2] ≤ c|t − s|2μ̂|ε − η|β (38)

for a certain β > 0 and μ < μ̂ < α, then the following relation holds true:

E
[N [�ε − �η; Cμ

1 ]] � |ε − η|β/2.

Thus, we get that the family {�ε; ε > 0} is a Cauchy sequence in L1(U; Cμ
1 ([0, T ])), whose

limit is the analytic fBm �, provided we can prove (38). The remainder of the proof is thus
devoted to show the latter relation.
Step 2: Moment estimates. Set Uts = E[|δ(�ε − �η)ts |2]. We shall now prove that Uts ≤
cρ |t − s|2αρ |ε − η|2α(1−ρ) for every ρ ∈ (0, 1). To this purpose, notice that:

|δ(�ε − �η)ts |2 � |δ�ε
ts |2 + |δ�η

ts |2, and |δ(�ε − �η)ts |2 � |�ε
t − �

η
t |2 + |�ε

s − �η
s |2.

This allows to write, for an arbitrary exponent ρ ∈ (0, 1),

Uts �
(
E
[|δ�ε

ts |2 + |δ�η
ts |2

])ρ (
E
[|�ε

t − �
η
t |2 + |�ε

s − �η
s |2])1−ρ

.
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A direct application of the estimates given at the beginning of the present paragraph yields:

Uts � |t − s|2αρ |ε − η|2α(1−ρ), (39)

which ends the proof, since μ ≡ αρ can be taken as close as we wish to α. ��
Remark 3.3 A slight extension of the computations above allows to prove that in fact, �ε

converges in L p(U; Cμ
1 (�)) for any p > 1.

3.2 Convergence of Lévy’s area

Consider a two-dimensional analytic fBm � = (�(1), �(2)) with independent components,
and the associated approximation �ε = (�ε(1), �ε(2)). We then set

�2,ε( j1, j2) =
∫

[s,t]
d�ε

u1
( j1)

∫

[s,u1]
d�ε

u2
( j2), for j1, j2 ∈ {1, 2}, s, t ∈ �, (40)

where the above iterated integral is understood in the Riemann sense. This section is devoted
to prove that �2,ε is a convergent sequence in L1(U; C2μ

2 (�)), and that its limit �2 satisfies
δ�2 = δB ⊗δB as in Definition 3.1. We shall study the convergence for j1 = j2 and j1 �= j2
separately.

Proposition 3.4 The increments �2,ε(1, 1) and �2,ε(2, 2) converge in L1(U; C2μ
2 (�)).

Proof For notational sake, we shall write C2μ
2 , C2μ

3 instead of C2μ
2 (�), C2μ

3 (�) in the sequel.

In order to prove that �2,ε(1, 1) is a Cauchy sequence in L1(U; C2μ
2 (�)), we invoke Propo-

sition 2.4, which can be read here as:

N [�2,ε(1, 1) − �2,η(1, 1); C2μ
2 ]

� U2μ,p(�
2,ε(1, 1) − �2,η(1, 1)) + N [δ�2,ε(1, 1) − δ�2,η(1, 1); C2μ

3 ] ≡ A1 + A2.

In order to estimate the term A1 above, notice first that, since �ε is a regular path, we have:
�

2,ε
ts (1, 1) = 1

2

[
δ�ε

ts(1)
]2. Hence,

A1 = 1

2

⎛

⎝
∫

�

∫

�

|[δ�ε
ts(1)]2 − [δ�η

ts(1)]2|2p

|t − s|4μp+4 dsdt

⎞

⎠

1/2p

.

This integral can now be bounded as in Lemma 3.2, by means of an inequality similar to (39).
Let us turn now to the evaluation of the term A2. Owing to the fact that �2,ε is defined by

(40), where �ε is a regular process, the following particular case of (4) is readily checked:
[
δ�2,ε(1, 1) − δ�2,η(1, 1)

]

tus
= δ�ε

tu(1)δ�ε
us(1) − δ�

η
tu(1)δ�η

us(1).

Hence, for an arbitrary coefficient ρ ∈ (0, 1) and 0 < μ < μ̂ < α, we end up with:
∣∣∣
[
δ�2,ε(1, 1) − δ�2,η(1, 1)

]

tus

∣∣∣ ≤
[
(N [�ε; Cμ̂

1 ] + N [�η; Cμ̂
1 ])|t − u|μ̂|u − s|μ̂

]ρ

×[δ�ε
tu(1)

(
δ�ε

us(1) − δ�η
us(1)

)

+ (
δ�ε

tu(1) − δ�
η
tu(1)

)
δ�η

us(1)
]1−ρ

,
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and thus, a standard application of the Cauchy–Schwarz inequality yields:

E[A2] = E
[
N [δ�2,ε(1, 1) − δ�2,η(1, 1); C2μ

3 ]
]

� E1/2
[
N 2ρ[�ε(1); Cμ̂

1 ] + N 2ρ[�η(1); Cμ̂
1 ]
]

E1/2
[
N 2(1−ρ)[�ε(1) − �η(1); Cμ̂

1 ]
]

� |ε − η|β,

for a certain β > 0, according to Remark 3.3 and Eq. 39. Our claim is now easily deduced
from our estimates on A1 and A2. ��

Let us begin the preliminary steps for the convergence of the crossed terms �2,ε(1, 2) and
�2,ε(2, 1), for which the following notation will be needed

Notation 3.5 For ε1, ε2 > 0 and (x, ȳ) ∈ 	̄+ × 	̄−, we set

Fε1,ε2(x, ȳ) := (−ı(x − ȳ) + ε1 + ε2)
2α−2.

With this notation in hand, one can estimate the increments of �2,ε as follows:

Lemma 3.6 For any s, t ∈ � and ρ ∈ (0, 1), there exists a positive constant cρ > 0 such
that

E[|(�2,ε(1, 2) − �2,η(1, 2))ts |2] ≤ cρ |t − s|4α(1−ρ)|ε − η|4αρ.

Proof According to identity (17), we have:

E[|(�2,ε(1, 2) − �2,η(1, 2))ts |2]

= E

⎡

⎢
⎣

⎛

⎜
⎝

∫

[s,t]
d�u1+ıε(1)

∫

[s,u1]
d�u2+ıε(2) −

∫

[s,t]
d�u1+ıη(1)

∫

[s,u1]
d�u2+ıη(2)

⎞

⎟
⎠

×
⎛

⎜
⎝

∫

[s,t]
d�̄v1+ıε(1)

∫

[s,v1]
d�̄v2+ıε(2) −

∫

[s,t]
d�̄v1+ıη(1)

∫

[s,v1]
d�̄v2+ıη(2)

⎞

⎟
⎠

⎤

⎥
⎦

=
∫

[s,t]
du1

∫

[s,u1]
du2

∫

[s̄,t̄]
d v̄1

∫

[s̄,v̄1]
d v̄2 F (2)

ε,η (u1, v̄1; u2, v̄2),

where, recalling Notation 3.5, the function F (2)
ε,η is defined by:

F (2)
ε,η (u1, v̄1; u2, v̄2) = Fε,ε(u1, v̄1)Fε,ε(u2, v̄2)

+Fη,η(u1, v̄1)Fη,η(u2, v̄2) − 2Fε,η(u1, v̄1)Fε,η(u2, v̄2)

= Fε,ε(u1, v̄1)
[
Fε,ε(u2, v̄2) − Fε,η(u2, v̄2)

]

+Fε,η(u2, v̄2)
[
Fε,ε(u1, v̄1) − Fε,η(u1, v̄1)

]

+Fη,η(u1, v̄1)
[
Fη,η(u2, v̄2) − Fη,ε(u2, v̄2)

]

+Fη,ε(u2, v̄2)
[
Fη,η(u1, v̄1) − Fη,ε(u1, v̄1)

]
.

We now have to control a sum made of many terms exhibiting the same level of difficulty.
We shall thus focus on one of them, namely:

I (2)
1 �

∫

[s,t]
du1

∫

[s,u1]
du2

∫

[s̄,t̄]
d v̄1

∫

[s̄,v̄1]
d v̄2 Fε,η(u2, v̄2)

[
Fε,ε(u1, v̄1) − Fε,η(u1, v̄1)

]
.

123



Analytic fractional Brownian motion 215

For the control of I (2)
1 , as in Lemma 2.7, we introduce the contour of integration

γ := γ1 ∪ γ2 ∪ γ3 = [s, s + ı |t − s|] ∪ [s + ı |t − s|, t + ı |t − s|] ∪ [t + ı |t − s|, t].

If z ∈ γ , let γ (z) be the section of the path γ comprised between s and z. Then (by Cauchy’s
theorem)

I (2)
1 =

∫

γ

dz1

∫

γ (z1)

dz2

∫

γ̄

dw̄1

∫

γ (w1)

dw̄2 Fε,η(z2, w̄2)
[
Fε,ε(z1, w̄1) − Fε,η(z1, w̄1)

]
.

As in Lemma 2.7, 9 terms should be controlled in order to achieve the desired bound. We
shall treat the most divergent of them, that is:

J (2)
1 =

∫

γ1

dz1

∫

γ (z1)

dz2

∫

γ̄1

dw̄1

∫

γ (w1)

dw̄2 Fε,η(z2, w̄2)
[
Fε,ε(z1, w̄1) − Fε,η(z1, w̄1)

]
.

On γ1, the change of variable z1 = s+ıu1 for 0 ≤ u1 ≤ |t−s|, z2 = s+ıu2 for 0 ≤ u2 ≤ u1,
and the same kind of transformations for w̄1, w̄2, yield:

J (2)
1 =

|t−s|∫

0

du1

u1∫

0

du2

|t−s|∫

0

dv1

v1∫

0

dv2

[
(2
s + u1 + v1 + 2ε)2α−2 − (2
s + u1 + v1 + ε + η)2α−2]

× (2
s + u2 + v2 + 2ε)2α−2,

and hence:

|J (2)
1 | ≤

|t−s|∫

0

du1

|t−s|∫

0

dv1
∣∣(u1 + v1 + 2ε)2α−2 − (u1 + v1 + ε + η)2α−2

∣∣

×
|t−s|∫

0

du2

|t−s|∫

0

dv2
∣∣(u2 + v2 + 2ε)2α−2

∣∣ .

As in Lemma 2.7, we can now easily conclude, for an arbitrary constant 0 < ρ < 1, that:

|J (2)
1 | � |ε − η|4αρ(t − s)4α(1−ρ).

We may now treat the other terms appearing in the analysis of I (2)
1 (and more generally of

F (2)) in the same way, which ends the proof. ��
We are now ready to analyze the convergence of the crossed terms �2,ε(1, 2) and

�2,ε(2, 1):

Proposition 3.7 The increments �2,ε(1, 2) and �2,ε(2, 1) converge in L1(U; C2γ
2 (�)).

Proof The beginning of the proof goes exactly along the same lines as for Proposition 3.4.
Let us write C2μ

2 , C2μ
3 for C2μ

2 (�), C2μ
3 (�). In order to prove that �2,ε(1, 2) is a Cauchy

sequence in L1(U; C2μ
2 (�)), we invoke Proposition 2.4:

N [�2,ε(1, 2) − �2,η(1, 2); C2μ
2 ]

� U2μ,p(�
2,ε(1, 2) − �2,η(1, 2)) + N [δ�2,ε(1, 2) − δ�2,η(1, 2); C2μ

3 ] ≡ A1 + A2.
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The term A2 can now be bounded as in Proposition 3.4, owing to the fact that δ�2,ε(1, 2) =
δ�ε(1)δ�ε(2). We thus get

E[A2] � |ε − η|β,

for a certain β > 0.
The term A1 can be handled in the following way: by definition, we have

A1 =
⎛

⎝
∫

�

∫

�

|�2,ε
ts (1, 2) − �

2,η
ts (1, 2)|2p

|t − s|4μp+4 dsdt

⎞

⎠

1/2p

.

We can now apply Jensen’s inequality as in Lemma 3.2. Furthermore, �2,ε
ts (1, 2) is a random

variable in the second chaos of the fractional Brownian motion �, and since all the L p norms
on any given fixed chaos are equivalent, we obtain:

E[A1] �
∫

�

∫

�

Ep
[
|�2,ε

ts (1, 2) − �
2,η
ts (1, 2)|2

]

|t − s|4μp+4 dsdt.

As in Lemma 3.2, we are now reduced to an estimate of the form

E[|(�2,ε − �2,η)ts |2] ≤ c|t − s|2μ̂|ε − η|β,

for a certain β > 0 and μ < μ̂ < α. But this estimate stems directly from Lemma 3.6, and
gathering our estimates on A and B, we have thus proved our claim:

E
[
N [�2,ε(1, 2) − �2,η(1, 2); C2μ

2 ]
]

� |ε − η|β .

��
Remark 3.8 As in Sect. 3.1, the L p-convergence of �2,ε(i, j) in C2μ

2 (�) can also be obtained
here for i, j ∈ {1, 2}, by slightly adapting our computations for the L1-convergence.

Putting together the results we have obtained so far, we can now state the following exis-
tence result for a rough path of order 2 based on �, for any value of the Hurst parameter
α ∈ (0, 1/2):

Theorem 3.9 Let � be an analytic fractional Brownian motion with Hurst parameter α ∈
(0, 1/2), and �ε its regular approximation. Let also �2,ε be the regularized Lévy area given
by formula (40), and consider 0 < μ < α. Then:

(1) For any p ≥ 1, the couple (�ε,�2,ε) converges in L p(U; Cμ
1 (�; C

d) × C2μ
2 (�; C

d,d))

to a couple (�, �2), where � is the analytic fractional Brownian motion mentioned
above.

(2) The increment �2 satisfies the multiplicative and geometric algebraic relations
prescribed in Definition 3.1, namely:

δ�2(i, j) = δ�(i)δ�( j), and �2(i, j) + �2( j, i) = δ�(i) ◦ δ�( j),

for i, j = 1, . . . , d.

Proof The first part of our assertion is trivially deduced from Propositions 3.2, 3.4 and 3.7.
As far as the second part of our claim is concerned, it is sufficient to notice that, since �2,ε

is a smooth process, the relation

δ�2,ε(i, j) = δ�ε(i)δ�ε( j), and �2,ε(i, j) + �2,ε( j, i) = δ�ε(i) ◦ δ�ε( j),
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is automatically satisfied, by some algebraic manipulations involving only usual Riemann
integrals. The desired result is then obtained by taking limits on both sides of the identity
above, and taking into account that �ε converges in any Lq(U; Cμ

1 (�; C
d)), for q ≥ 1. ��

3.3 Multidimensional estimates

Let � = (�(1), . . . , �(d)) be an d-dimensional analytic fractional Brownian motion. This
section is a generalization of the previous one to the case of multiply iterated integrals of
any order. As a result, we finally obtain a rough-path lying above �. Let us consider then our
fixed bounded neighborhood � of 0 and the analytic approximation �ε of �. For s, t ∈ �,
n ≤ N = �1/α�, and any tuple (i1, . . . , in) ∈ {1, . . . , d}n , the natural approximation of
�n

ts(i1, . . . , in) is given by the Riemann iterated integral:

�
n,ε
ts (i1, . . . , in) :=

∫

[s,t]
d�ε

u1
(i1)

∫

[s,u1]
d�ε

u2
(i2) · · ·

∫

[s,un−1]
d�ε

un
(in). (41)

In particular, we shall denote by Vε
ts the following Lévy ’hypervolume’:

Vε
ts = �

n,ε
ts (1, . . . , n).

As in the case of Sect. 3.2, an important preliminary step in order to obtain the convergence
of �n,ε is the following bound:

Lemma 3.10 Let � be a fixed bounded neighborhood of 0 in 	̄+, and p ≥ 1. For every
ρ ∈ (0, 2α), there exists a constant Cρ such that for every n ≥ 3 and any n-uple (i1, . . . , in) ∈
{1, . . . , d}n, we have:

E
[∣∣�n,ε

ts (i1, . . . , in) − �
n,η
ts (i1, . . . , in)

∣∣2p
]

≤ Cρ |ε − η|pρ |t − s|p(2nα−ρ), s, t ∈ �.

(42)

Proof First of all, since we are dealing with random variables in the nth chaos of the Gauss-
ian process �, it is enough to prove inequality (42) for p = 1. Next, the following lines
prove that it is enough to estimate E[|Vε

ts − Vη
ts |2]. Namely, suppose that some of the indices

(i1, . . . , in) coincide, and let �I ⊂ �d be the subgroup of permutations σ ∈ �d such that
iσ( j) = i j for all j = 1, . . . , n. Then

E
[∣∣�n,ε

ts (i1, . . . , in) − �
n,η
ts (i1, . . . , in)

∣∣2
]

=
∑

σ∈�I

E
[ (

�
n,ε
ts (1, . . . , n) − �

n,η
ts (1, . . . , n)

)

×(�n,ε
ts (σ (1), . . . , σ (n)) − �

n,η
ts (σ (1), . . . , σ (n))

)]
, (43)

and it is easily seen by the Cauchy–Schwarz inequality that this last term is bounded by
|�I | E[|Vε

ts − Vη
ts |2]. In order to justify Eq. 43, let us just take the example n = 3 and

(i1, i2, i3) = (1, 1, 2). Then the computation of E[|�3,ε
ts (1, 1, 2) − �

3,η
ts (1, 1, 2)|2] involves

products of the form:

E
[(

�′
z1

(1)�′
z2

(1)�′
z3

(2)
) (

�̄′
w1

(1)�̄′
w2

(1)�̄′
w3

(2)
)]

,

which, invoking Wick’s formula, are equal to

E
[
�′

z1
(1)�̄′

w1
(1)

]
E
[
�′

z2
(1)�̄′

w2
(1)

]
E
[
�′

z3
(2)�̄′

w3
(2)

]

+E
[
�′

z1
(1)�̄′

w2
(1)

]
E
[
�′

z2
(1)�̄′

w1
(1)

]
E
[
�′

z3
(2)�̄′

w3
(2)

]
. (44)
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These two terms correspond to σ = Id or σ = τ12 in the right-hand side of (43), and one can
check that expression (44) is equal to

E
[(

�′
z1

(1)�′
z2

(2)�′
z3

(3)
) (

�̄′
w1

(1)�̄′
w2

(2)�̄′
w3

(3) + �̄′
w1

(2)�̄′
w2

(1)�̄′
w3

(3)
)]

.

The general case can be treated along the same lines, up to some cumbersome notations.
Hence all we need is to obtain a bound of the form:

E
[|Vε

ts − Vη
ts |2

] ≤ Cρ |ε − η|ρ |t − s|2nα−ρ, s, t ∈ �. (45)

As in the Lévy area case of the previous section (see Lemma 3.6), a straightforward
application of identity (17) yields

E
[|Vε

ts − Vη
ts |2

] =
⎛

⎜
⎝
∫

[s,t]
du1

∫

[s,u1]
du2 · · ·

∫

[s,un−1]
dun

⎞

⎟
⎠

×
⎛

⎜
⎝
∫

[s̄,t̄]
d v̄1

∫

[s̄,v̄1]
d v̄2 · · ·

∫

[s̄,ūn−1]
d v̄n

⎞

⎟
⎠ F (n)

ε,η (u1, v̄1, . . . , un, v̄n),

where, recalling Notation 3.5, the function F (d)
ε,η is defined by

F (n)
ε,η (u1, v̄1, . . . , un, v̄n) =

n∏

j=1

Fε,ε(u j , v̄ j ) +
n∏

j=1

Fη,η(u j , v̄ j ) − 2
n∏

j=1

Fε,η(u j , v̄ j ).

Observe that the latter function can be further decomposed into:

F (n)
ε,η (u1, v̄1, . . . , un, v̄n) =

d∑

j=1

G j
ε,η(u1, v̄1, . . . , un, v̄n) + G j

η,ε(u1, v̄1, . . . , un, v̄n),

where the functions G j are defined by:

G j
ε,η(u1, v̄1, . . . , un, v̄n) = Fε,ε(u1, v̄1) · · · Fε,ε(u j−1, v̄ j−1)[Fε,ε(u j , v̄ j ) − Fε,η(u j , v̄ j )]

×Fε,η(u j+1, v̄ j+1) · · · Fε,η(un, v̄n)

We have thus proved that E
[|Vε

ts − Vη
ts |2

] = ∑d
j=1 I j

ε,η + I j
η,ε , where

I j
ε,η =

⎛

⎜
⎝
∫

[s,t]
du1

∫

[s,u1]
du2 · · ·

∫

[s,un−1]
dun

⎞

⎟
⎠

×
⎛

⎜
⎝
∫

[s̄,t̄]
d v̄1

∫

[s̄,v̄1]
d v̄2 · · ·

∫

[s̄,ūn−1]
d v̄n

⎞

⎟
⎠G j

ε,η(u1, v̄1, . . . , un, v̄n),

In order to show relation (45), it is thus sufficient to prove that, for all j = 1, . . . , n, we
have |I j

ε,η| ≤ Cρ |ε − η|ρ |t − s|2nα−ρ . Observe now that we may cast the term I j
ε,η into the
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following form:

I j
ε,η =

⎛

⎜
⎝
∫

[s,t]
du1

∫

[s,u1]
du2 · · ·

∫

[s,u j−1]
du j

⎞

⎟
⎠

⎛

⎜
⎝
∫

[s̄,t̄]
d v̄1

∫

[s̄,v̄1]
d v̄2 · · ·

∫

[s̄,ū j−1]
d v̄ j

⎞

⎟
⎠

×Fε,ε(u1, v̄1) · · · Fε,ε(u j−1, v̄ j−1)
[
Fε,ε(u j , v̄ j ) − Fε,η(u j , v̄ j )

]
φ(u j , v̄ j ; s),

where

φ(u j , v̄ j ; s) =
⎛

⎜
⎝

∫

[s,u j ]
du j+1 · · ·

∫

[s,un−1]
dun

⎞

⎟
⎠

⎛

⎜
⎝

∫

[s̄,v̄ j ]
d v̄ j+1 · · ·

∫

[s̄,v̄n−1]
d v̄n

⎞

⎟
⎠

×Fε,η(u j+1, v̄ j+1) · · · Fε,η(ud , v̄d).

It is thus readily checked that the function φ(u j , v̄ j ; s) is an analytic iterated integral in
the sense of Lemma 2.6, bounded by a constant times |t − s|2α(n− j). Hence it satisfies the
hypothesis of Lemma 2.7. As in the proof of the latter result, let γ := [s, s + ı |t − s|] ∪ [s +
ı |t − s|, t + ı |t − s|] ∪ [t + ı |t − s|, t] be a complex deformation of the contour [s, t], and,
if z ∈ γ , let γ (z) be the section of the path γ comprised between s and z. Then

I j
ε,η =

⎛

⎜
⎝
∫

γ

du1

∫

γ (u1)

du2 . . .

∫

γ (u j−1)

du j

⎞

⎟
⎠

⎛

⎜⎜
⎝

∫

γ̄

d v̄1

∫

γ (v1)

d v̄2 . . .

∫

γ (v j−1)

d v̄ j

⎞

⎟⎟
⎠

×Fε,ε(u1, v̄1) · · · Fε,ε(u j−1, v̄ j−1)
[
Fε,ε(u j , v̄ j ) − Fε,η(u j , v̄ j )

]
φ(u j , v̄ j ; s),

and thus

|I j
ε,η| ≤

⎛

⎝
∫

γ

|du1|
∫

γ

|du2| . . .
∫

γ

|du j |
⎞

⎠

⎛

⎜
⎝
∫

γ̄

|d v̄1|
∫

γ̄

|d v̄2| . . .
∫

γ̄

|d v̄ j |
⎞

⎟
⎠

|Fε,ε(u1, v̄1)| · · · |Fε,ε(u j−1, v̄ j−1)||Fε,ε(u j , v̄ j ) − Fε,η(u j , v̄ j )||φ(u j , v̄ j ; s)|.
Now the multiple integral factorizes, and one is left with an expression of the form A j−1

1 A2,
where

A1 =
∫

γ

|du|
∫

γ̄

|d v̄|∣∣(−ı(u − v̄) + 2ε)2α−2
∣∣ � |t − s|2α (46)

by Lemma 2.5, and

A2 =
∫

γ

|du j |
∫

γ̄

|d v̄ j ||φ(u j , v̄ j ; s)| (47)

which is bounded as in Lemma 2.7 by a constant times |t − s|2α(n− j)+2α−ρ |ε − η|ρ for any
ρ ∈ (0, 2α). The above estimates now yield easily the desired bound |I j

ε,η| ≤ Cρ |ε−η|ρ |t −
s|2nα−ρ . ��

The rough-path convergence of the multiplicative functional (�ε, . . . ,�n,ε) to order n is
a consequence from the above computations and may be stated as follows:
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Theorem 3.11 Let � be an analytic fractional Brownian motion with Hurst parameter α ∈
(0, 1/2), and �ε its regular approximation. Let also n = �1/α�, �k,ε, k = 2, . . . , n be the
regularized iterated integrals given by formula (41), and consider 0 < μ < α. Then:

(1) For any p ≥ 1, the truncated multiplicative functional (�ε,�2,ε, . . . ,�n,ε) converges
in L p(U; Cμ

1 (�; C
d) × · · · × Cnμ

2 (�; (Cd)⊗n)) to an n-tuple (�,�2, . . . ,�n), where �

is the analytic fractional Brownian motion defined in Sect. 4.
(2) The truncated multiplicative functional (�ε,�2,ε, . . . ,�n,ε) satisfies the multiplicative

and geometric algebraic relations prescribed in Definition 3.1.

Proof Similar to that of Theorem 3.9. ��

4 Solutions of differential equations driven by �

We close this article by showing how to solve pathwise differential equations driven by our
analytic fBm �. The power of complex analytic methods will allow us to dispense with the
rough path apparatus constructed in the previous sections. Note however that our method of
rough path construction also includes a natural way to obtain sharp moment estimates for the
multiplicative functional (�,�2, . . . ,�n). This might be of interest in some typical rough
paths expansions, where those moments enter into the picture (see e.g. the stochastic Taylor
expansions in [2,11,14]).

Our estimates will essentially be an outcome of the following simple lemma:

Lemma 4.1 Let � be a neighbourhood of 0 in 	̄+, and ρ > 1 − α. Then there exists a
positive, almost surely finite random variable Cρ = Cρ(ω) such that

sup
z∈�

|
z|ρ ||�′
z | = Cρ(ω).

Proof Let Zz := |
z|ρ�′
z and ε = ρ−1+α > 0. Let also My(x, x ′) := E|Zx+ı y −Zx ′+ı y |2,

for x, x ′ ∈ R and y > 0. A simple application of (17) yields

My(x, x ′) = C
(
22α−2 y2ε − y2−2α+2ε
(2y + ı(x − x ′))2α−2),

for some constant C . If |x − x ′| � y, we thus get My(x, x ′) � y2ε � |x − x ′|2ε . If on the

contrary |x − x ′| � y then (by Taylor expanding to order 2) My(x, x ′) � y2ε
(

x−x ′
y

)2
�

|x − x ′|2ε too.
Similarly, let, for y2 > y1 > 0,

Mx (y1, y2) := E|Zx+ı y1 − Zx+ı y2 |2
= C

[
22α−2(y2ε

1 + y2ε
2 ) − 2(y1 y2)

1−α+ε(y1 + y2)
2α−2]

for some constant C > 0. Let δ := y2 − y1 > 0. If δ � y1 then a Taylor expansion to order 1
yields Mx (y1, y2) = y2ε

1 O(δ/y1) � δ2ε . If on the other hand δ is comparable or much larger
than y1, then simply Mx (y1, y2) � y2ε

2 � δ2ε .

Hence, putting together our estimates on My(x, x ′) and Mx (y1, y2), and letting y2 > y1 >0,
we obtain

E|Zx ′+ı y2 − Zx+ı y1 |2 ≤ 2
(
E|Zx ′+ı y2 − Zx+ı y2 |2 + E|Zx+ı y2 − Zx+ı y1 |2

)

� |x ′ − x |2ε + |y1 − y2|2ε .
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This, together with the classical Kolmogorov-Centsov lemma, implies the a.s. continuity of
(Zz, z ∈ 	̄+), and in particular its boundedness on every compact. ��

A new space of functions, which shall be called Hρ,r , emerges naturally from the previous
lemma:

Definition 4.2 Fix ρ ∈ (0, 1) and r > 0. Let, for f analytic on a complex neighbourhood
of B(0, r) ∩ 	+,

‖ f ‖ρ,r := | f0| + sup
z∈B(0,r)∩	+

|
z|ρ | f ′
z |.

Let also Hρ,r be the space of functions f , analytic on a complex neighbourhood of B(0, r)∩
	+, such that ‖ f ‖ρ,r < ∞.

By the classical Weierstrass theorem [1], Hρ,r is a Banach space. Furthermore, it is
included in a space of Hölder functions:

Lemma 4.3 Let f ∈ Hρ,r . Then f is in the Hölder space C1−ρ and

sup
z∈	+,|z|<r

| fz | ≤ | f0| + Cr1−ρ‖ f − f0‖ρ,r

for some universal constant C.

Proof Let z1, z2 ∈ B(0, r) ∩ 	+. We shall prove that | fz1 − fz2 | ≤ C‖ f ‖ρ,r |z1 − z2|1−ρ ,
which shows both assertions simultaneously. Let δ = |z1 − z2|, and let γ be the path [z1, z1 +
ıδ|] ∪ [z1 + ıδ, z2 + ıδ] ∪ [z2 + ıδ, z2], so that fz1 − fz2 = ∫

γ
f ′
ζ dζ (at least if the path is

included in B(0, r), otherwise one may replace z1 + ıδ, resp. z2 + ıδ by the last point in the
segment [z1, z1 + ıδ], resp. [z2, z2 + ıδ] contained in B(0, r); unessential details are left to
the reader). One has

∣∣∣

z1+ıδ∫

z1

f ′
ζ dζ

∣∣∣ ≤ ‖ f ‖ρ,r

z1+ıδ∫

z1

|
z|−ρd|z|

= ‖ f ‖ρ,r


z1+δ∫


z1

y−ρdy

≤ C‖ f ‖ρ,rδ
1−ρ

for some constant C = C(ρ), as the reader may check (whether 
z1
δ

small or large). The
same estimate holds for the integral along [z2 + ıδ, z2], while

∣∣∣

z2+ıδ∫

z1+ıδ

f ′
ζ dζ

∣∣∣ ≤ ‖ f ‖ρ,rδ
−ρ

z2+ıδ∫

z1+ıδ

|dζ | = ‖ f ‖ρ,rδ
1−ρ.

��

The previous observations imply the stability of Hρ,r by integration:
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Proposition 4.4 Let f, g be two elements of Hρ,r . For z ∈ B(0, r) ∩ 	+, set

Jz0(dg f ) = lim
ε→0

z+ıε∫

ıε

g′
ζ fζ ,

where the right hand side is understood in the Riemann sense. Then z �→ Jz0(dg f ) is well
defined as an element of Hρ,r .

Proof The existence of the limit is obviously proved as in Lemma 4.3. In order to show that
z �→ Jz0(dg f ) lies in Hρ,r , it is enough to observe that, if z ∈ B(0, r) ∩ 	+,

|
z|ρ | fz ||g′
z | ≤ sup

ζ∈B(0,r)∩	+
| fζ | · ‖g − g0‖ρ,r .

��
Since we have seen that the analytic fBm is an element of Hρ,r , the proposition above is

a clear indication that one should be able to solve differential equations driven by � in the
space Hρ,r . This is indeed the case:

Theorem 4.5 Let � : 	̄+ → C be a function in the space Hρ,r for some r (for instance,
� may be taken to be almost any path of afbm, and r may be chosen arbitrarily large). Let
duz = V (uz)d�z be a differential equation driven by �, with initial condition u0 = a; the
function V is supposed to be analytic on a complex neighbourhood of a. Then the differential
equation has a unique solution in Hρ,r ′ if r ′ ≤ r is small enough.

Proof Let Ha
ρ,r = { f ∈ Hρ,r ; f0 = a}, and

� : Ha
ρ,r → Ha

ρ,r , � : u → [�(u)]z := a +
z∫

0

V (uζ )d�ζ .

Then, letting r ′ ≤ r be small enough (depending on ‖u‖ρ,r )

‖�(u)‖ρ,r ′ = sup
z∈	+,|z|≤r ′

|
z|ρ |V (uz)�
′
z |

≤ ‖�‖ρ,r ′
(|V (a)| + C |V ′(a)| ‖u − a‖ρ,r ′(r ′)1−ρ

)
(48)

for some universal constant C . This allows to prove that � leaves invariant a ball of the form
BM := {u ∈ Ha

ρ,r ′ ; ‖u − a‖ρ,r ′ ≤ M} for r ′ small enough and M depending on V and �.
Indeed, set M = 2‖�‖ρ,1|V (a)|, and then

(i) choose r0 = r0(M) small enough so that �(u) is defined on BM , seen as a subset of
Ha

ρ,r0
;

(ii) then inequality (48) easily yields the invariance of BM ⊂Ha
ρ,r ′ by � whenever (r ′)1−ρ �

(
V ′(a)‖�‖ρ,1

)−1.

Once that ball BM ⊂ Ha
ρ,r ′ is shown to be invariant by �, one can also prove that � is a

contraction of Ha
ρ,r̂ for some r̂ < r ′. This stems from the fact that, whenever r̂ < r ′,

‖�(u) − �(û)‖ρ,r̂ ≤ Cr ′ |V ′(a)|.‖u − û‖ρ,r̂ (r̂)1−ρ,

which can be proven as for Eq. 48. Choose then r̂ small enough so that Cr ′ |V ′(a)|(r̂)1−ρ ≤ 1
2 ,

and � becomes a contraction of Ha
ρ,r̂ . The proof now follows from the usual fixed point the-

orem on Banach spaces. ��
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