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Abstract In this paper we study the existence of a unique solution to a general class
of Young delay differential equations driven by a Holder continuous function with
parameter greater that 1/2 via the Young integration setting. Then some estimates
of the solution are obtained, which allow to show that the solution of a delay differ-
ential equation driven by a fractional Brownian motion (fBm) with Hurst parameter
H > 1/2 has a C*°-density. To this purpose, we use Malliavin calculus based on
the Fréchet differentiability in the directions of the reproducing kernel Hilbert space
associated with fBm.
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1 Introduction

We shall consider in this article an equation of the form:

dy: = f(Z])dB:+b(Z])dt, 1€[0,T], (1)
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where B is a d-dimensional fractional Brownian motion with Hurst parameter H >
172, f: Ci/([—h, 0; R") —> R"*4 and b : Ci/([—h, 0]; R*) — R" satisfy some suit-
able regularity conditions, Ci’ designates the space of y-Holder continuous func-
tions of one variable (see Sect. 2.1 below) and Zty 1 [—h,0] — R” is defined by
Z)(s) = yi4s. In the previous equation, we also assume that an initial condition
& e Ci/ is given on the interval [—#h, 0]. Notice that equation (1) is a general ex-
pression for fractional delay equations, including for instance the case of functions f
of the following form:

0
f:Cl(1=h,0L; R") — R™*4, withf(Z,y):a(/hyH_gv(dO)), 2)

for a regular enough function o, and a finite signed measure v on [—#, 0]. This special
case of interest will be treated in detail in the sequel. Our considerations also include
afunction f definedby f(Z]) =0 (Z] (—u1), ..., Z (—ur)) =0 Vruy» - » Vi—u;)
for a given k > 1, 0 <uj; < --- < ux < h and a smooth enough function o :
R" xk — R" xd )

The kind of delay stochastic differential system described by (1) is widely stud-
ied when driven by a standard Brownian motion (see [26] for a nice survey), but the
results in the fractional Brownian case are scarce: we are only aware of [12] for the
case H > 1/2 and f(Z”Y) =0 (Z7(—r)), 0 <r < h, the further investigation [13]
which establishes a continuity result in terms of the delay r, and a reflected version
investigated in [4]. As far as the rough case is concerned (see [22] and [23]), an exis-
tence and uniqueness result is given in [27] for a Hurst parameter H > 1/3, and [36]
extends this result to H > 1/4. In spite of this lack of theoretical results, the need for
suitable oscillating dynamical models with delays is obvious in the applied literature,
and involves problems in signal or disease transmission [6, 32, 35], biochemical reac-
tions [2] or gene regulation [5, 25]. The demand for noisy versions of these systems
is therefore natural, as nicely stressed in [19].

Our paper can also be seen as part of a global project aiming at an understanding
of physically relevant systems driven by fractional noises. Just to mention a few ex-
amples concerning fractional Brownian motion with Hurst parameter H > 1/2, let us
quote ordinary differential equations [18, 30, 31, 38], some interesting cases of PDEs
[3,7,10, 11, 15, 16, 24, 34], as well as Volterra type systems [8, 9].

The current article can thus be seen as a step in the study of processes defined
as the solution to fractional delay differential systems, and we shall investigate the
behavior of the density of the R"”-valued random variable y, for a fixed ¢ € (0, T'],
where y is the solution to (1). More specifically, we shall prove the following theo-
rem, which can be seen as the main result of the article:

Theorem 1.1 Consider an equation of the form (1) for an initial condition & lying in
the space Cr([—h, 0]; R™). Assume b =0, and that f is of the form (2) for a given
finite signed measure v on [—h,0] and o : R" — R 4 an infinitely differentiable
function, bounded together with all its derivatives and satisfying the non-degeneracy
condition

oMo (n)* > eldgn, foralln e R".
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Suppose moreover that H > Hy, where Hy = (7 + \/ﬁ)/16 ~0.6951. Lett € (0, T]
be an arbitrary time, and y be the unique solution to (1) in C’f ([0, T1; R™), for a given
1/2 <k < H. Then the law of y; is absolutely continuous with respect to Lebesgue
measure in R", and its density is a C*°-function.

Notice that this kind of result, which has its own interest as a natural step in the
study of processes defined by delay systems, is also a useful result when one wants
to study other natural properties of the equation, such as convergence to equilibrium
(see e.g. [17]). Let us also observe that the case b = 0 has been considered here
for sake of simplicity, but the extension of our result to a non-trivial drift (namely
a coefficient b : Ci’([—h, 0]; R") — R” of the form b(Z) = u(fi)h Zyv(d0)) for an
infinitely differentiable function © bounded together with all its derivatives) is just
a matter of easy additional computations. Finally, the reader may wonder about our
restriction H > Hy above. To this respect, let us make the following observations:

(i) We believe that this restriction is due to the method we have used in order
to bound delayed linear equations, which is the best one we had in mind but
might not be completely optimal. In any case, we don’t see any obvious rea-
son for which our smoothness result for the density shouldn’t hold true for
1/2 < H < Hyp.

(i) As mentioned in Remark 3.15, the assumption H > Hy also stems the fact that
we consider a delay which depends continuously on the past. For a discrete type
delay of the form o (y;, yi—r, - --, yt_,q), withg > landr; <--- <ry <h, we
shall see in Remark 4.7 that one can show the smoothness of the density up to
H > 1/2, as for ordinary differential equations.

(iii) Interestingly enough, a behavior dichotomy between the discrete and continu-
ous situation has already been observed in [26] for the flow properties of the
equation in case of a Brownian noise. However, in the latter case one improves
the continuity properties of the equation by considering continuous delays (con-
trarily to our situation).

Let us say a few words about the strategy we shall follow in order to get our
Theorem 1.1. First of all, some of the steps we are following are rather standard in
the pathwise stochastic calculus context:

e As mentioned before, there are not too many results about delay systems governed
by a fractional Brownian motion. In particular, equation (1) has never been con-
sidered (to the best of our knowledge) with such a general delay dependence. We
shall thus first show how to define and solve this differential system, by means of
a slight variation of the Young integration theory (called algebraic integration), in-
troduced in [14] and also explained in [16]. This setting allows to solve equations
like (1) in Holder spaces thanks to contraction arguments, as will be explained in
Sect. 3.1. In fact, observe that our resolution will be entirely pathwise, and we shall
deal with a general equation of the form

dy, = f(Z)dx +b(Z)dt, t€]0, T, 3)

for a given path x € Cf([O, T1; R?) with y > 1/2, where the integral with respect
to x has to be understood in the Young sense [37]. Furthermore, in equations like
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(3), the drift term b(Z7) is usually harmless, but induces some cumbersome nota-
tions. Thus, for sake of simplicity, we shall rather deal in the sequel with a reduced
delay equation of the type:

t
yt:a+/ f(27)dxs, 1€[0,T].
0

e Once this last equation is properly defined and solved, the differentiability of the
solution y; in the Malliavin calculus sense will also be obtained in a pathwise
manner, similarly to the case treated in [31].

The essential part of our technical efforts for the current project are thus concen-
trated on the smoothness property for the density of y,. Indeed, as for other stochastic
systems defined in a pathwise manner, the main difficulty in order to get smooth den-
sities is to provide moment estimates for the Malliavin derivative of the solution y;. In
our situation, owing to the fact that we have chosen a delay depending continuously
on the past, this essential step is nontrivial, and is carefully detailed in Propositions
3.4 and 3.14. Notice also that the way to obtain the smoothness Theorem 1.1 from
those moments estimates, which follows roughly the methodology of [21], requires
some additional work in the context of a fractional Brownian motion. This step will
be carried out in Sect. 4.3.

Here is how our article is structured: Sect. 2 is devoted to recall some basic facts
about Young integration. We solve, estimate and differentiate a general class of delay
equations driven by a Holder noise in Sect. 3. Then in Sect. 4 we apply those general
results to fBm and prove our main Theorem 1.1.

2 Algebraic Young Integration

The Young integration can be introduced in several ways (convergence of Riemann
sums, fractional calculus setting [38]). We have chosen here to follow the algebraic
approach introduced in [14] and developed e.g. in [16], since this formalism will help
us later in our analysis.

2.1 Increments

Let us begin with the basic algebraic structures which will allow us to define a path-
wise integral with respect to irregular functions: first of all, for an arbitrary real num-
ber T > 0, a topological vector space V and an integer k > 1 we denote by Cx (V) (or
by Cx ([0, T']; V)) the set of continuous functions g : [0, T1*¥ — V such that 8ty =0
whenever t; = t;1 for some i < k — 1. Such a function will be called a (k — 1)-
increment. Note that C1 (V) is the family of all continuous functions from [0, 7] into
V, and we will set C4(V) = Uy~ Ck(V). An important elementary operator is §,
which is defined as follows on Cy(V):

k+1
§:Ch(V) = Cop1 (V). (3o = Y (=D g o @

i=1

@ Springer



858 J Theor Probab (2012) 25:854-889

where #; means that this particular argument is omitted. A fundamental property of
38, which is easily verified, is that §6 = 0, where §4 is considered as an operator from
Ck (V) to Cxy2(V). We will denote ZCi(V) = Cr(V) N Ker$, for any k > 1, and
BCr (V) =Cr (V) NImS§ for k > 2, that is

ZC(V) = {g € C(V): 5g =0},
BCk(V) = {g € Ck(V); g = 8f for f € Ce1(V)}.

Some simple examples of actions of §, which will be the ones we will really use
throughout the paper, are obtained by letting g € C; (V) and h € C2(V). Then, for any
s,u,t €[0,T], we have

08)st =8 — &s,» and  (8M)syr = hgr — hgy — hyy. (5)

Furthermore, it is easily checked that ZCy (V) = BCy (V) for any k > 2. In particular,
the following basic property holds:

Lemma 2.1 Let k > 1 and h € ZCy41(V). Then there exists a (non-unique) | €
Cx (V) such that h = §f .

Observe that Lemma 2.1 implies that all the elements & € C(V) such that A =0
can be written as & = §f for some (non-unique) f € C;(V). Thus we get a heuristic
interpretation of |¢,(y): it measures how much a given 1-increment is far from being
an exact increment of a function, i.e., a finite difference.

Remark 2.2 Here is a first elementary but important link between these algebraic
structures and integration theory: let f and g be two smooth real valued function on
[0, T]. Define then I € Co(V) by

t v
I :/ dfv/ dg,, fors,tel0,T].
N N
Then, some trivial computations show that

O Dsur = [gu — gs1Lft — ful = 8f)ur (88)su-

This is a helpful property of the operator §: it transforms iterated integrals into prod-
ucts of increments, and we will be able to take advantage of both regularities of f
and g in these products of the form 6f 8g.

For sake of simplicity, let us specialize now our setting to the case V = R™ for an
arbitrary m > 1. Notice that our future discussions will mainly rely on k-increments
with k < 2, for which we will use some analytical assumptions. Namely, we measure
the size of these increments by Holder norms defined in the following way: for 0 <
ay <ap <T and f € Cy([a,az]; V), let

|frt|

, and
— |k

||f||;t,[a1,a2] - sup

rt€lay,as] |t
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Cl (a1, a2l V) = {f € Co(V): | f .ty ) < 00}

Obviously, the usual Holder spaces Ci‘ ([a1, az]; V) will be determined in the follow-
ing way: for a continuous function g € C;([ay, a2]; V), we simply set

||g||u,[a1,a2] = ||58||M,[a1,a2], (6)

and we will say that g € C{L([al,ag]; V) iff |Igllu,[ar,a0) 18 finite. Notice that
Il - ll 4,[a1,a0] 1S Only a semi-norm on Cf([al, as]; V), but we will generally work on
spaces of the type

Cﬁal,az(v) = {g ay,a] = V; 8a; =V, ”g”p,,[al,az] < OO}» @)
fora givenv e V, or

Cﬁf,al,az(Rd) ={¢ eCl(la1 —h,a2l;R?); ¢ =g on [ay — h, a1}, (8)
where 0 < a; <az and o € Cf (lay — h,a1]; Rd). These last two spaces are complete
metric spaces with the distance dy, 4;.q,. Here, dyy q,0,(f, 8) = I f — &l u.[a1,a2] ON
Clrar.ay(V); and dy ay 4y (f> 8) = |.f = &l .y —h.az) O the space Cpay.ay (RY).

In some cases we will only write C,‘:(V) instead of C,’: ([a1, a2]; V) when this
does not lead to an ambiguity in the domain of definition of the functions under
consideration. For i € C3([a1, a2]; V) set in the same way

Villyptaray = sup  ——sul
Vv.p,lay,az]l —
s,u,telay,az] |u —S|V|l‘ - u|p '

)
el az) = inf{z Willprpe—prs =) _hi, 0 < pi < u},
i i

where the last infimum is taken over all sequences {/; € C3(V)} suchthath =), h;
and for all choices of the numbers p; € (0, w). Then | - || 4,[4;,4,] 15 €asily seen to be
anorm on C3([ay, a2]; V), and we set

Cg([al,az]; V) = {h €C3([611’02]§ V)§ 1721l fay a0 < OO}

Now, let C3 (a1, a2): V) = U,.  Ch(lar,ax]: V) and ZC3T(la1.a2]: V) =
Cit (a1, axl; V) Nkers.

With these notations in mind, the crucial point in our approach to pathwise inte-
gration of irregular processes is that, under mild smoothness conditions, the operator
8 can be inverted. This inverse is called A, and is defined in the following proposition,
whose proof can be found in [14].

Proposition 2.3 Let 0 < a; < ay < T. Then there exists a unique linear map A :
ZC31+([a1 ,apl; V) — C;Jr([a] ,a2]; V) such that

84 = Idzc;ﬂ[al,az];vy
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In other words, for any h € C31+([a1 ,a2]; V) such that §h = 0 there exists a unique

g=A(h) € C21+([a1,a2]; V) such that 8g = h. Furthermore, for any u > 1, the map
A is continuous from ZC?([al, a]; V) to Cg([al, az]; V) and we have

AR 1 (a0 120 far.ar1s 1 € ZC5 (a1, azl; V). (10)

1S5
2t -2

Moreover, the operator A can be related to the limit of some Riemann sums, which
gives a second link (after Remark 2.2) between the previous algebraic developments
and some kind of generalized integration.

Corollary 2.4 For any 1-increment g € Co(V) such that 8g € C3, set h = (Id —
A$)g. Note that 5h = 0 due to the fact that § A = IdZCé*(V)' Thus there exists f € Cy

such that h = §f . Moreover, we have

n—1

é = 1l -
(6f)st lninioi(;gt, tiv1s
=l

where the limit is over any partition Il = {tg =s,...,t, =t} of [s, t], whose mesh
tends to zero. Thus, the 1-increment §f is the indefinite integral of the 1-increment g.

2.2 Young Integration

In this section, we will define a generalized integral f f fudg, foraC ’1‘ ([0, TT; Rxd )-
function f, and a CT([O, Tl; Rd)-function g, with k 4+ y > 1, by means of the alge-
braic tools introduced in Sect. 2.1. To this purpose, we will first assume that f and g
are smooth functions, in which case the integral of f with respect to g can be defined
in the Lebesgue—Stieltjes sense, and then we will express this integral in terms of the
operator A. This will lead to a natural extension of the notion of integral, which coin-
cides with the usual Young integral. In the sequel, in order to avoid some cumbersome
notations, we will sometimes write 7 ( f dg) instead of fs' fudgy.

Let us consider then for the moment two smooth functions f and g defined on
[0, T]. One can write, thanks to some elementary algebraic manipulations,

t t
%;(fdg)E/ fudgu zfs(gg)st'i‘/ (Sf)sudgu :fs(ag)st+u7st(8fdg)- (11)

Let us analyze now the term J(8f dg), which is an element of C;(R"). Invoking
Remark 2.2, it is easily seen that, for s, u, t € [0, T],

hsur = [8(T (3f d2))] 0 = OF)su(8&)ut-

The increment h is thus an element of C3(R") satisfying §h = 0 (recall that
86 = 0). Let us estimate now the regularity of A: if f e C{ ([0, T1; R"™*4) and

g €C/ ([0, T1; RY), from the definition (9), it is readily checked that & € C%/H (R™).
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Hence h € ZCJ @R, and if k + y > 1 (which is the case if f and g are regular),
Proposition 2.3 yields that J (5 f dg) can also be expressed as

J@f dg) = A(h) = A(5f 88),
and thus, plugging this identity into (11), we get
Tsi(fdg) = fs(88)st + A5t (81 88). 12)

Now we can see that the right hand side of the last equality is rigorously defined
whenever f e C4([0, T]; R"™*9), g € C] ([0, T1; RY), and this is the definition we
will use in order to extend the notion of integral:

Theorem 2.5 Let f € C¥([0, T1; R"™%) and g € C] ([0, TT; RY), with k +y > 1. Set

Tst(fdg) = fs(88)st + At (3 88). (13)
Then

(1) Whenever f and g are smooth functions, Js(f dg) coincides with the usual
Riemann integral.
(2) The generalized integral J (f dg) satisfies

[Tt (fd)| <1 fllocligllylt = s + eyl flliclgllylr — s+,

for a constant c,, , whose exact value is Qrte —2)—L,

(3) We have
n—1
dg)= i Y P
Tu(fdg) = lim 0; i 88141
where the limit is over any partition Iy = {tg = s, ..., t, =t} of [s, t], whose

mesh tends to zero. In particular, Js: (f dg) coincides with the Young integral as
defined in [37].

Proof The first claim is just what we proved at equation (12). The second assertion
follows directly from the definition (13) and the inequality (10) concerning the op-
erator A. Finally, our third property is a direct consequence of Corollary 2.4 and the
fact that §(f 8g) = —5f 8¢, which means that

J(fdg) =[ld— AS](f8g). O
A Fubini type theorem for Young’s integral will be needed in the last section of
this paper. Its proof below is a good example of the importance of Proposition 2.3

and Theorem 2.5.

Proposition 2.6 Assume that y > A > 1/2. Let f and g be two functions in
CY([0,T1:R) and h: {(t,s) €[0,T1*;0 <s <t < T} — R a function such that
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h(-,t) (resp. h(t,-)) belongs to Ci‘([l, T1; R) (resp. Cf‘([O,t]; R)) uniformly in t €
[0, T, and

[hG1 ) = h G2 ) 0 pry < Clrt =12l (14)
Then

t r t
/(/ h(nu)dgu)dfr:/’(/ h(r,u)dfr)dgu, 0O<s<i<T. (15)

Proof Fix s,t € [0, T], with s < ¢, and divide the proof in several steps.
Step 1. Here we see that || : [ h(r,u)dg, df; is well-defined. Note that we only
need to show that fY h(-,u)dg, belongs to C{‘([s, T1; R) due to Theorem 2.5.
Letry,rp € [s,t], r1 <ra, then Theorem 2.5.(2) gives

r r
/h(rz,u)dgu—/ hrt, ) dg.
N S

< +

r1
/ (h(r2,u) — h(ri,u)) dg,

r
f h(ra, ) dga
r

1

< lgly (a2, ) = A1, )| oo g 1 = )7
FepallhCa, ) =k, g, =97
+ ||g||y(||h(’"27 ')”00,[0’,2]("2 - rl)y + Cy,)»”h(rQ,s ')“)L’[O’rz](’? - rl)}/"r)»).

Hence (14) implies our claim. The definition of fst fut h(r,u)df, dg, follows along
the same lines.

Step 2. Let Il = {ty = s, ...,t, =t} be a partition of the interval [s, t]. Then,
according to Theorem 2.5, for any v € [0, ) we have

n—1

v
/ h(ly u)dgu = |1715i,1|11>0i2:gh(t’li)(sg)timj’[iHAv‘ (16)

s

Our assumption (14) allows us now to take limits in the equation above, so that we
obtain, forany 0 <s <t <T,

n—1

t
Qslt :2/ h(t,u)dg, = lnlir‘n Ozh(t’ti)agfi»ti+l ::qszt' a7
s Yiz0

In order to see that the relation above holds in C%‘([O, T1; R), it is now enough to
check that both q1 and q2 in (17) are elements of C%([O, T1; R).

However, the fact that ql IS C%‘([O, T1; R) can be proved along the same lines as
in Step 1. The assertion ¢° € C%([O, T1; R) can be proved by observing that the limit
defining qszl do not depend on the sequence of partitions under consideration. In par-
ticular, consider the sequence ("), of dyadic partitions of [0, T'], that is
iT

n__ ) n no_ 3 n_
'={0=1 <t} <--- <1}, =T}, witht] =2

’
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and set, forall s,¢ € [0, T], 7> =" N (s,1). Then qst =1lim;_ 0 Zt et h(t, ") x
5g,in, " forall0 <s <t < T and the same kind of arguments as in [9 Theorem

2.2] yield our claim q2 € Cé([O, T]; R). We have thus proved that (17) holds in
CJ(0, TT; R).
Step 3. From Proposition 2.3, Step 2 and (13) we have

t [/n—1
/ / b dguds, = Tim <Zh(r,ti)(gz,+w—gz,-Ar))dfr
s \izo

I |0

n—1 .;
= lim Z/ h(’”,li)(gti+mr_gt,-)dfr

I |—0
[ Mg | i—0 t

n—1 t
= 1. h y t; d i - i
S (e

li+1
+/ h(rsti)(gr_gti)dfr:|~
1
Moreover, thanks to the Holder properties of f and g, we have
n—1
i=0
as |I1;| — 0, and thus

t
f/h(r wdg,df, = lim Z(/ h(nn)dfr)(gz,.ﬂ—g,i).
1

I |0

n—1
78
<CY i1 —t) -0
i=0

Lyl
/ B 1) g — g1 dfs
t

Consequently, Step 2 and Theorem 2.5 imply that (15) is satisfied and therefore the
proof is complete. U

Remark 2.7 Our Fubini type theorem could also have been obtained with the follow-
ing strategy: show formula (15) for smooth functions f, g and h. Then use a density
argument in order to cover all suitable Holder cases. However, the density of smooth
functions in spaces of the form C%/ has not been investigated yet (to our knowledge).
Therefore the inclusion of this density argument would lead to a longer proof than
the one we have chosen for Proposition 2.6.

The following integration by parts and It6’s formulas will be also needed in the
last part of this paper.

Proposition 2.8 Let f and g be two functions in Cf ([0, T]; R), with y > 1/2. Then

t t
ftgt=f080+/0 fudgu+/0 gudfy, tel0,T].
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Proof Set q; := figr — fot Sudgu — fé gudfy, t €[0,T]. It is easy to see that this
function belongs to Clzy ([0, T']; R) because of the equalities

f18r — fs8s = [5(88)st + 85(8f ) st + (88)5: (8] s+

t
N

and
t
/ Sudgu +/ udfu= fs(88)st + 85 (8f)st + A5t (8f 88) + A (88 81,

which follows from (13). Now, since g € ny ([0, T]; R), with 2y > 1, g is a constant
function. Otherwise stated, g; = go = fogo. Therefore the announced result is true. [

Proposition 2.9 Let g and h be in CT([O, TL,R)and f € Cg (R). Also let x; = xo +
f(; gsdhg,t €[0,T]. Then

t
f(xt) = f(x0) +/0 f/(xu)gu dhy, tel0,T].

Proof Proceeding as in the proof of Proposition 2.8 and using the mean value theo-
rem, we can show that

t
qr = f(-xf) _/O f/(xs)gs th7 re [Os T]7

is a 2y -Holder-continuous function. Therefore the result holds. O

Remark 2.10 Proposition 2.9 has been proven in [38] using Riemann sums.

3 Young Delay Equation

Recall first that we wish to consider a differential equation of the form:

t
y:=§o+/ f(Zi)dx,, tel0,T],
0

(18)
z =t

In the previous equation, the integral has to be interpreted in the Young sense of
(13), the initial condition £ is an element of Ci’ ([—h, 0]; R™), the driving noise x is
in C! ([0, T]; RY), with y > 1/2. We seek a solution y in the space CQ’O’T(R”) for
1/2 <1 <y, and f is a given function f : C}([—h, 0]; R") — R"*“ In this section,
we shall solve equation (18) thanks to a contraction argument, and then study its
differentiability with respect to the driving noise x. Of course, the main application
we have in mind is the case where x is a d-dimensional fractional Brownian motion,
and this particular case will be considered in Sect. 4.
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3.1 Existence and Uniqueness of the Solution

In order to solve equation (18), some smoothness and boundedness assumptions have
to be made on our coefficient f. In fact, we shall rely on the following hypothesis:

Hypothesis 1 There exist a positive constant M and A € (1/2,y) such that

|f@©O| <M, and |f(&)— f@&)] = M@ sup 122(0) — 61(0)|

uniformly in ¢, 1,6 € C{‘([—h, 0]; R™).

Actually we will assume that f satisfies a stronger Lipschitz type hypothesis on
the space Ci\ (R™). Let us state first a preliminary result before we come to this second
assumption:

Lemma 3.1 Leta = (aj,az),withO <ay <ay <T,letalso Z € C{‘([al —h,ay]; R")
and set
[u(a)z]s =f(2})., selaal.

Then Hypothesis 1 implies that U'D is a map from Ci\([al — h,ax]; R") into
Cl(lar, az]; R"™4), satisfying:

421, 1 < M 121 b

Proof The proof of this result is an immediate consequence of the definition (6) of
Holder’s norms on C; and Hypothesis 1. 0

With this preliminary result in hand, we can now introduce our second hypothesis
on the coefficient f.

Hypothesis 2 Taking up the notations of Lemma 3.1, consider an initial condition
pE C{‘([al — h,a1]). We assume that, for any N > 1, there is a positive constant cy
such that:

U@ (z1) —uU'“ (z,) ||A,[al,az] <cnllZy = Zalla [ay—h.a0]»

forall0<ay<ax<Tand Z|,Z, € Cg,al,az

R™), satisfying
max{|| Zill.ta;—h.a1; 1 Z2ll5 i —has1} < N,

where A is given in Hypothesis 1.

Observe that Hypothesis 2 holds in particular if, for A > 0, the map /' admits a
derivative which is locally bounded, uniformly in a € [0, T].

Now that we have stated our main assumptions, the following theorem is the main
result of this section.
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Theorem 3.2 Under Hypotheses 1 and 2, the delay equation (18) has a unique solu-
tion in cg o.r R

Before giving the proof of this theorem, we establish an auxiliary result. This will
be helpful in order to get the existence of an invariant ball under the contracting map
which gives raise to the solution of our equation.

Lemma 3.3 Let x € Ci’([al,az]; Rd) withy >1/2and 0 <ay <az, A € (1/2,y)
and v € R". Set a = (a1, a»), recall notation (7) and define V@ : C%([al, ay]; R<4)
— C* (R") by:

v,ay,ay
VOZ] =v+ Jas(Zdx), selar,al,

N

where Ju,5(Z dx) stands for the Young integral defined by (13). Then
IVOZ], . < 1 (1Zllos faran1 @2 = a)” ™ + caiy 1 21 ar,a1 (@2 — a)7),
with ¢4, = M7 —2)7L,
Proof Leta; <s <t <T.Then Theorem 2.5 point (3) implies that

V@z], - [V9Z], = Tu(Zdx).

Our claim is then a direct consequence of Theorem 2.5 point (2) and of the defini-
tion (6). O

Proof of Theorem 3.2 This proof is divided in several steps.

Step 1: Existence of invariant balls. Let us first consider an interval of the form
[0, €], which means that, when we include the delay of the equation, we shall consider
processes defined on [—/, €]. More specifically, let us recall that the spaces C?,O,a R™)

have been defined by relation (8). Then we consider a map I : C?,O,s — C?,O,s’ where
we have set C?,o,g = CQ’O’s(R") for notational sake, defined in the following way: if
Z€ C?,O,S’ then I"(z) = 2, where 2, = &, for t € [—h, 0], and:

(82),, = Tu(Zdx), with Z, = f(Z7), fors,t €[0,e]. (19)

That is (recalling that Z%(s) = z,45 for s € [—h, 0]),

t
2,—5():(52)0,:/0 f(Z%)dxy, 1€][0,¢]

We shall now look for an invariant ball in the space CSA,O, . for the map I".

So let us pick an element z, such that ||z||, (] < N1 and set I'(z) = z. On
[—h, 0], we have Z = &, and hence [|6Z]lx,[—n,01 = 16§ 1Ix,[—1,01 = Ne. We shall thus
choose Ni > 2Ng.
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On [0, ¢], we have now, invoking Lemma 3.3:
1820, 106 = 1 Zlloo 18" ™ + ¢y Al Z i 0,ellx 7 (20)

Furthermore, according to Hypothesis 1, we have || Z||oc < M and thanks to Lemma
3.1, we also have || Z || [0,s] < M l|zllx,[-h,e] < M Ny, by assumption. Then we can
recast the previous inequality into:

Let us choose now ¢ and Nj in the following manner (notice that ¢ does not depend
on the initial condition &):

82

|y (0. = MlIxllye” 74 [1+ ¢y uN1€?]. 1)

e=[4Mcy 1 lxl, ] A1, and Ny =4M|x],. (22)

With this choice of ¢, N1, inequality (21) becomes ||8Z][5,0.e] < N1/2. Summarizing
the considerations above, we have thus found that
-1
e=[4Mcy,lxl, ] AL Ny = sup{2Ng; 4M|ix]), )

. Ny
‘SZ”A,[O,s]} =5

= sup{[[82], oy (23)
Consider now s < t, with s € [—h, 0] and ¢ € [0, €]. Then, owing to the previous
relation, we have:

R R R Ny
[62) .| = 1(82) 501 +(62)q,| = = (s +2%) = Nule = 1%,

which, together with the last inequality, proves that B(0, N1) in CQ,O, . 18 left invariant
by I, under the assumptions of (23).

Assume now that we have been able to produce a solution y! to equation (18) on
the interval [—#, ¢]. We try now to iterate the invariant ball argument on [¢ — h; 2¢].
The arguments above go through with very little changes: we are now working on
delayed Holder spaces of the form C;(l)’&zg, and the map I' is defined by I'(z) = Z,

with Z = y(l) on [¢ — h; €], and 87 having the same expression as in (19) on [g, 2¢].
We wish to find a ball B(0, N2) in C;jm e 26 left invariant by the map I". With the
same computations as for the interval [’;h, €], the assumptions of inequality (23)
become

—1
e=[4Mcylxlly] Y AT, Na = sup{2N,a); 4M x|l }.

Notice again that we are able to choose here the same ¢ as before, by changing N into
N3 according to the value of ||y(1) lx.[e—h,e]- It is now readily checked that B(0, N>)
is invariant under I", and this calculation is also easily repeated on any interval [ke —
h, (k + 1)¢e] for any k > 0, until the whole interval [0, T'] is covered.

Step 2: Fixed point argument. We shall suppose here that we have been able to
construct the unique solution y to (18) on [—#; [¢], and we shall build the fixed point
argument on [le — h; (I 4 1)¢e]. On the latter interval, the initial condition of the paths
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A

we shall consider is €' =y on [le — h; l]. If I" is the map defined on ot e aye

by (19), then we know that B(0, N;41) is invariant by I".
In order to settle our fixed point argument, we shall first consider an interval of the
form [le — h; le 4 n], for a parameter 0 < 1 < ¢ to be determined. On c*

£LL e le4n’
we define a map, called again I", according to (19). Pick then two functions z!, z% €
Cé?l-l,ls,leﬂ’ set 2 = I'(¢') fori =1,2 and ¢ =2* — z'. Then ¢ € Cj;, ;> and if

le <s <t <le+n, wehave
60)s = Tu((2% = 2")dx), where Z' = f(Z7).

Thus, just like in (20), we have

1 2 —A
188 I te—nte4m < [ Z' = Z2|| o yesepm 1617

+ eyl Z' =220, oo X107
Furthermore, [|Z" — Z2[|oo e, 16401 < 12" = Z |11 jie e+ " Hence,
188 1tz te-+m < 1+ ¢y ) [ 21 = Z2], e sogmy 1%y 07
We also have Z! — 722 = f(ZZl) — f(ZZz), and thanks to Hypothesis 2, we obtain

1 2
8¢ ||)L,[18—h,18+7]] <+ C)/,)»)”x”)/CN[_H 77y ||Z —Z ||)‘"[18_h‘718+7/]'

Therefore, we are able to apply the fixed point argument in the usual way as soon as

]_l/y AE.

(I+cya) ey, Ixlly 07 < % or n=[21+cya)enmy, Ixlly
With this value of 1, we are thus able to get a unique solution to (18) on [le — h;
le +n]l.

Let us proceed now to the case of [le +n — h, le +2n]. The arguments are roughly
the same as in the previous case, but one has to be careful about the change in the
initial condition. In fact, the initial condition here should be £"-2 =y on [le 4+ n —
h,le 4+ n]. However, we can also choose to extend this initial condition backward,
and set it as €2 =y on [le — h,le + n]. We then define the usual map I" as in
(19), and we have to prove that B(0, N;41) is left invariant by I". To this purpose,
take z € C§’~2,ls+n,ls+2n in B(0, Ni4+1), and set Z = I"(z). Observe then that, for any
t €lle +n,le +2n], we have

= 5125+n +/

le+n

t le+n t

F(2D)dxy + / F(22) dx,

le+n

f(Z)dx, =&, +/

le

t
=§115+/ f(25) dxa,

le

where we have used the fact that &2 = y on [le — h, l¢ + ] solves (18). It is now
easily seen that Z is in B(0, N;11), and this allows to settle our fixed point argument
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as in the previous case, with the same interval length 5. This step can now be iterated
until the whole interval [le; (I + 1)¢e] is covered. O

3.2 Moments of the Solution
The moments of the solution to (18) can be bounded in the following way:

Proposition 3.4 Under the same assumptions as in Theorem 3.2, let y be the solution
of equation (18) on the interval [0, T], with an initial condition § € Ci‘([—h, 0]; R™).
Then there exists a strictly positive constant ¢ = c(y, A, M, T) such that

Y71 < cmax[[1€ 5, 215/ Y 7D, Jx]l, ).

Proof From the proof of Theorem 3.2, we know that || y||,[—z,7] is finite. Let us
assume that this quantity is equal to K, and let us find an estimate on K. One can
begin with a small interval, which will be called again [0, €], though it will not be the
same interval as in the proof of Theorem 3.2. In any case, taking into account that y
solves equation (18), we obtain similarly to (20),

18y 5. 10.e1 < Mlxl, &~ 4 ¢, aMIISY . (—n.ellx [l
< M|xllye” " +cyn MK |\x|lye” = g(e. K). (24)
Along the same line, for any k < [T /¢], we have
8311, ke, (k+1)e1 < (&, K).
Take now s, € [0, T] such that ie <s < (i + 1)e < je <t < (j + 1)e. Set also

ti=s,fgy=kefori+1<k<j,andt;y1 =t.Then

J
<g(e, K) Y (es1 — 1)

k=i

<gEe K)(j—i+ D@ -9,

J
PG

k=i

|(8y)st| =

where we have used the fact that r — r* is a concave function. Note that the indices

i, j above satisty (j —i + 1) < 2T /e. Plugging this into the last series of inequalities,
we end up with

g(e, KYQT)'™*  [M|x|
18y ll5.10,77 < P = glfyy

+cpa MK ||x||ysy+“](2T)”.

Thus the parameters K and ¢ satisfy the relation

M |lx] - -
Ks[ o ey MK ] er 1}(M)1 P18 s (25)
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In order to solve (25), choose ¢ such that
1
eyp M lxllye? ot et =2,

that is
A1/ (y+2r—-1
e =[2cy, M |jx]l, @) ]/,

Plugging this relation into (25), we obtain the result when e < T'.
Finally, T < ¢ ifandonlyif 77 < [22_)‘cy+;LM||)c||y]_1 . Thus, by inequality (24),
the proof is complete. 0

3.3 Case of a Weighted Delay

In this subsection, we prove that our Hypotheses 1 and 2 are satisfied for the weighted
delay alluded to in the introduction, that is for the function f given by equation (2).

Proposition 3.5 Let v be a finite signed measure on [—h, 0] and o : R" — R"™*4 ¢
four times differentiable bounded function with bounded derivatives. Then Hypothe-
ses 1 and 2 are fulfilled for f : Cf‘([—h, 01; R") — R"*? defined by:

0
f(Z)=0 (/ Z(e)v(de)),
—h

Proof We first show that Hypothesis 1 holds. More specifically, the condition
| f(¢£)] < M being obvious in our case, we focus on the second condition of Hy-
pothesis 1. Let Z{, Z, € Clk([—h, 0]; R™). Then there is a constant C > 0 such that

with Z € C}([—h, O]; R™).

0
|f(Z) - f(Zy)| < C'/h(zl(e) - Zz(9))v(d9)‘

)-

where |v]| is the total variation of v. Therefore Hypothesis 1 is satisfied in this case.
Now we prove that /(@ is Fréchet differentiable in order to analyze Hypothe-

sis 2. Since the map Z +— ffh Z(- 4+ 0)v(d0) is easily shown to be a bounded linear
operator from C{‘([al —h,ay]; R") into Ci\([al ,az]; R™), we only need to show that

= CVI(I=h 0 (| suwp [216) = 2260
€l—n,

o:C (R") — C5 (R”Xd), with 6 £ o (p),

p,ay,az p,ay,ax

is Fréchet differentiable in the directions of C* (R™), with derivative [ Do (Z)£](t)

0,a;,ay
=0/(Z(1))£(t). Toward this end, we have to show that, taking Z € C} , ., (R") and
te Cé,al o, (R"), and setting

g =0(ZW) + L) =0 (Z0) =o' (Z®) £),
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then

||Q||A,[a1—h,a2]

=0. (26)
€11 tay —h.a1=>0 1115, [a)—h,az]

In order to prove relation (26), define a function b : [0, 1?P->R by:
b(h, ) = Z(s) + A(s) + u[Z() — Z(s)] + aule@) — £(s)].

Observe then that b(1,1) = Z(t) + £(¢), b(1,0) = Z(s) + £(s), b(0,1) = Z(¢) and
b(0,0) = Z(s). We will also set H(A, i) = o (b(A, i)). Then

o(Zt)+ @) —o(Z(t)) —o'(Z®)) £(t)
=o(b(1,1) —a (b0, 1)) — o' (b0, D)[b(1, 1) — b0, 1]
1,
=§f0 35 H(x, D[1 — AldA,

and similarly, we have

1
o (Z(s) +£(s)) — 0 (Z(5)) — o' (Z(5))(s) = / 92, H(\,0)[1 — A]dA.
0

Hence, plugging these two relations in the definition of ¢, we end up with
1
(8q)s = f (93, H(A, 1) — 82, H(:, 0))[1 — A]dA
0

1
:/0 ame(x,O)[l—x]dwr/O zafAWH(A,M)[l—)»][l—M]dkdu.
[0.1]

The calcglation of 8/%)\ uH (A, 0) and a;‘k u MH (A, ,1%) isa mgtter of long and ted%ous
computations, which are left to the reader. Let us just mention that both expressions
can be written as a sum of terms of which a typical example is

0" (b ))[(BZ) st + (B Z)ge |[£(s) + A(80)5: ] (80)s1 (27)

These terms are obviously quadratic in ¢, and can be bounded uniformly in X, u, s, ¢
under the hypothesis o € C;‘. Notice that, in order to bound the term [£(s)| in (27),
we use the fact that £ has a null initial condition, which means in particular that
[e(s)| < (ap —a; + h)kllﬂlh,[al,hm]. This finishes the proof of (26). The continuity
of Do (Z) and the existence of the constant ¢y introduced in Hypothesis 2 are now a
question of trivial considerations, and this ends the proof of our proposition. d

Remark 3.6 The proof of Fréchet differentiability of f was not necessary for the
existence-uniqueness result, which relied on some Lipschitz type condition. However,
this stronger result turns out to be useful for the Malliavin calculus part, and this is
why we prove it here. Nevertheless, notice that Theorem 3.2 holds true for a Cl%
coefficient o.
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3.4 Differentiability of the Solution

In this section we study the differentiability of the solution of (18) as a function of the
integrator x, following closely the methodology of [31]. In particular, our differentia-
bility result will be achieved with the help of the map F : Cg 0T (R?) x C(})‘ o7 @R —

Cfo.r (R") given by

[Fk, 2)], = Z — Jor (f (27¥F)d(x + ), 1€[0,T] (28)

where §t =§&y fort € [0, T], and é‘t =& for t € [—h, 0]. Here we recall that & stands
for an initial condition in Clk([—h, 0]). In this section the coefficient f will satisfies
the following:

Hypothesis 3 Ser t = (0,1), and recall that the map UY has been defined
in Lemma 3.1. We assume that U® :Cé,oﬁt(R”) — CM[0, 1]; R"*9Y is continu-

ously Fréchet differentiable in the directions of Cé,O,t(Rn)’ for some A € (1/2,y).
We call VU :CQ’O’I(R”) — E(Cé"o’t(R”);C())"O’I(R”Xd)) its differential, where
E(C&OJ(R”); C())‘,O’t(R”Xd)) denotes the linear operators from C())‘,O’t(R”) into
C(’}’O)I(R"Xd). Moreover, we also assume that, for s <t and Z € C&O’T(R”),

[VuY ]2 =[VU]2Z) onlo,s],
where y is the solution of equation (18).

Remarks 3.7

(1) Notice that we have shown, during the proof of Proposition 3.5, that the weighted
delay given by (2) also satisfies this last assumption.
Q) IfZe cg’o,,(R"), then
VU DD, 0. = VU D1Z 1110,

Indeed, set ZS = Z, fors € [0, ¢], and ZS = Z; for s > t. Therefore Hypothesis 3
implies

||vu<‘)(y)(2) “,\,[o,z] = ” VU(T)(Y)(Z) ”A,[O,T] = \VU(T)()}”HZ”A,[O,T]
= [VUD D11 ZII1.0.1-
and our claim is satisfied.

We are now ready to prove the differentiability properties for equation (18):

Lemma 3.8 Under the Hypothesis 3, the map F given by (28) is continuously Fréchet
differentiable.
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Proof Let us call respectively Dy and D, the two directional derivatives. We first
observe that, for k, g € C(’;’ O’T(Rd Yand Z € C&O’T(R"), we have

Fk+g.2) - Fe2)+ [ U™ (2+8)), dg. =
0
In other words, the partial derivative D F is defined by
D\ F(k,Z)(g) = —/0 U (Z+8)] dgs =—-To.([UT (2 +&)]dg).

We shall prove now that D{ F is continuous: consider k.ke C(’; O’T(Rd yand Z, Z €

C())‘O 7 (R"). For notational sake, set also || - ||, for || - [Ix,[0,7]. Then, according to
Lemma 3.3, we obtain

|D\Fk, Z)(n) — D1 F (k. Z) () |,
= |7 ([u™(Z+&) —u(Z+8)]dn,)|,
<lnly (U (z+&) —uP(Z+E)| 77
+ Copy T U (2 + &) —UD(Z +8)],).

which, owing to Hypothesis 3, implies that D F is continuous. _
Concerning D, F we have, for k € Cg,O’T(Rd), Ze C&O’T(R") and Z € C&O’T(R"),
and thanks to Theorem 2.5:

|F(k.Z+Z) - Fk,2) - Z+ T([VU (2 +&)](Z2)d(x + b)) |,
<lx+kly (JU(Z+Z+8) ~uP(z+8) ~ [VuP(2+8)](2)] 17

)
+ Cry TV [UD(Z+ Z+8) —UD (2 +8) - [VUD (2 +8)](Z),)-

Therefore, making use of Hypothesis 3, we have

DyF(k,2)(Z)=Z - / VUM (2 +£)(Z), d(xs + k).
0

The continuity of D, F can now be proven along the same lines as for D F', and the
computational details are left to the reader for sake of conciseness. The proof is now
finished. .

The following will be used to show that D, F'(k, Z) is a linear homeomorphism.

Lemma 3.9 Let w € C())‘O 7 (R"), y the solution of (18) and assume Hypotheses 1, 2
and 3 hold. Then the equation

t
Z = w, +f ([VUP M](2)),dx;, 0<t<T, (29)
0 s
has a unique solution Z in C&O’T(R").

@ Springer



874 J Theor Probab (2012) 25:854-889

Proof Thanks to Lemma 3.3 and Remark 3.7.(2), one can proceed as in the proof of
Theorem 3.2 to show that the result holds. g

Proposition 3.10 Assume that Hypotheses 1 to 3 are satisfied. Let y be the solution of
equation (18). Then the map h +— y(x + h) is Fréchet differentiable in the directions
ongO T(Rd), asa Cé‘o 7 (R")-valued function. Moreover, for h, k € Cgo T(Rd), we
have

t
[Dy(x +h) ()], = / UD (y(x + b)), dk;
0
t
+ f [VUD (y(x + 1)) (Dy(x + h)(K))], d(xs + hs).  (30)
0

In particular, [Dy(x + h)](k) is an element ofC())‘QO’T(]R").

Remark 3.11 Let us recall that equation (30) has a unique solution, thanks to
Lemma 3.9.

Proof of Proposition 3.10 Like in [31], the proof of this result is a consequence of
the implicit function theorem, and we only need to show that D, F (0, y(x) — § ) is
a linear homeomorphism from C() 0. 7 (R") onto C 0.0, 7(R"). Indeed, in this case we
deduce that & +— y(x + h) is Fréchet differentiable with

Dy(x + (k) = —(DaF (h, y(x +h) —£)) " o DiF(h, y(x + 1) — ) (k). (31)

which yields that (30) holds.

Finally, notice that D, F (0, y(x) — &) is bijective and continuous according to
Lemmas 3.8 and 3.9. Consequently the open mapping theorem implies that the appli-
cation Dy F (0, y(x) — § ) is also a homeomorphism. O

Interestingly enough, in the particular case of the weighted delay of Sect. 3.3,
one can also derive a linear equation for the derivative [Dy(x)];, seen as a Holder-
continuous function.

Proposition 3.12 Let o and v be as in Proposition 3.5. Let also f and y be defined by
(2) and (18), respectively. Assume that v is absolutely continuous with respect to the
Lebesgue measure with Radon—Nykodim derivative in LP ([—h, 0]) for p > 1/(1—vy).
Then, fori €{1,...,n} and k € C())”’O,T(R"), we have

. d Z .. .
Dyiww =Y [ ol war.
i=1

where, for j € {i,...,d}andi € {1,...,n}, ® is defined by the equation

ol = P ) + 33 / ([P ]") (@ ), dx
O0<r<t<T, == (32)

and @:(r)=0forall0<t<r <T.
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Remark 3.13 Note that, for each s € [0, T'], equation (32) has a unique solution in
C*([s, T1; R") due to Lemma 3.9.

Proof of Proposition 3.12 In order to avoid cumbersome matrix notations, we shall
prove this result for n = d = 1: notice that an easy consequence of the proof of Propo-
sition 3.5 is that in our particular case,

0 0
[VU®(2)(k)], = G/(/h Zoio v(d9)> (/hkz+9 v(d@)). (33)

Set now ¢, = o (f°, yi4e v(d0)) and g = o' (f°, yi46 v(d6)), and write y = y(x).
Then equation (30) can be read as:

t t 0
[Dy(k)]tzfo qsdks +U;, with Ut=[0 q;</h[1)y(k)]s+9u(d9)) dxg. (34)

The Fubini type relation given in Lemma 2.6 allows then to show, as in [31, Proposi-
tion 4], that

t
[Dy(k)], = /0 &, (r) dky, (35)

for a certain function @, A-Hdolder continuous in all its variables. In order to iden-
tify the process @, plug relation (35) into equation (34) and apply Fubini’s theorem,

which yields
0 t (s+6)+
U, = / v(d6) / a ( / a>s+e(r>dkr) dx,.
—h 0 0

It should be noticed that this point is where we use the fact that v(d8) = u(6)d6
with u € L?([—h, 0]). Indeed, in order to apply Lemma 2.6 to x, k and n +— F(n) =
fjh,u(e)de, we will assume (though this is not completely optimal) that F is y-
Holder continuous. However, a simple application of Holder’s inequality yields

|F(2) — F)| < Im2 = m| P~ VP Yl o —n.op -

It is now easily seen that the condition (p — 1)/p > y imposes p > 1/(1 — y).
Owing now to (a slight extension of) Lemma 2.6, we can write

0 (t+6)+ t
U, :/ v(d@)/ my(r,0)dk,, with m,(r,0) :/ q: D10 (r) dxs.
h 0 r—6

Apply Fubini’s theorem again in order to integrate with respect to k in the last place:

we obtain
t 0
U, :/ </ my(r, 0) v(d@)) dk,
0 \J—[(t=r)Ah]

t 0 t
- ( / viao) [ q;a>s+e(r>dxs)dkr,
0 —[(t—r)Ah] r—0
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and going back to (34), which is valid for any A-Holder-continuous function k, we
see that @; is defined on [0, ¢] by the equation

0 t
D, (r)=q; +/ (/ qiPs10(r) dxs>v(d0),
—[(t—r)Ah] r—6

and &,(r) =01if r > ¢. A last application of Fubini’s theorem allows us then to recast
the above equation as

t 0
P (r) =q: +/ qs (/ P9 (r) V(d9)> dxs.
r —[hn(s—r)]

Notice now that, if & < —(s — r) in the above equation, then s + 6 < r, which means
that @44 (r) = 0. Hence, we end up with an equation of the form

t 0
P = g + / g ( / Py (r)v(cm)) dx;,

which is easily seen to be of the form (32). O

3.5 Moments of Linear Equations

In order to obtain the regularity of the density for equation (18), we should bound the
moments of the solution to equation (29). This is obtained in the following proposi-
tion:

Proposition 3.14 Let f be a mapping from CQ,O,T (R™) into the linear operators from
C())"O’T(R”) into C*([0, T]; R”Xd) such that, for0<a<b<T,y¢e CQ’O’T(R”) and
z€Chor @M,

(D) 1FDZlooabr < MIZ oo ta—h,b1-
@) 1f Mzl ta.b) < Mzl ta—n.p1 + MY 1a—n.611Z 0. [a—h.5]-

Also let y be the solution of the equation (18), w € CS"O’T(R”) and z € C())"O’T(R")
the solution of the equation

t ~
thwt+/(; (fM2)(s)dxs, 1€[0,T].

Then

2 D
Izl 0,71 < ctllwll, 0,710y 5, €277,
or two Stric ositive constants ¢; =ci(T,y, A, M), i =1,2 an
for two strictly posit tant. (T,y, 1, M) 1,2 and

1/(y+A — _
D)/,)L — (HSH)L”-X”)/) /(y )+ ”x”)l//)/ + ”x”;Z)Hry D/((y+1)(y+r 1))
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Remarks 3.15

(1) Observe that if f is as in Proposition 3.5 and f = VU™, then straightforward
calculations show that Conditions (1) and (2) in the proposition are satisfied.
(2) The fact that zg = 0 implies that

A 2 D,
lzlloo,0,71 < c1 T Wl 0,71 D; 5 €207
¥

(3) LetA=y.Then (y +21—1)/((y +1)(y +X1 — 1)) in Proposition 3.14 is smaller
than 2 for y > Hy, where Hy = (7 + +/17)/16 ~ 0.6951. This is the threshold
above which our general delay equation will admit a smooth density.

(4) The unusual threshold Hy above stems from the continuous dependence of the
solution on its past, represented by the signed measure v. In case of a discrete
delay of the form o (y;, yr—r, .-, yt,rq), we shall see that all our considerations
are valid for any H > 1/2.

Proof of Proposition 3.14 We first consider two generic positive numbers k € N and
g, such that (k + 1)e < T. Then Theorem 2.5, point (2), and Conditions (1) and (2)

imply
Iz — wllx. ke, (k+1)e]
= H f(y)z“oo,[ke,(k+l)e]”x“VSy_A +C%XH ﬂy)z”x,[kg,(kﬂ)e]”x”}fgy
< Mlzlloo, 0.6+ el %1l €7~
+ ey aMxlly (12l 0,0+1)e1 + Nzlloo,f0, G+ Del 1Y 12, 10,77) €7 -

The following (arguably non-optimal) bound on ||z|so,[0,(k+1)¢] can now be easily
verified by induction:

k1 kt1
Izlloo, 0, (k+1)e] < Z2k+l_’ 1z =z lloo, i~ 1)e,ie] = Z2k+1_’ Izllx, 1= Desiel-

i=1 i=1

This yields
1z = wll, ke, (k+1e]
k1
<M|x|l, &" (Z 21z — 2oy ||A,[(i—1)a,is]>
i=1
+eyaMlxllye” (2l o.ker + 1zl ke, e+ er)
k1
+ ey aMllxlly yllx 0,787 T (Z 21 2 — 2 e ||A,[(i—1)a,ia]) . (36)
i=1

Now the proof can be split in three steps.
Step 1. Bounds depending on €. Let

1 1 A\ —1
e =(T +[6MIlx]l, (1+c, )] +[6MIxll, ey illylion]” ™) AT 37)
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Note that in this case, inequality (36) yields

lzllx, ke, (k+1)e]

k
< 20wl ke, yer + Mlx |l €7 (Z okt ||z||x,[(,-])g,i€]>

i=1

k
+cyaM||x]lye” <2||Z||A,[O,ka] + Myl Y25 ||z||x,[<,-_1>g,ig]>
i=1
< 2{lwla, ke, k+1)e]
k
+ ) 2zl i veiel (MIx Ny &7 + ey aMllx], e
i=1
+ ey aM|xlly e ylig.r)

k

< 20wl ke, et + 2 T 2l G- eders (38)
i=1

where we have used (37) in the last step.
Step 2. Bounds for ||zl [ke,(k+1)¢)- Here we will use induction on k to show that

i
2i41-2j
Izl 16— De.iel < 22 G- ve. jel- (39)
j=1

By (38) we see that this inequality holds for i = 1. Therefore we can assume that
(39) holds for any positive integer i < k to show that it is also true fori =k + 1.
The inequalities (38) and (39) lead us to write

1Zllx, ke, e+ 1e]
k i

= 2[|wll, tke, (k+1)e] + ZZkH*i Z22i+172j w11, jel
i=1 j=I

k k
k+2-2j '
= 2[[wll, ke, k+1)e] + Z Wl ¢j-ne. jer 27 221
j=1 i=1
k

< 20wl ke, et et + O Iwlla - e, jer2
j=1

2k+3-2j

Now it is easy to see that (39) also holds fori =k + 1.
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Step 3. Final bound. Let kg such that koe < T < (ko + 1)e. Then, by Step 2 we
have

lzllx, 10,77

ko k

2h4+1-2j

Sllwllx,[o,T]E E P
k=1 j=1

—1
< wlls.j0.77(ko)22K0F L < w5 j0.7)(2T /£)?2%T¢ 3.

Thus the proof is finished by plugging relation (37) into the last expression, and
invoking Proposition 3.4. g

The following result is a slight extension of Proposition 3.14, allowing to take into
account the case of constant but non-vanishing functions.

Corollary 3.16 Let f, Dy, w and y be as in Proposition 3.14. Furthermore, as-
sume that f is a mapping from C‘?,O,T (R™) into the linear operators from the constant
functions on [—h, T into C*([0, T1; R"*9) satisfying the Conditions (1) and (2) of
Proposition 3.14 when Z is a constant function. Then the solution of the equation

t
G =c+w +/ (f(y)z)(t)dx,, 1€[0,T],
0
satisfies the inequality

D2 5 eL‘sz_)L ,
A,[0.T]

Izllx. 10,77 < €1

wt [ (FoRwx

where ¢ stands for the constant function ¢; = c.

Proof The proof is an immediate consequence of Proposition 3.14. Indeed, we only
need to observe that

t t
zt—5z=wz+/0 (f(y)f)(t)dXz+/0 (fO-d)®)dx, 1€]0,T],

where ¢(t) =c¢,t € [0, T]. O

4 Delay Equations Driven by a Fractional Brownian Motion
Here we consider the Young stochastic delay equation
t
Vi =§o+/ f(Z)dB, 0=<t<T,
0
Zy =&, (40)
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where B = {B;;0 <t < T} is a d-dimensional fractional Brownian motion (fBm)
with parameter H € (1/2, 1). The coefficient f satisfies Hypotheses 1-3 and & is a
given deterministic function in Ci/([—h, 0]; R™), for some A <y < H. Remember
that A € (1/2, H) is introduced at the beginning of Sect. 3.

The fBm B is a centered Gaussian process with the covariance

Ru(t,5)8 j = E(B!B]) = %5,,,»(&’1 + 127 — | — 5|2,

where §; ; represents the Dirac symbol. In particular, B has v-Hdlder-continuous
paths for any exponent v < H. Consequently, from Theorem 3.2 and Hypotheses
1-3, equation (40) has a unique CQ’O’T(R")-pathwise solution.

Here, our main goal is to analyze the existence of a smooth density of the solution
of equation (40). This will be done via the Malliavin calculus or stochastic calculus
of variations.

4.1 Preliminaries on Malliavin Calculus

In this subsection we introduce the framework and the results that we use in the
remaining of this paper. Namely, we give some tools of the Malliavin calculus for
fractional Brownian motion. Toward this end, we suppose that the reader is familiar
with the basic facts of stochastic analysis for Gaussian processes as presented, for
example, in Nualart [28].

Henceforth, we will consider the abstract Wiener space introduced in Nualart and
Saussereau [31], in order to take advantage of the relation between the Fréchet deriva-
tives of the solution to equation (40) (see Proposition 3.10) and its derivatives in the
Malliavin calculus sense (see [28], Proposition 4.1.3). This abstract Wiener space
is constructed as follows (for a more detailed exposition of it, the reader can con-
sult [31]).

We assume that the underlying probability space (§2, F, P) is such that §2 is the
Banach space of all the continuous functions Co([0, T']; Rd), which are zero at time
0, endowed with the supremum norm. P is the only probability measure such that
the canonical process {B;; 0 <t < T} is a d-dimensional fBm with parameter H €
(1/2,1) and the o-algebra F is the completion of the Borel o-algebra of §2 with
respect to P.

Two important tools related to the fBm B are the completion H of the R?-valued
step functions £ with respect to the inner product ((1jo,41, - --» 10,1,1) ({0,517 - - - 5
1j0.5,7)) = Z;l:] Ru(si,t;) (see [33]) and the isometry K} : H — L*([0, T19),
which satisfies

Koy - LoD = Qo1 OKu @, ), - Lo, 1 Ka (ta, ),
where Ky (¢, ) = cyst/?—H fst (u — s)H3/2yH=1/2 gy is a kernel verifying

tAS
Ru(t,s) = / K, r) K (s, r)dr.
0
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It should be noticed at this point that K7, can be represented in the two following
ways:

T
[KZ(p]t:f o K,y dr = et PTH[LIT 2 W =120,)] 0 @)
t

where I%, stands for the fractional integration of order « on [0, T'] (see [29] for
further details). Furthermore, by [1], the inner product in H can be written as

T T
R =cH/O /O ol — vPH=2 0, dudv.

The isometry K7, allows us to introduce the version of the Reproducing Kernel
Hilbert space H g associated with the process B. Namely, Let Iy be given by

Kp: L*([0, T1; RY) — Hp := Ky (L?([0, T1; RY)),

t

(Kah)(0) = / Ky (1. 5)h(s)ds.
0

The space H is continuously and densely embedded in 2. Indeed, it is not difficult
to see that the operator Ry : H — Hpy defined by

RH¢=/O'KH(-,s)(Kz¢)(s>ds

embeds H continuously and densely into §2, because, as was pointed out in [31],
Ry (¢) is H-Holder continuous. Thus, we see that (§2, H, P) is an abstract Wiener
space.

Now we introduce the derivative in the Malliavin calculus sense of a random vari-
able. We say that a random variable F is a smooth functional if it has the form

F=f(Bh),..., B(hy)),

where h1, ..., h, € H and f and all its partial derivatives have polynomial growth. In
the remainder of this paper, S denotes the family of smooth functionals. The deriva-
tive of this smooth functional is the H-valued random variable given by

oy
DF =Y 8—£(B(h1), <.y B(hy))hi.
i=1

For p > 1, the operator D is closable from L?(§2) into L?(£2; H) (see [28]). The
closure of this operator is also denoted by D and its domain by D"?, which is the
completion of & with respect to the norm

IFIY , = E(FI?) + E(IDFIY,).

The operator D has the local property (i.e., DF =0 on A C §2 if 14F = 0). This

1.p

allows us to extend the domain of the operator D as follows. We say that F € I
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if there is a sequence {(£2,, F,),n > 1} C F x D7 such that £2, 1 £2 w.p.l and
F = F, on £2,,. In this case, we define DF = DF,, on $2,.

It is known that, in the abstract Wiener space (£2,H, P), we can consider the
differentiability of random variable F in the directions of . That is, we say that F
is ‘H-differentiable if for almost all w € £2 and h € 'H, the map ¢ — F(w+&eRpyh) is
differentiable. The following result due to Kusuoka [20] (see also [28], Proposition
4.1.3) will be fundamental in the study of the existence of smooth densities of the
solution of equation (40).

Proposition 4.1 Let F be an H-differentiable random variable. Then F belongs to

1,p
loc ?

the space D, "~ for any p > 1.

We will apply this result to the solution of equation (40) as follows. Note that for
¢ € H, we have the inequality

1/2

|(Rue) (1) — Rue) )| = (E[|B] = B*])llln < lolnlt — s17.

Consequently, Proposition 3.10 (see also Lemma 4.2 below) implies that the random
variable y; defined in equation (40) is also H-differentiable, which, together with

Proposition 4.1, yields that y! belongs to ]D)lloé7 forevery t € [0,T], p>1landi €
{1, ...,n}. Moreover, the relation between the H-derivative and D is given by (see
also Lemma 4.3),

. d .
(Dy;. )y, = g)’f (w+eRuh)le=0, heH. 42)

More generally, if w — X (w) is infinitely Fréchet differentiable in the directions
of C§ o 7 (R), then
<D’1X’ hl R Q hn>'Hn

0 0
_— X(+e1Rp, + -+ eRp,)ej=.=s,=0-
deg e,

4.2 Existence of the Density of the Solution

=DRryn,..Ryh, X =

In this section we establish that, for each ¢ € [0, T'], the random variable y, introduced
in equation (40) has a density.

Let us start with two important technical tools. The first one relates the derivative
of the vector-valued quantity y, with the derivative of y as a function.

Lemma 4.2 Let y be the solution of (40) and t € [0, T]. Then almost surely, h —
v:(B + h) is Fréchet differentiable from Cé 0T (RY) into R". Furthermore

Dy,(B)(h) = [Dy(B)()],-

Proof The proof is an immediate consequence of

|y + h) =y, (x) = (Dy () (W) (0) ]
= |y (x +h) — v (x) — (Dyx) () (t)
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— yo(x + 1) — yo(x) — (Dy(x)(h))(0)|
< |y +h) = yx) — Dyx) ()|, 1,

with x, h € C§ o 7 (RY). O
Lemma 4.3 Let y be the solution of (40). Then y,i belongs to ID)ll(;z foreveryt €0, T]
andi € {1,...,n}. Moreover, for h € H, we have

(Dyf. h)y, = [DY' (B)(Ruh)],. (43)

Proof By Proposition 4.1 and Lemma 4.2, we have already shown that yf is in ]D)llo’c2
foreveryr [0, T]andi € {1,...,n}.
Furthermore, from (42) and Lemma 4.2, we have

(Dyi. k), = Drynyi = Dy} (B)(Rirh) = (Dy' (B)(Ruh)) ().

Thus, the proof is complete. 0

We now use the ideas of Nualart and Saussereau [31] to state one of the main
results of this section:

Theorem 4.4 Let us assume that Hypotheses 1-3 hold, recall that & is the (func-
tional) initial condition of equation (40), and assume that the space spanned by
((FEY, ..., fE); 1 <j<d}isR". Thenfort € (0, T, the random variable
given by (40) is absolutely continuous with respect to the Lebesgue measure on R".

1,2
loc -

Proof By Lemma 4.3, we see that y/ belongs to D
that the Malliavin covariance matrix

Therefore we only need to see

=Dyl Dy}),, (44)

is invertible almost surely.
For v € R", following [31] (proof of Theorem 8§), we have

2

’

v" Q=Y [(DYB)Ruhn)(t), v)g,

m=1

where {h,,, m > 1} is a complete orthonormal system of H.

Now assume that the Malliavin matrix Q, is not almost surely invertible. Then, on
the set of strictly positive probability where Q; is not invertible, there exists vp € R",
vg 7 0 such that vOT 0:vg = 0. Moreover, recalling our notation (28), it is clear from
equation (31) that D> F'(k, Z) is a linear homomorphism. Hence, we obtain that

0=(D1F(0,y(B —&))(Rerhm)(®), vo)g,

t
- _< / UD (y(B)), dRhm(s), v0>
0

Rn
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=—ZZ / U™ (y(8)); dR ik (s)

i=1 j=1

_—Z U (y(B))) Ljo.11. Ay, forall m >0,

where the last equality follows from [31]. For 7 > 0, taking into account the definition
of UM given in Lemma 3.1, we obtain that ) ;_, v f" (§) = 0, which contradicts
the fact that R" coincides with the space spanned by

{(F®&Y, ..., f®&"); 1< j=<d}.

So we see that the Malliavin matrix Q; is invertible for any ¢ € (0, T'], as we wished
to prove. 0

4.3 Smoothness of the Density of the Solution

In order to avoid lengthy lists of hypotheses on our coefficients, we focus in this
section on the example of the weighted delay treated in Sect. 3.3. As usual in the
stochastic analysis context, we study the smoothness of the density of the random
variable under consideration by bounding the L™ moments of its Malliavin ma-
trix. Toward this aim, it will be useful to produce an equation solved by the Malli-
avin derivative of the solution y; of equation (40). This is contained in the following
lemma:

Lemma 4.5 Under the conditions of Proposition 3.12, let y be the solution to equa-
tion (40). Assume furthermore that B is a fBm with Hurst parameter H > H(, where
Hy is defined in Remark 3.15. Then y; € DVP for any p > 1, and ®,(r) := D,y; is
the unique solution to the following equation:

@ (r) =[UP ], + Vi(r),
where V' (r) = ZZ / ([VUP WD) (@™ (s))), dBL,  45)
m=1[=1

with the additional constraint @;(r) =0 forall0 <t <r <T.

Proof The fact that Dy follows equation (45) is a direct consequence of relation
(43) and Proposition 3.12. The fact that y; € D'? when H > Hp stems now from
Proposition 3.14. 0

Now we are able to state the second main result of this section, for which we need
an additional notation: for two symmetric non-negative matrices M, N € R**", we

write M > N when the matrix M — N is symmetric non-negative.
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Theorem 4.6 Let f, o, v and B as in Lemma 4.5. Assume that o has bounded
derivatives of any order and that

o(mom)* > eldgn, forallneR". (46)

Then, fort € (0, T1, y; has a C*°-density.

Proof The proof follows closely the lines of [21, Theorem 3.5], which is classical
in the Malliavin calculus setting, and we shall thus proceed without giving too many
details. Nevertheless, we shall divide our proof in two steps.

Step 1: Reduction of the problem. Let Q; be the Malliavin matrix of y;, defined by
(44). The standard conditions to verify in order to get a C* density are: (i) y; € D,
and (ii) [det(Q;)]' € L? for all p > 1. Condition (i) is obtained by iterating the
derivatives of y, similarly to what is done in [31], so that we will focus on point (ii).

In order to check that [det(Q,)]_1 € L? for all p > 1, let us recall from [28,
Lemma 2.3.1] that it is enough to show that for all p > 1 there exists gg := go(p)
such that for all £ < gg we have

sup P(a*Q;a <¢) <e”,
=1

where o stands for a generic vector of R".
To this end, recalling our notation (32), notice that

d n topt ] .
a*Q,a:Z Z ap(/(; /0 Cbtpj(u)lu—v|2Hzqﬁt‘”(v)dudv)aq.

Jj=1p.q=1

Moreover, invoking the positivity of the kernel |u — v|*7 =2 it is readily checked that

n t t . .
Z @, (/ / @ (w)|u — P20 (v) du dv)aq >0,
t—p Jt—p

P.q=1

forany 0 < p <tand j <d.Setthen A, =[t — p,t] x[0,£]U[0,¢] x [t — p,t] and

(0. ¥)n, = CH/ oulu —v** 29, dudv.

AP
It should be noticed at this point that (¢, ¥)7;, cannot be considered as an inner
product for its lack of positivity. However, the previous considerations show that

d

a*Qia > a*Q; po, where Qt’fz = Z(Cptpf’ Cb,[”)Hp.
j=1

The remainder of the proof will now consist in bounding from below the quantity
a*Qy pa. Specifically, our problem will be reduced to show that

sup P(a*Qyp0 < 1) < 1P, (47)

l|=1

for any p > 1 and n < no(p).
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Step 2: Bounds for Q; ,. Going back to our notation (45), let us decompose Qﬁ %
as Qff = J) +2J7% 4+ 1%, with

p.3’
=Pl P, =) v,
Ji% = (V;” s th'/ )Hp’

where we have used the summation convention over the repeated index j. In order
to bound Q; , from below, the basic idea is now to rely on the fact that the term
(4D (y)]; is bounded deterministically from below under the non-degeneracy con-
dition (46), while V is a highly fluctuating quantity, since it is given by a stochastic
integral with respect to B.

Let us thus bound J,, 1 from below: observe that

0
Jo1= ao*(/ y,+9v(d9)>/ lu—v* 2 dudv.
—h A

P

Besides, we have assumed the elliptic condition (46), and it is easily shown that
pr lu —v|* =2 dudv > cp™ for a certain positive constant ¢. Hence, in the matrix

sense, the following deterministic bound holds true:
Jo1 = cs,oHIan.
As far as J, 3 is concerned, recall that V,p j (r) is given by

o= 23 [ [V oy @), .

m=1[=1

In particular, Theorem 2.5 yields, for 1/2 <A <y < H,

n d
VP )| <e DD NVUP O] (@™ )], it B o1 = 717

m=1[=1
<cxWpr, (48)
where we have set X = [([VUD (»)]™)PL(D™ () |5.r.011B!1).10.1)- Owing to
Lemma 4.5, and since we have assumed H > Hy, X ®) is a L? random variable for

any p > 1. Therefore, plugging the estimate (48) into the definition of J,, 3, we obtain
for any « € R” satisfying |a| =1 and any n > O:

n
E[ Z oszlf’%ocq

p.q=1

} < cpp@r+tp

e p(2y+H)p
>1 . (49)

Z apd ey

p.q=1
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. . . . (r+H)p |
Notice that the same kind of bound is available for J, >, except that CP'OT is

obtained in the right hand side of equation (49).

Step 3: Conclusion. We are now ready to prove our claim (49). Indeed, for n > 0
take epf =21, i.e. p = (2n/e)!/" . Appealing to the decomposition of Q; , = J, 1 +
2Jp.2+ J, 3 we obtain, for j¢| =1and p > 1,

cypr D PN

P(a* Qs pa <) < P(a*(2Jp 2+ Jp3) = ) < pT = cl;ygn(V‘FH VP
Since we have chosen y such that y + H > 1, it is now sufficient to pick p satisfying
(y + H— 1)p > p in order to prove (47). 0

Remark 4.7 As mentioned before, the restriction H > Hy for the smoothness of the
density of the random variable y; is due to the continuous dependence of our coeffi-
cient f on the past of the solution. Indeed, in case of a discrete delayed coefficient of
the form o (y;, Y1—r» ...,y,_rq), withg > 1 andr; <--- <7, < h,itcan be seen that
equation (40) can be reduced to an ordinary differential equation driven by B. This
allows us to apply the criteria given in [18], which are valid up to H = 1/2.

In order to get convinced of this fact, consider the simplest discrete delay case,
which is an equation of the form

t
yz=$o+/ o Yus Yu-r)dBy, 0=<t<T, (50)
0

with 7 > 0. The initial condition of this process is given by & € Ci’ on [—r, 0], and we
also assume that o and B are real valued. Without loss of generality, one can assume
that T = mr for m € N*. In this case, set y(k) = {ys+ir; s € [0, r)}, and adopt the
same notation for B. Then one can recast (50) as

'
y,<k)=yr(k—1)+/ o (yu(k), yu(k = 1)) dB,(k), t€[0,r], k<m—1. (51)
0
Setting now y = (y(1), ..., y(m))’, B= (B(1),..., B(k))" and defining & : R" —
R™.m by
6(n(1),...,n(m)) =Diag(c (n(1)),...,o(n(m))),

we can express (51) in a matrix form as
t
y[:y0+/.£ &(YM(])vau(m))dBum te[osr] (52)

This is now an ordinary equation driven by a m-dimensional fBm B. Whenever
lo(n)] > e >0 and H > 1/2, one can apply the non-degeneracy criterion of [18]
in order to see that y, possesses a smooth density for any ¢ € (0, T]. The case of a
vector-valued original equation (50) can also be handled through cumbersome matrix
notations. As far as the case of a coefficient o (y;, yi—r,, - - -, y,_rq) is concerned, it
can also be reduced to an equation of the form (52) by introducing all the quantities

)’t(k], k27 EERR) kr) = y;+Z;.=] kj(rj*"j—l)’

where we have used the convention ro = 0.

@ Springer



888 J Theor Probab (2012) 25:854-889

Acknowledgements Part of this work was done while Jorge A. Le6n was visiting the Université Henri
Poincaré (Nancy) and Samy Tindel was visiting Cinvestav-IPN. Both are grateful for the hospitality of the
respective institutions.

References

1. Alos, E., Leédn, J.A., Nualart, D.: Stochastic Stratonovich calculus for fractional Brownian motion
with Hurst parameter less that 1/2. Taiwan. J. Math. 5, 609-632 (2001)

2. Anderson, D.F.: A modified next reaction method for simulating chemical systems with time depen-
dent propensities and delays. J. Chem. Phys. 127 (2007)

3. Balan, R.M., Tudor, C.A.: Stochastic heat equation with multiplicative fractional-colored noise. J.
Theor. Probab. 23(3), 834-870 (2010)

4. Besald, M., Rovira, C.: Stochastic delay equations with non-negativity constraints driven by fractional
Brownian motion. Arxiv Preprint (2010)

5. Bratsun, D., Volfson, D., Tsimring, L., Hasty, J.: Delay-induced stochastic oscillations in gene regu-
lation. PNAS 102, 14593-14598 (2005)

6. Brauer, F., Castillo-Chéavez, C.: Mathematical Models in Population Biology and Epidemiology. Texts
in Applied Mathematics, vol. 40. Springer, New York (2001)

7. Cass, T., Qian, Z., Tudor, J.: Non-linear evolution equations driven by rough paths. Arxiv Preprint
(2009)

8. Deya, A., Tindel, S.: Rough Volterra equations 1: the algebraic integration setting. Stoch. Dyn. 9(3),
437-477 (2009)

9. Deya, A., Tindel, S.: Rough Volterra equations 2: convolutional generalized integrals. Arxiv Preprint
(2008)

10. Deya, A., Gubinelli, M., Tindel, S.: Non-linear rough heat equations. Arxiv Preprint (2009)

11. Fang, L., Sundar, P., Viens, F.: Two-dimensional stochastic Navier—Stokes equation with fractional
Brownian noise. Preprint (2009)

12. Ferrante, M., Rovira, C.: Stochastic delay differential equations driven by fractional Brownian motion
with Hurst parameter H > 1/2. Bernoulli 12(1), 85-100 (2006)

13. Ferrante, M., Rovira, C.: Convergence of delay differential equations driven by fractional Brownian
motion. Arxiv Preprint (2009)

14. Gubinelli, M.: Controlling rough paths. J. Funct. Anal. 216, 86—140 (2004)

15. Gubinelli, M., Lejay, A., Tindel, S.: Young integrals and SPDEs. Potential Anal. 25(4), 307-326
(2006)

16. Gubinelli, M., Tindel, S.: Rough evolution equation. Ann. Probab. 38(1), 1-75 (2008)

17. Hairer, M., Ohashi, A.: Ergodicity theory of SDEs with extrinsic memory. Ann. Probab. 35(5), 1950—
1977 (2007)

18. Hu, Y., Nualart, D.: Differential equations driven by Holder continuous functions of order greater
than 1/2. In: Stochastic Analysis and Applications. Abel Symp., vol. 2, pp. 349—413. Springer, Berlin
(2007)

19. Kinnally, M., Williams, R.: On existence and uniqueness of stationary distributions for stochastic
delay differential equations with positivity constraints. Electron. J. Probab. 15, 409-451 (2010)

20. Kusuoka, S.: The non-linear transformation of Gaussian measures on Banach space and absolute
continuity (I). J. Fac. Sci., Univ. Tokyo IA 29, 567-597(1982)

21. Kusuoka, S., Stroock, D.: Applications of the Malliavin calculus. I. In: Stochastic Analysis,
Katata/Kyoto, 1982. North-Holland Math. Library, vol. 32, pp. 271-306. North-Holland, Amsterdam
(1984)

22. Lejay, A.: An introduction to rough paths. In: Séminaire de Probabilités 37. Lecture Notes in Mathe-
matics, vol. 1832, pp. 1-59 (2003)

23. Lyons, T., Qian, Z.: System Control and Rough Paths. Oxford University Press, London (2002)

24. Maslowski, B., Nualart, D.: Evolution equations driven by a fractional Brownian motion. J. Funct.
Anal. 202(1), 277-305 (2003)

25. Mather, W., Bennett, M., Hasty, J., Tsimring, L.: Delay-induced degrade-and-fire oscillations in small
genetic circuits. Phys. Rev. Lett. 102, 1-4 (2009)

26. Mohammed, S.-E.A.: Stochastic differential systems with memory: theory, examples and applications.
In: Decreusefond, L., Gjerde, J., Jksendal, B., Ustiinel, A.S. (eds.) Stochastic Analysis and Related
Topics VI, pp. 1-77. Birkhiuser, Boston (1998)

@ Springer



J Theor Probab (2012) 25:854-889 889

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.
37.

38.

Neuenkirch, A., Nourdin, I, Tindel, S.: Delay equations driven by rough paths. Electron. J. Probab.
13(67), 2031-2068 (2008)

Nualart, D.: Malliavin Calculus and Related Topics. Springer, Berlin (2006)

Nualart, D.: Stochastic integration with respect to the fractional Brownian motion and applications.
Contemp. Math. 336, 3-39 (2003)

Nualart, D., Riagcanu, A.: Differential equations driven by fractional Brownian motion. Collect. Math.
53(1), 55-81 (2002)

Nualart, D., Saussereau, B.: Malliavin calculus for stochastic differential equations driven by a frac-
tional Brownian motion. Stoch. Process. Appl. 119(2), 391409 (2009)

Paganini, F., Doyle, J., Low, S.: Scalable laws for stable network congestion control. In: Proceedings
of the 40th IEEE Conference on Decision and Control, pp. 185-190. (2001)

Pipiras, V., Tagqu, M.S.: Integration questions related to fractional Brownian motion. Probab. Theory
Relat. Fields 118(2), 251-291 (2000)

Quer-Sardanyons, L., Tindel, S.: The 1-d wave equation driven by a fractional Brownian sheet. Stoch.
Process. Appl. 117(10), 1448-1472 (2007)

Srikant, R.: The mathematics of Internet congestion control. In: Systems & Control: Foundations &
Applications. Birkhduser, Boston (2004)

Tindel, S., Torrecilla, I.: Fractional differential systems for H > 1/4. Arxiv Preprint (2009)

Young, L.C.: An inequality of the Holder type, connected with Stieljes integration. Acta Math. 67,
251-282 (1936)

Zihle, M.: Integration with respect to fractal functions and stochastic calculus I. Probab. Theory Relat.
Fields 111, 333-374 (1998)

@ Springer



	Malliavin Calculus for Fractional Delay Equations
	Abstract
	Introduction
	Algebraic Young Integration
	Increments
	Young Integration

	Young Delay Equation
	Existence and Uniqueness of the Solution
	Moments of the Solution
	Case of a Weighted Delay
	Differentiability of the Solution
	Moments of Linear Equations

	Delay Equations Driven by a Fractional Brownian Motion
	Preliminaries on Malliavin Calculus
	Existence of the Density of the Solution
	Smoothness of the Density of the Solution

	Acknowledgements
	References


