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Abstract In this paper, we consider a complex-valued d-dimensional fractional Brownian
motion defined on the closure of the complex upper half-plane, called analytic fractional
Brownian motion and denoted by I". This process has been introduced in Unterberger (Ann
Probab 37:565-614, 2009), and both its real and imaginary parts, restricted to the real axis,
are usual fractional Brownian motions. The current note is devoted to prove that a rough path
based on I' can be constructed for any value of the Hurst parameter in (0, 1/2). We also show
how to solve differential equations driven by I" in a neighborhood of 0 of the complex upper
half-plane, by means of elementary arguments.

Keywords Rough paths theory - Stochastic differential equations - Fractional Brownian
motion
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0 Introduction

The (two-sided) fractional Brownian motion t — B, t € R (fBm for short) with Hurst
exponent o, o € (0, 1), defined as the centered Gaussian process with covariance

1
E[B,B;] = - (s + 2% — |1 — 5*), (1

is a natural generalization in the class of Gaussian processes of the usual Brownian motion, in
the sense that it exhibits two fundamental properties shared with Brownian motion, namely,
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198 S. Tindel, J. Unterberger

it has stationary increments, viz.
E [(Bt - Bx)(Bu - Bv)] - E[(Bt+a - B‘€+a)(Bu+a - Bv+a)]
forevery a, s, t,u, v € R, and it is self-similar, viz.

VA>0, (Bi,teR) "2 (9B, 1eR). @)
One may also define a d-dimensional vector Gaussian process (called: d-dimensional
fractional Brownian motion) by setting B; := B, = (B;(1),..., B;(d)), where (B;(i),
t € R);=1,... 4 are d independent (scalar) fractional Brownian motions. Its theoretical interest
lies in particular in the fact that it is (up to normalization) the only Gaussian process satis-
fying the two properties (1) and (2). Furthermore, a standard application of Kolmogorov’s
theorem shows that fBm has a version with (o« —€)-Holder paths for every € > 0. This makes
this process amenable to models where a Gaussian process with Holder continuity exponent
different from 1/2 is needed, and we refer for instance to [3,12,15] for some applications to
biophysics.
Consequently, there has been a widespread interest during the past ten years in constructing
a stochastic integration theory with respect to fBm and solving stochastic differential equa-
tions driven by fBm. The multi-dimensional case is very different from the one-dimensional
case. When one tries to integrate for instance a stochastic differential equation driven by a
two-dimensional fBm B = (B(1), B(2)) by using any kind of Picard iteration scheme, one
encounters very soon the problem of defining the Lévy area of B which is the antisymmetric
part of

t 1

Arg ::/dB,l(l)/dB,2(2). 3)

N
This is the simplest occurrence of iterated integrals of the form
t Tk—1

Btks(il, ey dg) = /dB,l @) ... / d By, (ix),
N N
which lie at the heart of the rough path method due to T. Lyons.

Let us describe briefly this method, rephrased in the setting of [8] which is going to be used
in the sequel of the paper: assume X = (X(1),..., X(d)) is some non-smooth a-Holder
d-dimensional path. Integrals such as f X @)dX(t) + -+ fa(X())dX,(t) do not
make sense a priori because X is not differentiable (Young’s integral works for o > % but
not beyond). In order to define the integration of a differential form along X, it is enough
to define a truncated multiplicative functional (X1, ... XWely where ths = X; — X, and
each

K K, .
X* = X1, - ) 1<iy,ip<d

—a matrix of (increments of) continuous paths—is a substitute for the a priori diverging iter-
ated integrals f; dX;, (i1) f;l dX.,(i2) ... fst"" d Xy, (ix), with the following two properties:

(i) Each component of X¥ is k«-Hélder continuous for any « < «.

(i1) Multiplicativity: letting 8X®) s 1= X}‘S — X;‘u — Xk one requires

us”>

X s n i) = D X )X G g1, ()
ki+ky=k
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Analytic fractional Brownian motion 199

Once these functionals are defined, the theory described in [6,8,13] can be seen as a pro-
cedure which allows to define out of these data iterated integrals of any order and to solve
differential equations driven by X.

With these preliminary considerations in mind, it is easily conceived that the fundamental
problem in order to apply the general theory is to give a suitable definition of the functionals
XK. For any smooth path, X¥ can be defined as a Riemann multiple integral. The multi-
plicative and Holder continuity properties are then trivially satisfied, as can be checked by
direct computation. So the most natural way to construct such a multiplicative functional is
to start from some smooth approximation X", n N\ 0 of X such that each iterated integral
Xk'”(il, ..., ik), k < |1/a] converges in the kk -Holder norm for any « < «. This general
scheme has been applied to fBm in a paper by Coutin and Qian [4], by means of standard
n-dyadic piecewise linear approximations B of B.Inalater paper, one of the authors [16]
tried to tackle the problem by seeing B as the real part of the boundary value of an analytic
process I living on the upper half-plane ITT = {z € C||3z > 0}. The time-derivative of this
centered Gaussian process has the following hermitian positive-definite covariance kernel:

— o(l — 2«
E [Fé%] —Km) = 22 gt wert )
: 2cosma
where 7272 := ¢2¢=2Inz (with the usual determination of the logarithm) is defined and

analytic on the cut plane C\R_. Also, by construction, E[',I"; = 0 identically. It is essential
to understand that K’ is a multivalued function on C x C\{(z,Z) | z € C}; on the other
hand, for z, w € ITT we have R(—i(z — w)) > 0, so the kernel K’ is well-defined. Then
B/ := 20T 4,y is a good approximation of fBm, namely, B" converges a.s. in the x-Hélder
distance to a process B with the same law as fBm for any « < «.

Both approximation schemes introduced in [4,16] (see also the recent preprint [5]) lead
to the same semi-quantitative result, namely:

e When o > 1/4, the Lévy area and volume (in other words, the multiplicative functional
truncated to order 3) converge a.s. in the appropriate variation norm. The heart of the proof

lies in the study of the Lévy area ,Zt?; " resp. A;. (recall that those quantities have been
defined by (3)) of the smooth approximations, B, resp. B”; one may prove in particular
that E[(A,z; ! )2] and E[(A?S)Z] converge to the same limit when 27" or  go to 0;

e Whena < 1/4, E[(A%")?] and E[(A],)?] diverge resp. as 2! =4 and n~(=49) Hence
the methods alluded to above fail.

The latter result is of course unsatisfactory. Actually, a rough path has been constructed in
a recent paper by one of the authors [18,19] above fBm with arbitrary Hurst index; how-
ever, the rough path is not obtained by an approximation procedure, but through an algebraic
regularization procedure. To the best of our knowledge, there is no explicit example in the
literature of a construction by approximation of a rough path over a d-dimensional (with
d > 1) process with Holder regularity o < 1/4.

In the current article, we propose to consider the complex-valued process (I';), .7+ over
the closed upper half-plane [T+ := {z € C | Iz > 0} for its own sake, and show how to
construct a rough path over I' by using its analytic approximation I'Y := ;0. n > 0. An
adequate limiting procedure for n — 0T will allow us to prove the following main result:
the iterated integrals I’ kK, i), k< [1/a] converge in the (k«)-Holder norm for any
k < a and any Hurst index « > 0. The limiting objects I'* satisfy our conditions (i) and
(ii) above, which yields the construction of a rough path above the process I". It should be
noticed that, in the analytic context we are dealing with, our rough path will be indexed by
I1*. We will also show how to solve (locally in [T1) some differential equations driven by I'.
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200 S. Tindel, J. Unterberger

Let us make a few comments on these results:
(i) An appropriate name for the I'-process could be analytic fractional Brownian motion
(analytic fBm or afbm for short). This is the name we shall use throughout the article. Yet
the reader should be warned against two possible misunderstandings:

— TI' is analytic only in the (open) upper half-plane. When we consider its restriction to R
(its boundary value on R, one might say) it is merely a continuous process with the same
Holder continuity as the usual fBm. The fact that I" is very irregular on R makes it inter-
esting to be able to solve stochastic differential equations driven by I', whereas they are
almost trivially solved on ITT;

— considering the restriction of I" to R, one may be tempted to write I'; = NI, + 13T, and
to consider separately the real and the imaginary part. Elementary computations show that
both RI" and II" have the same law as fBm. But I" is not merely a complex fBm since RT"
and IT" are not independent (see Sect. 1). It is the correlation between NI and JII” that
cancels the singularities for small Hurst indices.

(ii) It can be shown, thanks to the fact that a geometric rough path above I' exists, that
stochastic differential equations on IT* of the type

w=a +/b(zu)du +/a(zu)dI‘u, aeC" tell” 6)

14 Yt

can be handled, where b and o are vector-valued, resp. matrix-valued analytic functions on a
complex neighborhood of @, and where the integrals |’ , are understood as integrals along any

continuous path y; from 0 to ¢ lying inside [1T, in a sense which is compatible with the rough
paths theory. We shall see however at Sect. 4 that, in spite of the fact that I' is irregular on R,
Eq. 6 can be solved in a rather easy way thanks to a limiting procedure involving Lebesgue
type integrals only. From our point of view, the interest of the current paper rather lies in
the construction of iterated integrals with respect to I', which is based on elegant complex
analytic methods and yields sharp Holder estimates.

(iii) Let us try to explain briefly why the regularized Levy area is divergent for the real fBm
and o < 1/4, while it converges for the analytic one for any o > 0. Let us call then A/, the
regularized Levy area for T, and let us compute E(A;,)? for 7, s € R: by definition (recall
that E[I""(z)I""(w)] = 0 identically)

t X1

t V1
E[(A})?] = 2E / dT x4y (1) / dT gy 119(2) / dTy 4y (1) / dTyy419(2)

N N

t X1

t Y1
+2RE /drxl+,,,(1)/dfx2+m(2) /dl_“y1+,,,(1)/dl"yz+,n(2)
A S

N A

= Vi) + WV (n). )

The first term in the right-hand side writes

Vi(n)

t X1 t Y1
=C / dxi / dx; / dy / dy>(—1(x1 — y1) +20)** 2 (—1(x2 — y2) + 2)** 2
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Analytic fractional Brownian motion 201

t t
_c / dxy / dyy (=1 (x1 — y1) + 2n)22
s N

x [(=1(x1 = y1) + 20 — (—ixy +20)** — (y1 +n)*],

while the second term writes
t !
V() =C’ / dx / dyi(—1(x1 — y1) +20)** 2
N N

x [@(x1 = y1) +2m)% — x4+ 20> — (—1y1 +m)*].

Both integrals look the same except that V, (contrary to Vy) involves both —ix; and 1x1,
and similarly for y;. This seemingly insignificant difference is essential, since V; can be
shown to have a bounded limit when  — 0 by using a contour deformation in IT+ x IT+
which avoids the real axis where singularities live, while this is impossible for V,. Namely,
(—1(x1 — ¥1) + 27)%2=2 is well-defined if (x1, y;) is in the closure of T[Tt x ITT, while
(t(x1—y1)+ 277)2"‘ for instance is well-defined on the closure of I1~ x I1~, where T~ is the
lower half-plane. In fact, explicit computations prove that V,(n) diverges in the limit n — 0
when o < 1/4. Now, the integral V| (1) is the one which appears in the computations con-
cerning the analytic fBm I', while the additional integral V> (7) is needed in order to handle
the case of the real-valued fBm 9I". This fact had already been noted in [16], where V; (1)
(as part of the calculations needed to compute A’\) is evaluated in closed form involving
Gauss’ hypergeometric function (see [16, proof of Theorem 4.4])—in fact (see [16], for-
mula (4.36))

Vi) 10 aa —1) |:21"(2oz — D QRa+1) cos2wa
1 Ta+ 1) Qo — 1)(da —

(aregular expression when o — 1/4 or 1/2 as Taylor’s formula proves). In the same article,
more general iterated integrals of the process I'"7 are introduced en passant under the name
of analytic iterated integrals and shown to converge in the limit  — 0; we reproduce these
crucial results here. On the other hand, singularities of non-analytic iterated integrals for
a < 1/4 are analyzed in great details in [17].

Here is how our article is structured. In Sect. 1, we recall the basic features of the alge-
braic integration theory. The remaining sections deal with the rough path construction for
the analytic fBm I': Sect. 2.1 is concerned with the definition of this process, Sect. 2.2 with
the proof of some general regularity results for increments. Some useful (yet elementary)
complex analysis preliminaries are given in Sect. 2.3. We then proceed to prove the conver-
gence of our approximations based on I': Sect. 3.1 deals with T'" itself, Sect. 3.2 handles
the case of the Levy area, while the general multiple integral case is treated in Sect. 3.3.
Finally, at Sect. 4, we show how to solve a differential equation driven by I" thanks to simple
considerations.

Notations: Starting from Sect. 2 and throughout the paper, the following notations concern-
ing processes will be used. A generic p-Holder function will be denoted by X, while general
variables on I1T are denoted by s,t, u, z, etc., whereas variables on the real boundary R
are usually denoted by x, x’, etc. The analytic fBm defined on the complex upper half-plane
is written I' = {I';; ¢ € II7}, and its smooth approximation is denoted by I'® or I'". If
s,t € It then [s, 1] = {As + (1 — A)¢|x € [0, 1]} C TIT is the segment between s and .
Generally speaking, 2 will denote a bounded neighborhood of 0 in the closure of the upper
half-plane I1*. Since this notation is generally used for probability spaces, we shall call

1)} It —s*  (8)

4coslma’
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202 S. Tindel, J. Unterberger

(U, F, P) the probability space under consideration here. Here is also a convention which
will be used throughout the paper: for two real positive numbers, the relation a < b stands
for a < Cb, where C is a given universal constant (possibly depending continuously on
a € (0,1)).

1 Algebraic integration

Algebraic integration theory is conceived as an alternative to the popular rough paths anal-
ysis, and aims at solving differential equations driven by irregular processes with a minimal
theoretical apparatus. Introduced in [8] for a Holder regularity of the driving noise ;> 1/3, it
has then been extended to arbitrary . > 0 in a quite general setting (far beyond the geometric
case) in [9]. Our aim is more modest here and we will merely recall some basic vocabulary
from the theory, in the unusual context of processes indexed by the complex plane, allowing
to define the objects we shall consider in the sequel. Notice that all the functions considered
in the remainder of the paper will be analytic on the open upper half-plane IT™.

1.1 Increments

The extended integral we deal with is based on the notion of increment, together with an
elementary operator § acting on them. These first notions are specifically introduced in [8, 10],
and we shall merely recall here their definition in the complex plane context. Consider an
arbitrary neighborhood 2 of 0 in the closure of the upper half-plane [T+ = {z € C3z > 0}.
Then, for a complex vector space V, and an integer k¥ > 1, we denote by Cr(2; V) the set
of functions g : QF > v, analytic on (1'[+)k, such that g;..,, = 0 whenever #; = #;11
for some i < k — 1. Such a function will be called a (k — 1)-increment, and we shall set
Cx (V) = U>1Cr(R2; V). The operator § alluded to above can be seen as an operator acting
on k-increments, and is defined as follows on C(£2; V):

k+1
8:CH(R V) = Cept (V) 8Dty = D1 8y ©)
i=1
where #; means that this particular argument is omitted. Then a fundamental property
of &, which is easily verified, is that 6§ = 0, where §§ is considered as an operator
from Cr(2; V) to Cr42(2; V), so (C«(€2; V), §) is a cochain complex. We shall denote
ZCr(2; V) = Cr(2; V) NKerd and BCx (2; V) = Cr(£2; V) N Imé.
Some simple examples of actions of §, which will be the ones we shall really use through-
out the paper, are obtained by letting ¢ € C; and & € Cp. Then, for any t,u,s € Q, we
have

(0g)s = & — &s» and  (8h)us = hyg — My — huys. (10)

Furthermore, it is readily checked that the complex (Cy, §) is acyclic, i.e. ZC(2; V) =
BCr(2; V) for any k > 1.

Let us mention at this point some conventions on products of increments which will be

used in the sequel: assuming for the moment that V = C, set Cx(2; C) = C;(£2). Then the

complex (C,(2), §) is an (associative, non-commutative) graded algebra once endowed with

the following product: for g € C,(2) and i € C,,(2) let gh € C;1,n—1(2) be the element
defined by

(gh)y,..., tman_1 — 8t1,..., twhiy, .., tman—t1s IlsevosImyn—1 € Q. (11)
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Analytic fractional Brownian motion 203

The pointwise multiplication of g, ¢ € C,(2), denoted by g o g, is also defined by:

(gog’)tl ..... tn = 81,..., tnétl ..... o Mooty € Q.

Our future discussions will mainly rely on k-increments with k < 2, for which we shall
use some analytic assumptions. Namely, sticking to the case V = C? ford > 1, we measure
the size of these increments by Holder norms defined in the following way: for f € C2(£2; V)
let

| fus]
Ifll, = sup ——

. and CY(V)={f €Ca(Q: V)il fll < o0}
sieeq |t —s|

m

In the same way, for h € C3(€2; V), set

|zus|
Al = sup ————-
s,u,teQ |u - S|M|t - ulp

Al = inf[Zum lpivpiih =D hi. 0< p; < v] ,

where the last infimum is taken over all sequences {h; € C3(€2; V)} such thatz = Zi h; and
for all choices of the numbers p; € (0, z). Then ||-||, is easily seen to be anorm on C3(£2; V),
and we set

(12)

C3(V) :=={h € C3(2; V); |Ihll, < oo}

Notice that, in order to avoid ambiguities, we shall use the notation N/-; C,’: (2; V)], instead
of ||-|l,, to denote the Holder norms in the spaces Cx(£2; V). It also turns out to be useful
to consider the spaces of continuous (k — 1) increments C,?(Q; V), equipped with the norm
NTh; C,?(Q; V)l =sup,  neqlhy,...q ] Letus mention once and for all that all the Holder
spaces we are considering in this article are complete.

1.2 Iterated integrals on the open upper-half plane

The iterated integrals of analytic functions on N IT* are particular cases of elements of
Cx which will be of interest for us. Let us recall some basic rules for these objects. Set
CP(@NIIt) =CcP(QNTIIT; C) for the set of analytic (k — 1)-increments from € N IT* to
C, and consider f, g € CY(2N I1"). Then the integral fdg f, which will also be denoted
by J(dg f), can be considered as an element of C5(2 N TIT) = C§(Q N IT; C). That is,
fors,t € QN IIT, we set

Tinldg ) = (/dgf) - / dgufu =/dgufu,
s [s,2] Vst

where y;; is any continuous path in I joining s and ¢.
The multiple integrals can also be defined in the following way: given a smooth element
hecCyands,t € QNIIT, we set

Jis(dg h) = (/dgh) = /dguhus-
ts

[s,2]
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204 S. Tindel, J. Unterberger

In particular, the double integral 7,5 (df3df? f!)is defined, for f1, f2, f>eC¥(QNII), as

Ts@f3df? fH = ( / df3df? f‘) = / df Tus (df2f1).

[s,7]

ts

Now, suppose that the nth order iterated integral of df"---df%f!, still denoted by
J@f™ - -df?f1), has been defined for f!, f2..., f" € C{(Q N TIT). Then, if f"*! e
CP(QNTIT), we set

Tnldf™ df" - df? £y = / A1 T (df" - df2 ). (13)
[s,t]

which defines the iterated integrals of smooth functions recursively. Observe that a nth order
integral J(df" - --df2df'), where we have simply replaced f! by df!, could be defined
along the same lines.

The following relations between multiple integrals and the operator § are easily checked
for analytic functions. They are also a prototype of the algebraic relations we shall impose
in the rough setting:

Proposition 1.1 Let f, g be two elements of C{' (2 N I1"). Then, recalling the convention
(11), it holds that

§f=J04df), §(Tdgf) =0, §(Tdgdf)) = (g)(6f)=Tdg)Tdf),

and, in general,
n—1 ] )
8 (T df) = T (df" e edr ) 7 (ar' - art)
i=1

which is simply a way of rewriting the multiplicative property (4).

2 Analytic fractional Brownian motion and preliminaries

We review in this section the construction of the analytic fBm I', and we also include here
some useful preliminary results concerning the regularity of increments in €2, and some
complex analysis estimates for the kernel (—1(z — 0))2*~2 defined on ITT.

2.1 Definition of the analytic fBm

¢ As mentioned in the Introduction, the article [16] is an elaboration of a stochastic calculus
with respect to the fractional Brownian motion by analytic continuation. More specifically,
a complex-valued processed indexed by z € 17, called T, is introduced there. This process
is analytic on I1T and converges uniformly over every compact in probability, and also in
L) for the rough path distance, see [16], to a continuous process with real-time parameter
(still denoted by I') when the imaginary part of z goes to 0. The current section is devoted to
recall this formalism, which is the one we shall adopt in order to construct a fractional rough
path for T" for any Hurst parameter « € (0, 1). Notice that, since the case o > 1/2 is trivial
from the rough path analysis point of view, we shall assume in the sequel that o € (0, 1/2).
The Brownian case @ = 1/2 may be seen as a limit.
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Analytic fractional Brownian motion 205

Let us first recall some classical notations of complex analysis: for x € R and k € N,
the Pochhammer symbol (x)y is defined by: (x); = 1‘[’;;}) (x + j). Recall that we denote by
Mt ={z=x+41y|xeR,y>0}resp. [IT ={z =x+1y | x € R, y > 0} the open, resp.
closed upper half-plane in C. Similarly, [T~ resp. [T~ stand for the open, resp. closed lower
half-planes.

With these notations in mind, the easiest way to define I' = {I';; z € T1"} makes use of
a series expansion involving the analytic functions { fi; k > 0}, defined on 1" by:

a(1=2a)2 =2a) 12Tz 4177 2Tz =17k
2 cos(ma)k! 2 241

fi(z) =27 [

It is shown in [16] that the series Zkzo Jfx(2) fr (w) converges in absolute value for z, w €
17, and that the following identity holds true:

I 1-2
> fe@fiw) = Z( @)

—C (—1(z — W), (14)
= cos(mra)

This fact allows to define the process I' in the following way:

Proposition 2.1 Let {Skl, 5,(2; k > 0} be two families of independent standard Gaussian
random variables, defined on a complete probability space U, F,P), and for k > 0, set
=&+ l.§k2 Consider the process T defined for z € I by I', = 3", fi(2)ék. Then:

(1) T is a well-defined analytic process on T, i.e. 7 — I, ze 7" is a.s. analytic.

(2) Lety : (0,1) — II be any continuous path with endpoints yy = 0 and y (1) = z, and
set ', = fy T} du. Then T is an analytic process on TI't. Furthermore, as z runs along
any path in TI'' going to x € R, the random variables T, converge almost surely to a
random variable called again T'.

(3) The family {T'y; x € R} defines a Gaussian centered complex-valued process, whose
covariance function is given by:

E[I'c\I'y] =0,
e—1masgn(x) |x|2a + emasgn(x’)lx/|2a _ emasgn(x’fx) |)C/ _ x|2a

E[l Tyl =
[Tl 4 cos(mra)
The paths of this process are almost surely k-Holder for any k < «.
(4) Both real and imaginary parts of {I'y; x € R} are (non independent) fractional Brownian
motions indexed by R, with covariance given by

tan T

E[RT ATy ] = ——

[—sgn()]x[* + sgn(x)[x"[** — sgn(x’ — x)|x" — x[**].
(15)

Remark 2.2 1t should be stressed at this point that the paper [16] mainly focuses on the real
part of T, that is a standard fractional Brownian motion. We shall see however that I" is an
interesting process in its own right, insofar as it allows the construction of a rough path for
any value of the Hurst parameter « € (0, 1).

Let us also recall some basic facts about I which will be used extensively in the sequel:
first, according to (14), the (Hermitian) covariance between F; and I', for z, w € " is
given by:

ol —2a)

—\\200—2
" 2cos(a) (F1e—w) ' (16)
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206 S. Tindel, J. Unterberger

Some more general line integrals with respect to I' will also be needed, and let us define
them more specifically: in general, an integral over any continuous path y = y, in Q joining
s and ¢ is constructed thanks to a simple limiting procedure. Indeed, for any ¢ > 0 and any
function z which is analytic on the upper half plane ITT, the integral Tt+ie.s+1e(dT*z2) 18
analytic, which yields:

u7t+t£,s+za(dr*z)= / dr:Zu,
y+ie

where the last integral is understood in the Riemann sense. Furthermore, this integral only
depends on the ending points 7 + ¢, s + 1. If one is then allowed to pass to the limit e — 0,
we still write J,, (dT"*z) = J;5(dT"*z) in a natural way.

This being said, the following formula will be used throughout the article: for a continuous
path y : (0, 1) — TIT, we have:

[z [P ““_2"‘)/ /dw< —a@tan
: 2 cos(ma)
Y Y

2.2 Garsia—Rodemich—Rumsey type lemmas

This section is devoted to recall or give some deterministic regularity results for increments,
which will be essential in order to quantify the convergence of the approximations of our
process I". First let us recall a particular case of a classical lemma due to Garsia [7, Lemma 2]:

Lemma 2.3 Let f be a continuous function defined on a compact set D C R ford > 1,
and set, for p > 1

1/2p

(8wl >
ot = (| [ e

Then N'(f; C{(D)] < cUy, p(f), for a universal positive constant c.

When D = Q C I1T, we need an extension of this lemma to increments which are not
necessarily written as §f for functions f € Cy:

Proposition 2.4 Let Q2 := B(0, r)NIIT be a neighborhood of 0in TIT, and R € C>($2; C")
forn > 1 such that §R € C’3((§2; C™). Set for p > 1

1/2p
o R
Ue,p(2;R) := //|w—v|2"1’+4 dvdw , (18)

where dv = dNvd3Jv, resp. dw = dNw dIw is the usual area element ofR2 ~ C, and
assume Uy p(S2; R) < 0. Then R € C5(Q2; C"); more precisely,
NIR; C5(2; €] < ¢ (Ug, p(2: R) + N[SR; C5 (2: CH]), (19)

for a universal constant ¢ > 0.
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Proof Lets,t € Q' := B(0,r/4) N It c €, so that [t —s| < r/2. We wish to show that
Ris < ¢ (U p(Q R) + NSR; C5(2; C]) |1 — s1°. (20)

To this end, let us construct a sequence of points (sx)x>0, Sk € $2 converging to ¢ in the follow-
ing way: set so = t, suppose by induction that so, ..., sy € I+ with [so—s|, . .., |sk—s| <r/2
(so that, in particular, so, . . ., sx € £2) have been constructed, and let Vi := B(s, @)ﬂf{"'.
Note that, since we are working on the upper half plane I1T, the area p(Vy) of Vj is at least
Tu(B(s, B2ly) = Ty — 5. Define then

2p
16 UD (SR

Ak ::{uevk|1(v)>|”’P(|2)] 1)

Sk — S

and

R |*” 16
By :={veV I 22
k ‘v | 5t — P Tlor — 52 (sx) (22)

where we have set

2
O

|v _ u|2K1’+4
B(s,|lv—s|)NII+

Let us prove now that Vi \ (Ax U By) is not empty: observe that

2p (.
16 U’ (2; R
U (@i R) = /dvl(v) L OV @R gy
’ sk — s
Ak

and

R 16
I(Sk)>/| | “‘jlkw du > — |”( ")|2 (s5)-

All together one has obtained 1 (Ag), u(Br) < % ISk — s|2 so u(Ax) +m(Bg) < u(Vg).One
now chooses sy arbitrarily in Vi \ (Ax U By). Note that, by construction, |t —s| < r/2, and

Sk+1—S
Sk—S
Now decompose (by using a number of times the operator §) Ry, s into

< 1/2 so s — s while staying inside €2.

n
Rsos = Rspprs + Z (R5k3k+l + (‘SR)SNHIS)' (23)
k=0

Applying (22); and (21)x—1, one gets

IR 1P __ 16
sk — sk112PH4 " s —

256 _
SL(s0) < 5 U (@i R)lse — 5|74,
s| T

< b for the relation a < Cb, where C is a given universal
S Ui, p(2; R)|sk — s1*. Furthermore, we have by construction

Recalling our convention a
constant, we obtain [Ry,s,. |
Isk —s| < 27"t — s], and thus

n
2 RSk.,Sk+1

k=0

S U p(S R —s]*. 24)
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Turning now to §R, it is easily seen that [§Ry,,.s| S N[SR; C5(2; CH]Isk — s|*.
Invoking again the relation |s; — s| < 27|t — 5|, we end up with

n
D 18 Rasiprs| S NTER: C5 (2 T — s (25)
k=0

Finally, plugging relations (24)—(25) into (23) and letting n — oo, we easily get the
announced bound (20), which ends the proof. O

2.3 Complex analysis preliminaries

The identity (17) involves integrals along some continuous paths in C, which have to be
estimated. We summarize in this section the upper bounds which will be needed later on.

First of all, the integral appearing in (17) can be estimated thanks to the following lemma
borrowed from [16, Lemma 1.5]:

Lemma 2.5 Let y : (0,1)— [T be a piecewise smooth, continuous path, with ends
y(0), y(1) € IIT. Then

2cosma

E/Fédz/f;,dw e el /dz/dw (—1z =0)* 2 < cly (D) =y (O,
4 Y Y Y

for a universal positive constant c.

The following bound on iterated integrals of the process I', shown in [16, Theorem 3.4]
(where they are called analytic iterated integrals) can then be seen as an extension of the
previous lemma.

Lemma 2.6 (analytic iterated integrals) Consider s, 1 in a fixed bounded neighborhood of 0
in 17, and let fi, ..., f, and g1, ..., g, be analytic functions defined on a neighborhood
V of the closed strip

M, :={zeClz=hs+ 1 =t +iplt —s|, A, puel0, 1]}

Let also T' = (I'(1), ..., (d)) be an analytic fractional Brownian motion with d inde-
pendent components, where each component I'(j) is defined as in Sect. 2.1. For &, n small
enough, define Vs ; (e, n) by

Vis(e,n) = E[Z1Z5]
t
= /du1/du2... / du, /dvl/dvz... / dv,
[s,7] [s,u1] [s,un—1] s [s,v1] [s,vp—11

n
X H fituj+1e)gi(wj +in)(—1(uj —vj) +&+ r;)zo‘_zduj dvj,
j=1

where Z1 is defined by

/fl(ul+18)dru1+ls(1) / f2(”2+15)dru2+15(2)~-~ / fn(“n+15)dFLtn+ze(n),

[s,2] [s,u1] [s,up—1]
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and Zy can be written as:

/ g1(vy +18)dfv|+1£(1) / 82(U2+18)dfv2+18(2)--- / &n(vy +18)d1;v”+1£(n)~
[s,7] [s,v1] [s,vp—11]

Then the following bound holds true:

WVis(e. M| < H sup |f,(z)|H sup |g;(2)llr — s

j=12z€ly, j=1z€0y,

The last ingredient we need for our computations is a specific bound for analytic functions
integrated with respect to the kernel (—z(x — y))z""z. Observe that this bound will not be
used directly in the sequel, but will serve as a prototype for our future computations.

Lemma 2.7 Lets, t ina fixed bounded neighborhood of 0 in 1%, and ¢ (z, w) be an analytic
function on a neighborhood of 1'[(Y X l'I(Y 1y where

Nf, :={zeClz=As+ =Mt +iplt —s|, r,pel0, 1]}, M, :={Zz e}
(26)
For e, n > 0, define ®(¢) as:
[O(P)] (e, m; 5, 1)

= / dz / di [(=1(z — ) +28)%* 7% — (=1(z — W) + & + N)** 2] (2, W).
[s,7] [5.,1]

Then, for every p € (0, 2a), there exists C,, such that
[[O@)] (e, 0 5, 1| < Cple — nlP It — s~ M), (27)
where

M 2 sup {1, 9)1; e, 5) € AE ) x A ]

Proof Without restriction of generahty we may assume thate > 1 > 0. We use the following

contour of integration in 1'[ s.1) X 3 5.

A=yxy, y=nUnUy
=[s,s+u|t =s|JU[s+1|t —s|,t +1]t —s|]]U [t + 1]t —s], 1] (28)

Set A;; = y; x yj sothat A = Uj<; j<3A; ;. Let I; ; be the integral over A; ; of the
function (z, W) > [(—1(z — W) +26)** % — (—1(z — W) + & + N)** 2] $(z, ). We shall
give a bound of type (27) for each I; ;. The proof relies on the following observation: if
e,n>0and z € C, Rz > 0, then (for any p € (0, 1))

Iz + )22 — (z+ ¥ 72 < Cle — )|z >7. (29)

By symmetry we only need to consider the following four cases (only the fourth one is
non-trivial since z and w may be e-close):
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Caseli=j=2.
|122|—‘/dz/d [(— —1(z — W) + 2|t — 5| +26)% 72
[s,7]
—(—z(z—w)+2|t—s|+s+n)2‘**2]¢(z+z|z—s|,w—l|t—s|) (30)
<Cp/|dz|/|dw||r P20 (e — )P My = Clt = s (e =) M,
[5,7]

[s,7]

Case2i=1,j=23.
|t—s| |t—s|

|]1,3|:|/dx/dy[(—l(s—f)+x+y+28)2a72

—(—l(s—t_)+x+y+8+n)2°‘_2]¢(s+lx,t—ly)
lt=s]  |t—s]
¢, [ ax [ ayi—sPre e M
0 0
< Cllt — s (e — )P M), 31)

since |t — 5| > |t — s].
Case3i=1,j=2.

[t—s]
|Ils2|:. / dx/dlZ)[(—l(s—lZ))+|t_s|+x+28)2a72
(5,71
—(—1(s — W) + |t —s| +x + e+ 2] p(s +1x, b — 1]t —s])

lr=s|
<cC, / dx / ldw||r — 5727 (e — )” Mfs = C)lt — s =P (e — n)" M.
0 [5,7]
(32)
Case4i=1,j=1.
lt=s li=s|
=] [ dr [ dy[Kate) = Kery(r ]9 + x5 =0
0 0
|t—s]| |t—s]|
<G, / dx / dy(x + y) 7P (e — )P MYy < Cplt — s (e — ) M,
0 0
(33)

where we have set K, (x, y) = (235 +x + y +a)?*~2 for any positive a. It should be noticed
at this point that the last integral converges only if p < 2«, which is one of our standing
assumptions. Now, putting together the estimates (30), (31), (32) and (33), we get the desired
result. O
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Remark 2.8 The kernel (x, y) — (x +y)2*~2~/ appearing in the last case is singular only at
the point (x, y) = (0, 0), whereas the usual kernel (x, y) — (£1(x — y)2*2 i singular on
the diagonal. This simple fact explains why our estimates work (and why the deformation of
contour is so important). Note that the absolute value should not be placed inside the integral
before the deformation of contour (otherwise the integrals become most of the time infinite
in the limit  — 0).

3 The rough path associated to I’

We proceed in this section to the definition of a rough path above the process I defined at
Sect. 2.1. To this purpose, let us first recall what is meant by rough path in our complex plane
context:

Definition 3.1 Let Q2 be a neighborhood of 0 in N, X:Q— Clbea n-Holder path with
0 < u < 1, whose restriction to IT™ is analytic, and set N = |1/ |. We say that X generates
a rough path if there exists a family {X"; 1 < n < N} defined on €, satisfying:

(i) X"isa l-increment with Holder regularity nu, taking values in C4", that is X™ is an
element of C;“ (€2; C%"). Recall in particular that X™ is by definition analytic on IT+.

(i) We have X! := X, and the algebraic relations satisfied by the X™ are the same as
those of Proposition 1.1: for any n < N, (iy,...,i,) € {1,...,d}", we have the
multiplicative property

n—1
SXM(i1.vin) = D X, DX i), (34)
j=1
that is 8X®us (i1, ..., 0n) = z’};} X ity oo i )X s (i1, - oo in), for any

t,u,s € Q.
(iii) Furthermore, the rough path generated by X is said to be of geometric type under the
following additional condition: for any n, m such that n +m < N, we have:

X1, in) XMty )= DL XMk k), (39)
kesn(, )

where, for two tuples 7, j, X ;) stands for the set of permutations of the indices
contained in (z, j), and Sh(z, j) is a subset of X j) defined by:

Sh(, j) = {o € 2¢,j): o does not change the orderings of 7 and j}.

For instance, Eq. 35 reads forn =2 and m = 1
X2(i1, i) o X (j1) = X3 (i1, i, j1) + X2 (i1, ji. i) + X (i, i1 i2). (36)

As mentioned in the introduction, the construction of the rough path above our analytic
fBm will be achieved by regularizing T into a process I'® defined on IT* by I'f = [/ye.
The latter process is analytic on an open neighborhood of 1T, which allows to define any
iterated integral of I'® in the Riemann sense. Then the convergence of these integrals in some
suitable Holder spaces is obtained by combining the Garsia type result of Proposition 2.4
and some moment estimates similar to Lemma 2.7.
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3.1 Convergence of I'*

A very first step in the analysis of " consists in getting some convergence results for I'? itself
towards I', in Holder spaces. In order to obtain this (intuitively trivial) convergence, we shall
use the following estimates, which are immediate consequences of Lemma 2.5: there exists
a constant ¢ such that, forall e, > 0, and 5, t € I1t, we have

E[|ry —ri*] s cle—sP, and B[ =1} <cle—nP. (37)

We are now ready to study the convergence of I'® on our fixed neighborhood 2 (recall
also that we work on a complete probability space (U, F, P)):

Lemma 3.2 As ¢ — 0, the process I'¢ converges in L'(U; C?‘ (RQ)), for any n < o« and
T > 0. Its limit is the analytic fractional Brownian motion I.

Proof We shall divide this proof into two steps:

Step 1: Reduction to moment estimates. We shall prove that {I"¢; ¢ > 0} is a Cauchy sequence
in L'(U; Ci‘(Q)), and in order to estimate N [['® — I'"; Ci‘], we shall resort to Lemma 2.3
with f = I'® — I'"7. This yields, for p > l and u < «,

1/2p
2
o |81 — T7), 2P
N[Fs—rmCl]SCUM,p (5(1-*8_1-"1)):0 / stdf
Q Q
Hence, invoking Jensen’s inequality, we obtain:
1/2p
E[|8(I¢ — ) |*]
& _1n. ok
E[N[T* -T7cl] < // i sparrd  dsdt
Q Q

1/2p

E7 [|8(I¢ — )|
< // [18¢ )ts']dsdt ,
Q Q

|t _ S|2;Lp+4

where we have used the fact that I'*, I'7 are Gaussian processes in the last inequality. By
considering p large enough in the relation above, it is thus easily seen that, if we can prove
that

E[|8(T — )’ < clt — s|[e — I (38)
for a certain 8 > 0 and 4 < i < «, then the following relation holds true:
E[N[T¢ = T7; ] < le — 0l

Thus, we get that the family {T"¢; ¢ > 0} is a Cauchy sequence in LY(u; C{L([O, T1)), whose
limit is the analytic fBm I', provided we can prove (38). The remainder of the proof is thus
devoted to show the latter relation.

Step 2: Moment estimates. Set U;g = E[|8(I'¢ — F"),s|2]. We shall now prove that U,y <
cplt — 5% |e — 5|?*(=P) for every p € (0, 1). To this purpose, notice that:

8D — T)gs* S 18TE1> + 18T 1%, and [8(D° — T7)|* < ITF — T/ + T8 — T7)2.
This allows to write, for an arbitrary exponent p € (0, 1),

Uss < (E[I6T%, % + 1570 2]) (E[ITE — 172 4 |18 — T112]) 7
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A direct application of the estimates given at the beginning of the present paragraph yields:
Ui S It = sP* e — 2077, (39)
which ends the proof, since i = ap can be taken as close as we wish to «. m]

Remark 3.3 A slight extension of the computations above allows to prove that in fact, I'®
converges in L? (U; Cf(Q)) for any p > 1.

3.2 Convergence of Lévy’s area

Consider a two-dimensional analytic fBm I' = (I"(1), I'(2)) with independent components,
and the associated approximation I'* = (I'¢(1), '*(2)). We then set

rz’s(jl,jz)=/dl"il(j1) / dr,, (j2), for ji,j2€{l,2},s,t€Q, (40)
[s,7] [s,u1]

where the above iterated integral is understood in the Riemann sense. This section is devoted
to prove that r>¢isa convergent sequence in L', Cg" (€2)), and that its limit I'? satisfies
8T'2 = §B® 4B as in Definition 3.1. We shall study the convergence for j; = j» and j; # j»
separately.

Proposition 3.4 The increments T2 (1, 1) and T%¢(2, 2) converge in L' (U; C3"()).

Proof For notational sake, we shall write Cg“ , Csz.“ instead of Cg“ (), 632.“ () in the sequel.

In order to prove that rz¢(1,1isa Cauchy sequence in L'Wu; Cg”(Q)), we invoke Propo-
sition 2.4, which can be read here as:

NITFE(1, 1) = T27(1, 1); ¢
< Uz p(TFE(1, 1) = T21(1, 1) + NIST2E(1, 1) — ST2(1, 1); G341 = A + As.

In order to estimate the term A above, notice first that, since I is a regular path, we have:
T2°(1, 1) = 4 [6T%, (D], Hence,

& n 212
//|5F J(D]? = [8T7) (1)]|pdsdt

|t — Y|4p.p+4

1/2p

This integral can now be bounded as in Lemma 3.2, by means of an inequality similar to (39).
Let us turn now to the evaluation of the term A,. Owing to the fact that I'>¢ is defined by
(40), where I'? is a regular process, the following particular case of (4) is readily checked:

[81’2’5(1, 1) — 8T, 1)] =8¢, (1)8TE (1) — 8T,L (DT (1).
tus
Hence, for an arbitrary coefficient p € (0, 1) and 0 < 4 < i < «, we end up with:

[sr22a1, 1) - oT2701, n] | = [evirss e+ avrr e pie — il —s|ﬂ]p
x[8T5, (1) (8T (1) — 8T (1))

us

+ (8T%, (1) — 8T7, (1) 8T (D],

us
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and thus, a standard application of the Cauchy—Schwarz inequality yields:

E[A;] =E [N[él"z’s(l, 1) —8T27(1, 1); c§“]]
< EVE [N (1): €+ M () e 1] BY2 [ W00 () - ;s e
< le—nlf,

for a certain 8 > 0, according to Remark 3.3 and Eq. 39. Our claim is now easily deduced
from our estimates on A; and Aj. O

Let us begin the preliminary steps for the convergence of the crossed terms I'>¢(1, 2) and
r2e (2, 1), for which the following notation will be needed

Notation 3.5 For ey, e, > Oand (x,y) € It x I, we set
Fepey (X, ) 1= (—1(x = §) + &1 +£2)** 2.
‘With this notation in hand, one can estimate the increments of I'2¢ as follows:

Lemma 3.6 Foranys,t € Q and p € (0, 1), there exists a positive constant ¢, > 0 such
that

E[[(T%5(1,2) — T27(1,2))5 %1 < cplt — s[** 0P |g — e,
Proof According to identity (17), we have:
E[I(T%¢(1,2) — T27(1,2))1s]*]

=E /dru|+1£(1) / druz+t£(2)_/dru1+m(l) / dru2+m(2)
[s,7] [s,u1] [s,7] [s.u1]

X /dfv1+ls(1) / dﬁv2+zs(2)_/dfv1+tn(l) / dfv2+zn(2)

[s,v1] [s,7] [s,v1]
Z/dul / duz/dvl / dsz()(ul,ﬁl;uz,ﬁz),
[s,u1] [v[ [s,01]

where, recalling Notation 3.5, the function Fg(z,,) is defined by:

F&) w1, 013 2, 52) = Fee(ur, 01) F e (2, 02)
+Fyyur, v1) Fy Uz, v2) — 2F, 5 (uy, v1) Fe (w2, 02)
= Fee(ur, 01) [Fee(uz, 02) — Fey(ua, 02)]
+Fep(u2, 02) [Feoe(uy, 01) — Fey(uy, 01)]
+Fy o (ur, 01) [ Fyop(uz, 02) — Fpe(ua, 02)]
+Fy e (ua, 02) [Fyp(ur, 01) = Fye(ur, 1))

We now have to control a sum made of many terms exhibiting the same level of difficulty.
We shall thus focus on one of them, namely:

@2 /dul / duz/dvl / A3 Fo oy 02, 52) [Fooa 1. 51) — Foog Gt 51)]-

[s,7] [s,u1] [5,7] [5,01]
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For the control of 1(2), as in Lemma 2.7, we introduce the contour of integration
y=yUpUpys=Is,s+ilt —s|JU[s+ 1|t —s|,t + 1|t —s|]JU[t + 1]t — s], t].

If z € y,let y(z) be the section of the path y comprised between s and z. Then (by Cauchy’s
theorem)

11(2)=/dz1 / dzz/dwl / s Fy (22, 2) [Fooo 1. 1) — Foy(zrs #1)].

14 y(z1) Y y(wr)

As in Lemma 2.7, 9 terms should be controlled in order to achieve the desired bound. We
shall treat the most divergent of them, that is:

2 _ _ _ _ _
Jl()z/dm / dm/dwl / dWy Fe (22, W2) [ Fe,e (21, 1) — Fep(z1, w1)] -
71 y(z1) 71 y(wy)

On y1, the change of variable z1 = s+iujfor 0 <u; < |t—s|,20 = s+iuafor0 < ur < uy,
and the same kind of transformations for wy, wo, yield:

|t—s] uy [t—s| vy

I = /dul/duz / dvl/dvz

0 0 0 0
[@3s +ut + v +26)2072 — Qs +ut + v + ¢ + 1>
X (235 + ua + vy + 26)%* 72,
and hence:
[t—s] [t—s]

021 [ [ vl o292 - v e e

0 0
[t—s] [t—s]

X / duy / duvy |(u2 + vy + 28)2a72| .
0 0

As in Lemma 2.7, we can now easily conclude, for an arbitrary constant 0 < p < 1, that:

TP < Je — it — syte=0),

We may now treat the other terms appearing in the analysis of / 1(2) (and more generally of
F®) in the same way, which ends the proof. O

We are now ready to analyze the convergence of the crossed terms r>¢(1,2) and
22, 1):

Proposition 3.7 The increments T%¢(1,2) and T*%(2, 1) converge in L' (U; ng(Q)).

Proof The beginning of the proof goes exactly along the same lines as for Proposition 3.4.
Let us write C;*, C3* for €3 (), C3 (). In order to prove that T2#(1,2) is a Cauchy
sequence in LY(u; Cg“ (£2)), we invoke Proposition 2.4:
NIT2E(1,2) = T27(1, 2); ]
S Uz p(T25(1,2) = T27(1,2)) + N[ST4(1,2) = §T2(1,2); C3*] = A + Aa.
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The term A, can now be bounded as in Proposition 3.4, owing to the fact that ST>¢(1,2) =
8T¢(1)8T¢(2). We thus get

E[A2] < |e —nlf,
for a certain 8 > 0.
The term A; can be handled in the following way: by definition, we have
1/2p

2.¢ 2p
// IT75(1,2) - T5"(1,2)] dsdt

|t — s|4/w+4

We can now apply Jensen’s inequality as in Lemma 3.2. Furthermore, I‘tzf(l, 2) is arandom
variable in the second chaos of the fractional Brownian motion I', and since all the L? norms
on any given fixed chaos are equivalent, we obtain:

PIr%,2) - ri . 2)P]
E[A1]<// dsdt.

|t — S|4;Lp+4

As in Lemma 3.2, we are now reduced to an estimate of the form
E[|(T%* — T7),, %] < clt — s*e — I,
for a certain B > 0 and 4 < i < «. But this estimate stems directly from Lemma 3.6, and
gathering our estimates on A and B, we have thus proved our claim:
E[MI2(1,2) = T27(1,2); G31] < Je = nlP.
O

Remark 3.8 Asin Sect. 3.1, the L”-convergence of e, j)in Cg“ (€2) can also be obtained
here for i, j € {1, 2}, by slightly adapting our computations for the L'-convergence.

Putting together the results we have obtained so far, we can now state the following exis-
tence result for a rough path of order 2 based on I', for any value of the Hurst parameter
a € (0,1/2):

Theorem 3.9 Let I' be an analytic fractional Brownian motion with Hurst parameter o €
(0, 1/2), and T°¢ its regular approximation. Let also T2 be the regularized Lévy area given
by formula (40), and consider 0 < u < a. Then:

(1) Forany p > 1, the couple (I'?, 1-2,5) converges in LP (U, Ci‘ (€2 €% x C?L(Q; Cd-dy)
to a couple (T, T'?), where T is the analytic fractional Brownian motion mentioned
above.

(2) The increment T? satisfies the multiplicative and geometric algebraic relations
prescribed in Definition 3.1, namely:

8T2(i, j) = 8T ()T (j), and T2(, j)+T2(j,i) = 8T (@i) o s (j),
fori,j=1,...,d.

Proof The first part of our assertion is trivially deduced from Propositions 3.2, 3.4 and 3.7.
As far as the second part of our claim is concerned, it is sufficient to notice that, since I’ 2.e
is a smooth process, the relation

ST2(i, j) = 8T (i)8T?(j), and T2°(i, j)+ T>%(j,i) = 8T°(i) 0 TC()),
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is automatically satisfied, by some algebraic manipulations involving only usual Riemann
integrals. The desired result is then obtained by taking limits on both sides of the identity
above, and taking into account that I'® converges in any LY (i/; Ci‘ (2; (Cd)), forg>1. O

3.3 Multidimensional estimates

LetI' = (I'(1), ..., '(d)) be an d-dimensional analytic fractional Brownian motion. This
section is a generalization of the previous one to the case of multiply iterated integrals of
any order. As a result, we finally obtain a rough-path lying above I'. Let us consider then our
fixed bounded neighborhood €2 of 0 and the analytic approximation I'? of I". For s, ¢ € €,

n < N = |1/«a], and any tuple (i1, ...,i,) € {l,...,d}", the natural approximation of
T (i1, ..., i) is given by the Riemann iterated integral:
| S (Y MR / dry, (i) / dry, (ip) -+ / dry, (in). (41)

[s.7] [s.u1] [s,un—1]
In particular, we shall denote by V;; the following Lévy "hypervolume’:
VE =T, ..., n).
Asin the case of Sect. 3.2, an important preliminary step in order to obtain the convergence
of I'™* is the following bound:

Lemma 3.10 Ler Q be a fixed bounded neighborhood of 0 in TIt, and p > 1. For every
p € (0, 2a), there exists a constant C,, such that for everyn > 3 and any n-uple (iy, .. ., i) €
{1,...,d}", we have:
E [|r;‘f(i], i) = TG, i,,)|2”] < Cple — PPt — s|P@m@=P) | 5t eQ.
42)

Proof First of all, since we are dealing with random variables in the nth chaos of the Gauss-
ian process I', it is enough to prove inequality (42) for p = 1. Next, the following lines
prove that it is enough to estimate E[|V}, — ths 12]. Namely, suppose that some of the indices
(i1, ..., ip) coincide, and let £; C X, be the subgroup of permutations o € X; such that
ig(jy=ijforall j =1,...,n Then

E[[0R5 G i)~ TG i ]
= E[ (T, ... — TR(1L, ..., m))

UEE/
X (T (o (1),...,0(m) — TR(a (), ..., a(n)))], (43)

and it is easily seen by the Cauchy—Schwarz inequality that this last term is bounded by
X/ E[VE — V,'?Y|2]. In order to justify Eq. 43, let us just take the example n = 3 and

(i1, i2,i3) = (1, 1, 2). Then the computation of E[|I’?A’,8(1, 1,2) — Fii"(l, 1, 2)|2] involves
products of the form:
E[(r;, (OI, (DI @) (T, (HT, (DT, )],
which, invoking Wick’s formula, are equal to
E[I, (DT, (D]E[T, (DI, (D]E[I, )T, (2)]
+E [ (DT, (H]E[TL, (DI, (D]E[I,@)T,,2)]. (44)
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These two terms correspond to o = Id or ¢ = 715 in the right-hand side of (43), and one can
check that expression (44) is equal to

E[(I, (), @rL,3)) (T, (DT, @5, 3) + T, T, (OT,,(3))].

The general case can be treated along the same lines, up to some cumbersome notations.
Hence all we need is to obtain a bound of the form:

E[|VE = VAP < Cple —nl?|t — 5|77, s,1€Q. (45)

As in the Lévy area case of the previous section (see Lemma 3.6), a straightforward
application of identity (17) yields

E['vtgv_vtnﬂz] = /dm / du2 / dun

[s,7] [s,u1] [s,un—11
/dv1 / dvy - - / dvy, Fs(,n,])(ulal_)ly---aumﬁn)’
5,11 [5,01] [S,up—1]

where, recalling Notation 3.5, the function FE( is defined by
n n n
Oy, 1ot On) = [ [ Feeujo o)) + [ ] Fpny. 9) = 2] | Fe(uj. ).
j=1 j=1 j=1
Observe that the latter function can be further decomposed into:
F(n)(ul, Vl, ...y lly, V) = ZGQ,,(ML UL, ..., Upn, Up) + G#g(”lv UL, ..., Un, Up),
j=1
where the functions G/ are defined by:

Gg,n(ul, Ul oey Uy, Up) = Fep(uy,v1)--- FS,S(uj—lv ﬁj—l)[Fs,s(ujv ﬁj) - Fs,n(ujs Dj)]

XFa,n(uj—H’ 1_)j-H) ce Fs,n(un’ Uy)

We have thus proved that E [|st -V |2] = Z?:l I;;/;,, + I,{,E, where

/du1 / duy - - / duy,

s,t] [s,u1] [s,un—1]
/ dv1 / dU2 / d‘l_)n Gén(ulaﬁl,u-aun’ﬁn)v
[5,01] [5,n-1]
In order to show relation (45), it is thus sufficient to prove that, for all j = 1,...,n, we

have |Iaj,,7| < Cple = n|”|t — §|2"@=P_ Observe now that we may cast the term Igj,,] into the
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following form:

/du1 / duy - / duj /dl_)l / dvy - -- / dv;

[s,] [s,u1] [s,uj—1] [5,7] [5,01] [5,u5-1]
X Fe (g, v1) -+ se(u/ 1» U/ 1)[ ss(u/v U/)_ F,r[(u[s /)]¢(M;,U;,S)
where
P(uj,vj;s) = /d“j+1"‘ / duy /dl_)jJrl"' / dvy
[s,u;] [s,un—1] [5,95] [5,0p-11

X FenUjy1,Vjg1) -+ Fopug, vg).

It is thus readily checked that the function ¢ (u;, v;; s) is an analytic iterated integral in
the sense of Lemma 2.6, bounded by a constant times |t — 5|>**"~/) Hence it satisfies the
hypothesis of Lemma 2.7. As in the proof of the latter result, let y := [s, s + 1|t —s|]U[s +
it —s|,t+1|t —s|]U[t 41|t — s], t] be a complex deformation of the contour [s, ¢], and,
if z € y, let y (2) be the section of the path y comprised between s and z. Then

/dul / duy .. / du /dvl/dvz / dv;

y(up) y(uj-1) y(v1) y(j-1)

X Fee(uy, vp)--- FE,S(uj—]v ﬁj—l) [FS,E(ujv ﬁj) - Fa,n(ujs 5/)](15(“], ﬁj; ),

and thus

I, < /|du1|/|duz|-../|duj| /ldﬁll/ldﬁzl.../ldﬁj|
v v 14 v v v

[Fee(uy, V)| | Fee(j1,Vj— DI Fee(uj, vj) — Fey(uj, vp)llp@j, vj; s)l.

Now the multiple integral factorizes, and one is left with an expression of the form A{_IAZ,
where

A =/|du|/|dﬁ||<—z<u—a>+2e>2a*2| < s (46)
y y

by Lemma 2.5, and

Az=/|du,,-|/|dﬁ,,||¢<uj,ﬁ,-;s)| 47)

which is bounded as in Lemma 2.7 by a constant times |t — 5|>*"=)+2¢=p|g _ |? for any

p € (0, 2a). The above estimates now yield easily the desired bound |Ié/,,7| < Cple—nl”|t -
2na—p
S| . m]

The rough-path convergence of the multiplicative functional (I, ..., T™¢) to order n is
a consequence from the above computations and may be stated as follows:
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Theorem 3.11 Let I" be an analytic fractional Brownian motion with Hurst parameter o €
(0, 1/2), and T¢ its regular approximation. Let alson = |1/, T®¢ k =2, ..., n be the
regularized iterated integrals given by formula (41), and consider 0 < u < «. Then:

(1) Forany p > 1, the truncated multiplicative functional (T8, T%¢, ... T™¢) converges
in LP(U; C1' (25 C4) x - - - x Cy*(22; (C®M)) to an n-tuple (T, T2, ..., T™), where T
is the analytic fractional Brownian motion defined in Sect. 4.

(2) The truncated multiplicative functional (['¢, T>%, ..., T™¢) satisfies the multiplicative
and geometric algebraic relations prescribed in Definition 3.1.

Proof Similar to that of Theorem 3.9. O

4 Solutions of differential equations driven by I'

We close this article by showing how to solve pathwise differential equations driven by our
analytic fBm I". The power of complex analytic methods will allow us to dispense with the
rough path apparatus constructed in the previous sections. Note however that our method of
rough path construction also includes a natural way to obtain sharp moment estimates for the
multiplicative functional (', T2, ..., T'™). This might be of interest in some typical rough
paths expansions, where those moments enter into the picture (see e.g. the stochastic Taylor
expansions in [2,11,14]).
Our estimates will essentially be an outcome of the following simple lemma:

Lemma 4.1 Let Q be a neighbourhood of 0 in 1T, and p > 1 — «. Then there exists a
positive, almost surely finite random variable C,, = C,(w) such that

sup [3z|7[|T2| = Cp(w).
zeQ

Proof LetZ; :=|3z|°T,ande = p—1+a > 0.Letalso My(x, x') := E|Zx+,y—Zxr+ly|2,
for x,x” € Rand y > 0. A simple application of (17) yields

My(x, x/) —-C (22a—2y26 _ y2—2a+26m(2y +i(x — )C/))Zoz—Z)7
for some constant C. If [x — x| > y, we thus get My (x, x) < y*¢ < |x — x/|?. If on the
N2
contrary |x — x’| < y then (by Taylor expanding to order 2) M, (x, x') < y* (%) <
|x — x'|%€ too.
Similarly, let, for y, > y; > 0,
M, (y1, y2) == E|Zx+1y1 - Zx+ly2|2
= C[2272(8 + ¥39) — 20y T (1 + )7

for some constant C > 0. Let§ := y, —y; > 0.1If § < yj then a Taylor expansion to order 1
yields M, (y1, y2) = y125 0@/y1) S 82¢_If on the other hand § is comparable or much larger
than yy, then simply M, (y1, y2) < y%e < 52,

Hence, putting together our estimates on M (x, x"yand M, (y;, y2),and letting y > y; >0,
we obtain

2 2 2
E|Zx/+ly2 - Zx+ty1| = 2 (E|Zx/+zy2 - Zx+ty2| + E|Zx+ly2 - Zx+zy1| )
S = x4 Iy =l
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This, together with the classical Kolmogorov-Centsov lemma, implies the a.s. continuity of
(Z,,z € ™), and in particular its boundedness on every compact. O

A new space of functions, which shall be called /,, , emerges naturally from the previous
lemma:

Definition 4.2 Fix p € (0, 1) and r > 0. Let, for f analytic on a complex neighbourhood
of B0, r)NIIT,

o~ /
Iflpr = 1fol +  sup  ISz”f]].
2eB(0,nNIT+

Let also H,, , be the space of functions f, analytic on a complex neighbourhood of 5(0, 7) N
II*, such that || f |, < c0.

By the classical Weierstrass theorem [1], H, , is a Banach space. Furthermore, it is
included in a space of Holder functions:

Lemma 4.3 Let f € H, .. Then f is in the Holder space C'~F and

sup | £l < 1fol + CrPUf = follp.r

zellt,|z|<r

for some universal constant C.

Proof Let z1,z2 € B(0,r) NITT. We shall prove that | f;, — f,| < Clifllp.rlz1 — 2P,
which shows both assertions simultaneously. Let § = |z1 —z2|, and let y be the path [z, z1 +
18]1U [z1 + 18, 22 + 181 U [z2 + 18, z2], so that f;, — fo, = fy fg’d;“ (at least if the path is
included in B(0, r), otherwise one may replace z| + 16, resp. zz + 1§ by the last point in the
segment [z1, 71 + 6], resp. [z2, z2 + 18] contained in (0, r); unessential details are left to
the reader). One has

z1+18 71416
| [ rag| <istes [ warra
21 21
Sz1+8
s [ 37y
Jz1
< Cllfllprd' ™"

for some constant C = C(p), as the reader may check (whether 3% small or large). The
same estimate holds for the integral along [z + 1§, z2], while

2+ 22+18
R BT R e
z1+i8 21+18

The previous observations imply the stability of 7, , by integration:
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Proposition 4.4 Let f, g be two elements of H, r. For z € B(0,r) NI, set

ztie
Totdef) = timy [ g1

e

where the right hand side is understood in the Riemann sense. Then 7 — J.0(dgf) is well
defined as an element of H, ;.

Proof The existence of the limit is obviously proved as in Lemma 4.3. In order to show that
z > Jo(dgf) liesin H,, ,, it is enough to observe that, if z € B(0,r) N I,

32171 f2118L] < sup [fel - 1lg — gollp.r-
£eB0,r)NIT+

m}

Since we have seen that the analytic fBm is an element of 7, ,, the proposition above is
a clear indication that one should be able to solve differential equations driven by I" in the
space H, ;. This is indeed the case:

Theorem 4.5 Let T' : Tt — C be a function in the space H,.r for some r (for instance,
I" may be taken to be almost any path of afbm, and r may be chosen arbitrarily large). Let
du; = V(u;)dl'; be a differential equation driven by I, with initial condition ug = a, the
function V is supposed to be analytic on a complex neighbourhood of a. Then the differential
equation has a unique solution in H, , if v’ < r is small enough.
Proof Let HS, , = {f € Hpr; fo = a},and

Z

O:H,, > My, O:u—[OW)];, =a —I—/ V(ug)dle.
0

Then, letting r’ < r be small enough (depending on [|ul|, )

1Ol = sup  [Iz]”|V (u)T|
zellt |z|<r’
< ITlp (V@] + CIV (@] lu = all, (') °) (48)

for some universal constant C. This allows to prove that ® leaves invariant a ball of the form
By = {u € H? o llu—all < M} for r’ small enough and M depending on V and T.
Indeed, set M = 2||T"|| 51|V (a)|, and then

(1) choose ro = ro(M) small enough so that ® () is defined on By, seen as a subset of
Hp o’
(ii) theninequality (48) easily yields the invariance of By; C HZ .- by ©® whenever (r') I=r <

-1
(V'@ITlp1) -
Once that ball By C H‘; . 18 shown to be invariant by ®, one can also prove that © is a
contraction of HZ - for some 7 < r’. This stems from the fact that, whenever 7 < r/,

1©@) = O@ll,; < ColV' @] llu —all,, 7 (P)' 7,

which can be proven as for Eq. 48. Choose then 7 small enough so that C,/ | V' (a)|(7)!~* < %,

and ® becomes a contraction of ’HZ ;- The proof now follows from the usual fixed point the-
orem on Banach spaces. o
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