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Abstract This article is devoted to define and solve an evolution equation of the
form dy, = Ay, dt +dX,(y;), where A stands for the Laplace operator on a space of
the form L? (R"), and X is a finite dimensional noisy nonlinearity whose typical form
is given by X,(¢) = >, xi fi(¢), where each x = (x(V, ..., x™) is a y-Holder
function generating a rough path and each f; is a smooth enough function defined on
LP(IR™). The generalization of the usual rough path theory allowing to cope with such

kind of system is carefully constructed.
Keywords Rough paths theory - Stochastic PDEs - Fractional Brownian motion

Mathematics Subject Classification (2000) 60HO05 - 60HO7 - 60G15

1 Introduction

The rough path theory, which was first formulated in the late 90’s by Lyons [32,33]
and then reworked by various authors [18,20], offers a both elegant and efficient way

This research is supported by the ANR Project ECRU (ANR-09-BLAN-0114-01/2).

A. Deya - S. Tindel

Institut Elie Cartan Nancy, Université de Nancy, B.P. 239,
54506 Vandceuvre-les-Nancy Cedex, France

e-mail: deya@iecn.u-nancy.fr

S. Tindel

e-mail: tindel @iecn.u-nancy.fr

M. Gubinelli (<)

CEREMADE, Université de Paris-Dauphine, 75116 Paris, France
e-mail: massimiliano.gubinelli @ceremade.dauphine.fr

@ Springer



98 A. Deya et al.

of defining integrals driven by some irregular signals. This pathwise approach enables
to handle the standard (rough) differential system

dyt :U(yt)dxta Yo =a, (l)

where x is a non-differentiable process which allows the construction of a so-called
rough path x, morally represented by the iterated integrals of the process (see Defini-
tion 6.2 for a 2-rough path). The method also applies to the treatment of less classical
(rough) finite-dimensional systems such that the delay equation [36] or the integral
Volterra systems [12,13]. In all of those situations, the pathwise interpretation of the
associated stochastic system (for a random x) reduces to the construction of a rough
path x above x, which is now well-established for a large class of stochastic pro-
cesses that for instance includes fractional Brownian motion (see [18] for many other
examples).

In the last few years, several authors provided some kind of similar pathwise treat-
ment for quasi-linear equations associated to non-bounded operators, that is to say of
the rather general form

dy, = Ay, dt +dX(y;), t€l[0,T] )

where T is a strictly positive constant, A is a non-bounded operator defined on a (dense)
subspace of some Banach space V and X € C([0, T'] x V; V) is anoise which is irreg-
ular in time and which evolves in the space of vector fields acting on the Banach space
at stake. Their results apply in particular to some specific partial differential equations
perturbed by samples of (infinite-dimensional) stochastic processes.

To our knowledge, two different approaches have been used to tackle the issue of
giving sense to (2):

(i) The first one essentially consists in returning to the usual formulation (1) by
means of classical transformations of the initial system (2). One is then allowed
to resort to the numerous results established in the standard framework of rough
paths analysis. As far as this general method is concerned, let us quote the work
of Caruana and Friz [5], Caruana et al. [6], Friz and Oberhauser [19] as well as
the promising approach of Teichmann [45].

(i) The second approach, contained in [25], is due to the last two authors of the pres-
ent paper, and is based on a formalism which combines (analytical) semigroup
theory and rough paths methods. This formulation can be seen as a “twisted”
version of the classical rough path theory. The key ingredients of the standard
theory of SPDEs, namely the stochastic integral and the stochastic convolution,
are here replaced with a couple of operators, the so-called standard and twisted
increment operators, together with a suitable notion of infinite-dimensional
rough path.

Of course, one should also have in mind the huge literature concerning the case of
evolution equations driven by usual Brownian motion, for which we refer to [9] for the
infinite dimensional setting and to [8] for the multiparametric framework. In the par-
ticular case of the stochastic heat equation driven by an infinite dimensional Brownian
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Non-linear rough heat equations 99

motion, some sharp existence and uniqueness results have (for instance) been obtained
in [39] in a Hilbert space context, and in [3,4,27,53] for Banach valued solutions
(closer to the situation we shall investigate). In the Young integration context, some
recent efforts have also been made in order to define solutions to parabolic [24,35]
or wave type [42] equations. We would like to mention also the application of rough
path ideas to the solution of dispersive equation (both deterministic and stochastic)
with low-regularity initial conditions [22].

The present article goes back to the setting (ii), and proposes to fill two gaps left
by [25]. More specifically, we mainly focus (for sake of clarity) on the case of the
heat equation in R” with a non-linear fractional perturbation, and our aim is to give a
reasonable sense and solve the equation

dy; = Ay, dt +dX,(y), 3)

where A is the Laplacian operator considered on some L” (R") space (with p chosen
large enough and specified later on), namely

A:D(A) C LP(R") — LP(RY).

Then the first improvement we propose here consists in considering a rather general
noisy nonlinearity X evolving in a Holder space C¥ (L? (R"); LP (R")), withy < 1/2,
instead of the polynomial perturbations studied in [25]. A second line of generalization
is that we show how to apply our results to a general 2-rough path, which goes beyond
the standard Brownian case.

As usual in the stochastic evolution setting, we study Eq. (3) in its mild form,
namely:

t

Vi = Siyo + / Sy d Xy (ys), @
0

where S; : LP(R") — LP(R™) designates the heat semigroup on R". This being said,
and before we state an example of the kind of result we have obtained, let us make
few remarks on the methodology we have used.

(a) The main price to pay in order to deal with a general nonlinearity is that we
only consider a finite dimensional noisy input. Namely, we stick here to a noise gen-
erated by a y-Holder path x = (x(V, ..., x™)) and evolving in a finite-dimensional
subspace of C(L?(R"); L?(R™)), which can be written as:

N
Xi(p) = D X fi(9), )
i=1
with some fixed elements { f; };=1,.. .y of C(L? (R"); L? (R")), chosen of the particular

form
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fi(p)(§) = 0i (5, ¢(&))

for sufficiently smooth functions g; : R” x R — R.

Note that the hypothesis of a finite-dimensional noise is also assumed in [5] or [45].
Once again, our aim in [25] was to deal with irregular homogeneous noises in space,
but we were only able to tackle the case of a linear or polynomial dependence on the
unknown. As far as the form of the nonlinearity is concerned, let us mention that [5]
deals with a linear case, while the assumptions in [45] can be read in our setting as:
one is allowed to define an extended function f, (t, ) := S_; fi (S;¢), which is still a
smooth enough function of the couple (¢, ¢). As we shall see, the conditions we ask
in the present article for f; are much less stringent, and we shall recover partially the
results of [45] at Sect. 5.

(b) In order to interpret (4), the reasoning we will resort to is largely inspired by the
analysis of the standard rough integrals. For this reason, let us recall briefly the main
features of the theory, as it is presented in [20]: the interpretation of f vs dxg (with x
a finite-dimensional irregular noise) stems from some kind of dissection process of
the usual Riemann-Lebesgue integral [y dX, when X is a regular driving process.
This work appeals to two recurrent operators acting on spaces of k-variables functions
(k > 1): the so-called increment operator § (see (26)) and its inverse, the sewing map A,
the existence of which hinges on some specific regularity conditions. If y is a 1-variable
function, then § is simply defined as (8y);s := y; — vy, While if z;5 = f;(y, —yu)dxy,
then (82)rus = Zrs — Ztu — Zus = (6Y)ru(8X)ys. With such notations, one has for
instance

t t

t t
[owdio=( [az) v+ [oo-yoan = [an )+ (67 @nom), .

N N

Of course, the latter equality makes only sense once the invertibility of § has been
justified, which is the main challenge of the strategy.

During the process of dissection, it early appears, and this is the basic principles of
the rough path theory, that in order to give sense to |y, dx, for a large class of Holder-
processes v, it suffices to justify the existence of the iterated integrals associated to x:
xi = [ldxu, x% = [ dx, [ dx,, etc., up to an order which is linked to the Hélder
regularity of x. If x is y-Holder for some y > 1/2, then only x! is necessary, whereas
if y € (1/3,1/2), then x> must come into the picture.

Once the integral has been defined, solving the system

t

(6y)es = /G(yu)dxu, Yo =a, (6)

N

where o is a regular function, is a matter of standard fixed-point arguments.

(c) As far as (4) is concerned, the presence of the semigroup inside the integral
prevents us from writing this infinite-dimensional system under the general form (6).
If y is a solution of (4) (suppose such a solution exists), its variations are actually
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Non-linear rough heat equations 101

governed by the equation (let s < )

N t

(5¥)1s = ¥ — ¥s = S1y0 — Ssy0 + / (S — Sy—u] dXulo) + / Sicu dXu ().
0 K

which, owing to the multiplicative property of the semigroup, reduces to

t

(8¥)rs = digys + / St dXu (), ™

N

where a;; = S;_y — Id. Here occurs the simple idea of replacing § with the new oper-
ator & defined by (8y);s := (8y)ss — assys. Equation (7) then takes the more familiar
form

t

Yy = / Si—udXu(v). 0 = V- ®)

N

In the second section of the article, we will see that the operator 5, properly extended
to act on k-variables functions (k > 1), satisfies properties analogous to §. In partic-
ular, the multiplicative property of S enables to retrieve the cohomology relation
88, which is at the core of the most common constructions based on 8. For sake
of consistence, we shall adapt the notion of regularity of a process to this context:
a l-variable function will be said to be y-Holder in the sense of $ if for any s, t,
|(8y)is| < c¢|t —s|?. It turns out that the properties of $ suggest the possibility of
inverting § through some operator A, just as A inverts §. This is the topic of Theo-
rem 3.6, which was the starting point of [25] and also the cornerstone of all our present
constructions.

(d) Sections 3 and 4 will then be devoted to the interpretation of the integral appear-
ing in (8). To this end, we will proceed as with the standard system (6), which means
that we will suppose at first that X is regular in time and under this hypothesis, we
will look for a decomposition of the integral in terms of “iterated integrals” depending
only on X. For some obvious stability reasons, it matters that the dissection mainly
appeal to the operators §and A.

However, in the course of the reasoning, some intricate interplay between twisted
and non-twisted increments will force us to analyze the spatial regularity of some
terms of the form a; ys, where y is the candidate solution to (4). This can be achieved
by letting the fractional Sobolev spaces come into play. Namely, we set B, = L”(R")
and for o € [0, 1/2), we also write By, , for the fractional Sobolev space of order o
based on B, (the definition will be elaborated on in Sect. 3). One can then resort to
the relation

ifg € Boc,pa ||ats€0||61, <clt— sla ||<P||Ba,p-

Of course, we will have to pay attention to the fact that this time regularity gain occurs
to the detriment of the spatial regularity. It is also easily conceived that we will require
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By, p to be an algebra of continuous functions, which explains why we work in some
L? spaces with p large enough.

These additional terms of the form a;sy, are specific to the non-linear case, for
which Taylor type expansions are required, and explain a part of the technical diffi-
culties we have met in the current article. If the vector fields { f;}i=1,... n are linear,
then we don’t need any recourse to the Taylor formula and the decomposition of the
candidate solution can be written thanks to § and A only. This particular case has been
dealt with in [25], as well as the polynomial case, for which specific and individual
treatments based on trees-indexed integral [21,23] are suggested. In our situation, we
shall see that the landmarks of the construction, that is to say the counterparts of the
usual step-2 rough path ([ dx, [[ dx ® dx), are (morally) some operators acting on
B, defined as follows: for ¢, ¥ € B, set

t t

X5 (g) = / Sul@)dxi, XX (g, ) = / S laus(@) - Y] dxt, (9)

N N
t
X5 (@) = / S () 8xis dxl, (10)
N
for i,j = 1,...,N, where ¢ - ¥ is the pointwise multiplication operator of ¢

by ¥. In some way, it is through those three operators that the (stochastic) convo-
lution mechanisms commonly used in the treatment of SPDEs (see [9]) will appear.

In a quite natural way, the results established in Sect. 3.2 by using expansions at first
order only, will be applied to a y-Hdlder process x with y > 1/2. The considerations
of Sect. 4, which involve more elaborate developments, will then enable the treatment
ofthecase 1/3 <y < 1/2.

Itis also crucial to see how our theory applies to concrete situations. To this purpose,
using an elementary integration by parts argument, we will see in Sect. 6 that in order
to define the operators given by (9) and (10) properly, the additional assumptions on
x reduce to the standard rough-paths hypotheses. In this way, the results of this article
can be applied to a N-dimensional fractional Brownian motion x with Hurst index
H > 1/3, thanks to the previous works of Coutin—Qian [7] or Unterberger [49] (see
Remark 6.4). This also means that in the end, the solution to the rough PDE (3) is a
continuous function of the initial condition and x!, x2, which suggests (as [6,45] does)
that one can also solve the noisy heat equation by means of a variant of the classical
rough path theory. However, we claim that our construction is really well suited for the
evolution equation setting, insofar as the arguments developed here can be extended
naturally to an infinite dimensional noise, at the price of some more intricate technical
considerations. We plan go back to this issue in a further publication.

With all these considerations in mind, we can now give an example of the kind of
result which shall be obtained in the sequel of the paper (given here in the first non
trivial rough case for X, that is a Holder continuity exponent 1/3 < y < 1/2):

Theorem 1.1 Let X be a noisy nonlinearity of the form (5), where:
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Non-linear rough heat equations 103

®

(i)

The noisy part x is a N-dimensional Holder-continuous signal in CY ([0, T];
RN) for a given y > 1/3. Moreover, we assume that x allows to define a Levy
area X~ in the sense given by Definition 6.2.

Each nonlinearity f; can be written as [ fi (¢)1(§) = oi (&, ¢(§)), where the
Sfunction o; : R" x R — R satisfies both conditions (C1) and (C2); of Def-
inition 2.1, for k = 3. Then for any couple (k, p) € (%, y) X N* such that
y — Kk > %, and any initial condition yo in the fractional Sobolev space
By, p (see Notation 2.3), Eq. (4) admits a unique solution y € C*(By, ;) on an
interval [0, T, for a strictly positive time T which depends on x, X* and yo.
Furthermore, the Ito map (yo, x,X2) +— y is locally Lipschitz: if y (resp. 3)
denotes the solution of the equation on [0, T] (resp. [0, T]) associated to a
driving path (x, x?) (resp. (%, X2)) and an initial condition yo (resp. 3o), then

N[y - f; CK([O’ T*]; Bx,p)]

< ~ 2 =2
Scx,)z,yo,;o{nyo—yonsk.,,+||x—x||y+||x - X ||zy}, (11)
where T* = inf(T, T) and
e ivogo = CUyolls, s 15015, 1xllys 1% X212y, 1% 12,)
X,X,Y0,Y0 Yo Bk,p’ Yo BK.p’ Vo Vo 2y 2y

for some function C : (RT)® — R* growing with its arguments.

Some additional comments spring from Theorem 1.1:

€]

(@)

As the reader may have noticed, only local solutions are obtained in the general
case, due to the fact that our nonlinearity cannot be considered as a bounded
function on the Sobolev spaces By, ,. However:

* We do obtain a global solution in the case of a Holder continuity exponent
y € (1/2, 1]. We shall also introduce a smoothing procedure for the nonlin-
earity which induces a global solution at Sect. 5.

¢ When x is a N-dimensional Brownian motion, the identification of our solution
with the one obtained by It integration also yields a global solution, as detailed
at Sect. 6.2. As an immediate consequence of the procedure, we retrieve an
original (to the best of our knowledge) continuity statement for the Brownian
solution with respect to the initial condition (Corollary 6.12), which gives an
idea of other possible spins-off of the rough paths approach to (3).

* The changes of variables extensively used in [19] have a nonlinear counterpart,
as recently pointed out in [14]. This additional information certainly opens the
door to a global solution to Eq. (4) in the next future.

As mentioned before, we have sticked to the case of the Laplace operator A in our

presentation of Eq. (4), for sake of clarity. However, our algebraic and analytic

setting only relies on a set of abstract assumptions on the semigroup S;. As we
shall see at Sect. 6.3, these conditions are still met for a fairly general second
order differential operator A given in divergence form.
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104 A. Deyaet al.

In conclusion, the current paper has to be understood as a general approach to a
rough path analysis of SPDEs, which can be generalized and improved in several
different directions.

Here is how our paper is structured: In Sect. 2, we fix the general framework of our
study and put together a few basic facts about fractional Sobolev spaces and the heat
semigroup. Section 3 is then intended to recall the main features of algebraic integra-
tion with respect to a semigroup of operators, taken from [25]. As a first illustration
of our method, we deal with the easy case of Young integration at Sect. 3.2. The first
nontrivial rough case, that is a Holder continuity exponent y € (1/3, 1/2], is handled
at Sect. 4. Observe that the abstract results obtained there are expressed in terms of
the operators X*, X** and X** defined at Egs. (9) and (10). Section 5 shows that
considering a smoothed version of the nonlinearity, a global solution to Eq. (4) can
be constructed. Section 6 is then devoted to the application of the abstract results to
concrete (stochastic) situations. The case of a standard Brownian motion is discussed
at Sect. 6.2, and a few words are finally said about possible extensions of our results
to more general elliptic operators at Sect. 6.3.

2 Assumptions and setting

For sake of clarity, we shall start with labelling the assumptions evoked in the intro-
duction as far as the linear operator and the perturbation term are concerned. We also
take profit of this section to state a few preliminary results that will be at the core of
our method.

2.1 Assumptions

Let us first rewrite the equation in the general abstract form:
yo=1v, dy.=Aydi+dX,(y;), t€l[0,T] (12)

All through the paper, we will stick to the framework delimited by the two following
assumptions:

Assumption A We focus on the heat equation case on the whole Euclidean space R",
and we try to interpret and solve the equation in L?P(R"), for some integer p that
will be precised during the study. In this context, remember that the Laplacian oper-
ator A = A, : D(Ap) C LP(R") — LP(IR") generates an analytic semigroup of
contraction S, explicitly given (independently of p) by the convolution formula

. 2 AT
Sip =g x¢, with g,(§) = We l1%/2t (13)
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Non-linear rough heat equations 105

Assumption B The perturbation term can be decomposed as

N
Xip =D file)x;, (14)

i=1

with, foreachi = 1,..., N,x' : [0, T] — R a scalar process and f; : LP(R") —
LP(R"). Moreover, we assume that each f; is given as a Nemytskii operator: there
exists a mapping o; : R” x R — R such that, for any function ¢,

fi(p)(§) = 0i (5, ¢(§)). 15)

With the above assumptions in mind, the aim of our study is to find a reasonable
interpretation of the following mild formulation of (12):

t

N
Vi =S:¢+Z/S,_uﬁ(yu>dx:;, t [0, 7], (16)
i=1 0

where ¥ is an initial condition living in a functional space that will be specified
later on, and 7 is a finite horizon. The additional assumptions relative to the driving
process x will stem from our analysis of (12) (Hypotheses 1-3), and it would be
futile and non pedagogical to remove those assumptions of their context. At this
point, let us just have a mind that x should morally admit some y-Holder regular-
ity, y € (0, 1). Some applications to concrete (stochastic) processes will anyway be
provided at Sect. 6.

Let us now anticipate a little bit the next sections by introducing in a more precise
way the class of vector fields that will allow a reasonable interpretation of the equation:

Definition 2.1 Fork > 1, we define X} as the set of vector fields f whose components
can be written as in (15), for some mappings o; : R* x R - R (@ =1,..., N) such
that:

(Cl) oj is of uniformly compact support in the first variable, ie o; (-, n) = 0 outside
of a ball Brn (0, M), independently of n € R.
(C2); the following inequality holds:

su max |V%0;(E,n)|+ max |VeV'io;(E, < 4o00.
LS max Vo6l x|V Vo€ )

Remark 2.2 In the above definition, condition (C1) is essentially designed to make up
for the noncompacity of the space setting. In particular, if o; is also uniformly bounded
in its second variable, then f; is uniformly bounded as a map from L” (R") to L? (R").
Perhaps this hypothesis could be retrieved by working with weighted L”-spaces, as
in [39]. The strategy would however require a careful adaptation of the properties
exhibited in the next subsection, and for sake of conciseness, we leave this analysis to
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106 A. Deyaet al.

future work. As far as condition (C2); is concerned, it is a quite standard hypothesis
in the context of a rough paths type procedure (see [32]).

2.2 Preliminary results

As pointed out at point (d) of the introduction, the interplay between the linear and
the non-linear part of the equation will invite us to let the fractional Sobolev spaces
come into the picture:

Notation 2.3 For any o > 0, for any p € N¥, we will denote by By, the space
Id —A)~“(LP(R"™)), endowed with the norm

lells,, = lelLr®ny + 1(=2)*@llLr ®n).- 17
Set also B, = Bo,, = LP(R") for any p € N* U {oo}.

The space By, , is also referred to as the Bessel potential of order (2ct, p). Adams
[1] or Stein [43] gave a thorough description of those fractional Sobolev spaces. Let
us indicate here the two classical properties that we will resort to in the sequel:

e Sobolev inclusions: If 0 < u < 2a — %, then the following continuous embedding
holds

Ba.p C COH(RM), (18)
where C%#(R") stands for the space of bounded, ;-Hélder functions.

e Algebra: If 2ap > n, then B, , is a Banach algebra with respect to pointwise
multiplication, or in other words

le - vlis,, < lels,, 1V 5., (19)

The general theory of fractional powers of operators then provides us with sharp
estimates for the semigroup S; (see for instance [40] or [15]):

Proposition 2.4 Fix a time T > 0. S; satisfies the following properties:

* Contraction: For allt > 0,a > 0, S; is a contraction operator on By, p.
* Regularization: Forallt € (0,T],a > 0, S; sends B, on By, ;, and

1Si0l5,, < cart “lolls,- (20)

 Holder regularity. Forallt € (0,T], ¢ € By, p,

IS¢ — ¢li5, < car “loll5, - 21

IASiels, < cor i llels, . (22)
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Non-linear rough heat equations 107

At some point of our study, the interpretation of the integral L " St dx,i fi (yy) will
require a Taylor expansion of the (regular) function f;. As a result, pointwise multi-
plications of elements of 13, appear, giving birth to elements of B, k € {1, ..., p}.
In order to go back to the base space B,,, we shall resort to the following additional
properties of S;, which accounts for our use of the spaces B, (p > 2) instead of the
classical Hilbert space B;:

Proposition 2.5 Forallt > 0,k € {1, ..., p}, ¢ € Bk, one has
_nk=1
1Si0lls, < cent™ 7 lolls, (23)
_l_n(k—])
IAS:ollB, < cknt  lels,;- (24)
Proof Those are direct consequences of the Riesz—Thorin theorem. Indeed, for any
_ nk=1)
1Si0ls, < llge * @lls, < 1818, o0 1018, < ctnt ™ 7 Il5, .-
The second inequality can be proved in the same way, since AS;¢p = (%) ¢ =
8tgt * Q. m}

Let us finally point out the following result of Strichartz [44], which will be one of
the cornerstones of our fixed-point arguments through its immediate corollary:

Proposition 2.6 Forall o € (0, 1/2), forall p > 1, set
1/2
| 2 /

T, f (&) = /r—l—‘*‘* /If(§+rn)—f(§)|dn dr

0 [nl=1
Then f € By,p ifand only if f € B, and Ty f € B, and
IflB., ~ 1 fls, +1TaflB,-
Corollary 2.7 If f € Xy, then for any ¢ € By p, f(¢) € By, p and

NLF(@); Bapl < cf {1+ Nlg; Ba,pl} - (25)

3 Algebraic integration associated to the heat semigroup

As in [25], our interpretation of the equation will be based on a preliminary dissection
procedure that appeals to a particular coboundary operator §, as well as its inverse A.
This section is meant to remind the reader with the definition and main properties of
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108 A. Deyaet al.

those two tools. As an illustrative example, the treatment of the Young case is also
provided here.

3.1 The twisted coboundary $

Notice that we shall work on n'™ dimensional simplexes of [0, T'], which will be
denoted by

S?:{(sl,...,sn) e [0, T1"; 1 §S2§~--Sn}.

We will also set C, = C,(S7}, V) for the continuous n-variables functions from S7
to V, for a given Banach space V. Observe that we work on those simplexes just
because the operator S;_,, is defined for > u (i.e. on S%) only.

Let us recall now two basic notations of usual algebraic integration, as explained
in [20] and also recalled in [25]: we define first an coboundary operator, denoted
by 8, which acts on the set C, = C,(S7%, V) of the continuous n-variables functions
according to the formula:

n+1
8:Co = Corts Bty = D (D', i (26)

i=1

where the notation #; means that this particular index is omitted. In this definition,
V stands for any vector space. Next, a convention for products of elements of C, is
needed, and it is recalled in the following notation:

Notation3.1 If ¢ € C,(L(V,W)) and h € C,,(W), then the product gh €
Cin+n—1 (W) is defined by the formula

(gh)tlu-lern—l = gtl~-~tnhfn~~[n+m—l .

In point (b) of the introduction, we (briefly) explains why the standard increment
6 was not really well-suited to the study of (4). We will rather use a twisted version
of §, denoted by §, and defined by:

Definition 3.2 Forany n € N*, y € C,(By, ), forallf; <--- < t,41,

(3)’)1,1+1...t1 = OV typrott = AtyirtyVtgoty» Withayy = 8§y —Id sis <t. (27)

The operator a : (¢, s) — ays is only defined on the simplex {r > s}. As a con-
sequence, we will have to pay attention to the decreasing order of the time variables
throughout our calculations below. Note that we will often resort to the notation S;
for S;_;, so as to get a consistent notational convention for the indexes.

The rest of this subsection is devoted to the inventory of some of those results. The
associated proofs can be found in [25].

Let us start with the fundamental property:
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Non-linear rough heat equations 109

Proposition 3.3 The operatorg satisfies the cohomological relation 88 =0. Besides,
Ker(s‘cn+l (Bo(‘p) = Im 8|cn (Bot,p)‘

Now, let us turn to a more trivial result, which will be exploited in the sequel.
Remember that we use the notational convention 3.1 for time variables.

Proposition 3.4 If L € C,— (V) and M € Cr(L(V)), then
S(ML) = SM)L — M(SL). (28)

The following result is the equivalent of Chasles relation in the $ setting. It is an
obvious consequence of the multiplicative property of S.

Proposition 3.5 Let x a differentiable process. If y;s = f; St dxy fu, then (3 Vius =
Oforalls <u <t.

From an analytical point of view, the notion of Holder-regularity of a process should
be adapted to this context, and thus, we define, for any @ € [0, 1/2), p € N*, k €
O, 1),

(29)

; 1@ y)is 5,
CY(Ba,p) =1y € C1(Ba,p) : sup ———= <00 .
s<t [t —s|
Let us take profit of this subsection to introduce the Holder spaces commonly
used in the k-increment theory. They are the subspaces of C(V), Co(V) and C3(V)
respectively induced by the norms (V stands for any Banach space):

5¥)is s
Nlys CEV)] i sup 1OV oy qup sV

s<t |t —s|* ’ s<t |t_S|K’

”ytus ”V
Ny: C5P (V)] == sup ———""—— |
3 s<ugt [t —ul®|u—s|”

Nly; (V)] :=inf[ZN[yi;C3K’“_K(V)] Dy = Zyi} :

Now let us state the main result of this subsection which allows to invert the twisted
coboundary operator $ by means of a map A. This inversion operator is the convolu-
tional analog of the sewing map A at the core of the standard rough paths constructions
contained in [20].

Theorem 3.6 Fix a time T > 0, a parameter k > 0 and let u > 1. For any h €

C?([O, T]; Be,p) N KerS‘Q Be.p) there exists a unique element

Ah € Naeio,Ch ™0, TT; Beta,p)

such that §(Ah) = h. Moreover, Ah satisfies the following contraction property: for
alla € [0, ),

N[[\lﬁ Céka([(), TI; BK+a,p)] = Co,pu,T N[h’ Cét([o’ Tl; BK,p)]' (30)
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The analogy between A and A is made even clearer by the following result (com-
pare with [20, Proposition 1]), which will also enable to make the link with a more
classical formulation of the rough integration theory by means of Riemann sums.

Proposition 3.7 Let g € Co(By,p) such that 8g € CY(By,p) with w > 1. Then the
increment Sf = (Id—[A\S)g € C2(By, p) satisfies

s = |1'llir|io 2 Sttk+1gtk+1tk in Bk,pa
1S
T (el

foralls <t.

3.2 Example: the Young case

In order to illustrate in a simple setting the adaptation of the dissection method to the
convolutional context, let us have a look in this subsection at the so-called ‘Young
case’, which refers to the fact that only expansions at first order will be involved here.
Observe that this kind of considerations has already been explored in [24] under more
general hypotheses concerning the spatial regularity of the noise. We will see in Sect. 6
that the general result of Theorem 3.10 can be applied to a noise generated by a (finite-
dimensional) y-Holder process x, with y > 1/2. This is an improvement with respect
to [25], where the unnatural condition y > 5/6 had to be assumed. Throughout this
subsection, we fix a parameter y € (1/2, 1), which (morally) represents the Holder
regularity of x.

The aim here is to give an interpretation of the twisted Young integral f Yl St dxy zy

in terms of 8, § and A. To this purpose, we follow the same reasoning as in [20,25]:
we assume first that x and z are smooth processes, and obtain a decomposition of the
integral f; Studxy zy = f; Stu x},zy du in terms of § and A in this particular case.
This allows then to extend the notion of twisted integral to Holder continuous signals
with Holder continuity coefficient greater than 1/2.

Thus, assume, at first, that x is real valued and regular (for instance Lipschitz, or
even differentiable) in time, as well as the integrand z, and look at the decomposition

t 1 t

/Stu dx, z, = /Stu dx, | zs + / Stu dxy (82)ys- 3D

N N N

If we set r;y = f; Sy dxy (82)ys, it is easily seen that

1 t u

(Sr)tux = / Spv dxy (82)vs — / Stv dxy (82)vu — Stu / Suv dxy (62)vs,

N u N
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which, using the fact that Sy, S,y = Sty, reduces to
t
Gr)s = / Sy dxy | (2)us. (32)
u

This first elementary step lets already emerge the object which plays the role of the
a priori first order increment associated to the heat equation, namely

t
X,i i
th Z/Slvd.xv.
N

We are then in position to invert §in (32) thanks to Theorem 3.6. Indeed, one easily
deduces, owing to the regularity of x and z,

X*(82) € C3(By,p) forsome a € [0, 1/2).

Consequently, we get
t
/ Studxy zu = X551 20 + Ay (X“' 87! ) . (33)
N

As in the standard case algebraic integration setting in the Young setting, we now
wonder if the right-hand-side of (33) remains well-defined in a less regular context:

» From an analytical point of view. The regularity assumption of Theorem 3.6 imposes
the condition: foralli € {1, ..., N},

X*187 € C{ (By,p) witha €[0,1/2) and p > 1.

Therefore, we shall be led to suppose that z' is x-Holder (in the classical sense),
with values in By, ,, or in other words 7 e Cy (Bg,p), and we will also assume that
X% € CY(L(Ba,ps Ba,p)), with & +y > 1.

e Froman algebraic point of view. We know that A is defined on the spaces Cé‘ (Bg,p)N

Ker 8. This constrains us to assume that §(X*18z1) = 0, which, by (28), is satisfied
once we admit that § X*' = 0.

Let us record those two conditions under the abstract hypothesis:

Hypothesis 1 From x, one can build processes X*/ (i € {1, ..., N}) of two variables
such that, for all i:

* For any « € [0, 1/2) such that 2ap > 1, X*/ € Cg(ﬁ(Ba,p, By, p))

« The algebraic relation §X* = 0 is satisfied.

Remark 3.8 Actually, the additional condition 2ap > 1 could have been skipped in
the latter hypothesis. We have notified it so that Hypothesis 1 meets the more general
Hypothesis 2 of Sect. 4.
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We are then allowed to use expression (33) for irregular integrands:

Proposition 3.9 Under Hypothesis 1, we define, for all processes z such that 7' €
C?(BK,,,) NC{(Bp),i=1,...,N,withk <y andk +y > 1, the integral

Tis(@xz) = X5zl + Ryg (X5 627). (34)

In that case:

o J(c?x z7) is well-defined and there exists an element 7 € CAi’ (Bk,p) such that 8% is
equal to j(c?x 2).
e It holds that

N C Bep) < ex N1z B + Mz CE Bl (39
with
o = ¢ NIX5S CY (LB, B + NIX5 CL (LBep Bep)l)  (36)

e The integral can be written as

Tis(Bx2) = Jim D S Xz 37)
(e

where the limit is taken over partitions A[ ) of the interval [s, t], as their mesh
tends to 0. Hence it coincides with the Young type integral f; Stu dxy zy.

Proof The fact that 7, (dx z) is well defined is a direct consequence of Hypothesis 1,
and the Chasles relation 8 J (aAlx z), which accounts for the existence of Z, can be shown
by straightforward computations using (28).

For the second point, notice that, thanks to Hypothesis 1, one has

NIT (dx 2); C By, p)]
< NIX®5 CY LBy p, Be pH)INTZ' CV(Bee, )] + NTA X 82°); C (Bee p)],

since X*/ §7% € C%/ B »). By the contraction property (30) of A, we then deduce
NTAX®82'); €] (B, p)] < e NIX™; CY (LB, Bp)INTZ'; CF (B))],

which completes the proof of (35). According to Proposition 3.7, (37) is a consequence
of the reformulation
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J(dxz) = (Id — Ad) (X)) (38)
O

Using the above formalism, we can show the existence and uniqueness of a global
solution to the equation. In the following statement, remember that the spaces X have
been introduced in Definition 2.1.

Theorem 3.10 Assume Hypothesis 1 with y > 1/2, and assume also that f =
(fi,..., fn) with fi € X fori =1,..., N. Foranyk <y suchthaty +« > 1and
2kp > n, consider the spaceC?’K([O, T], Be,p) = C?([O, T], B, p)NCy ([0, T1, B, p),
provided with the norm

NTL; C¥ (10, T, B )] = NT1; €210, T1, Be. )1 + N1; CE (10, T1, By p)]-
Then the infinite-dimensional system
V)is = Tis@x F(0)), Yo =V € Bep, (39)

interpreted with Proposition 39 admits a unique global solution in (f?'{ (10, T, Bk,p).
Besides, the Ito map (Y, X*') + y, where y is the unique solution of (39), is locally
Lipschitz.

Remark 3.11 1In the last statement, we consider the operators X %l a5 elements of the
incremental space C; (LB, Bp)N C%/ (LB, p, Bk, p))- The regularity of the Ité map
with respect to X** is then relative to the norm

NL; CLOV P = N CY (LB, Bo)] + N1.; CY (LB, p, Be, p)]-

The following notation will be used in the proof, and also in the sequel of the paper.

Notation 3.12 Let A, B be two positive quantities, and a a parameter lying in a
certain vector space V. We say that A <, B if there exists a positive constant c,
depending on a such that A < c,B. When we don’t want to specify the dependence
on a, we just write A < B. Notice also that the value of the constants ¢ or cq in our
computations can change from line to line, throughout the paper.

Proof 1t is a classical fixed-point argument. We will only prove the existence and
uniqueness of a local solution. The reasoning which enables to extend the local solu-
tion into a solution on the whole interval [0, T'] is standard; some details about the
general procedure can be found in [20] (in a slightly different context).

We consider an interval I = [0, T, ] with T, a time that may change during the
proof, and the application I" : CA?”I';(I, Be,p) — CA?”:Z(I, By, p) defined by I'(y)o = ¢

and ST (y)rs = Jis(dx f()).
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Invariance of a ball. Let y € é?”i([, By, p) and z = I'(y). By (35), we know that
Nz G (1 Bep)] = ex 11177 [N G); G (UL BT+ N (00: ) Bl -
(40)
Recalling our convention in Notation 3.12, the assumption f; € X] is enough to
guarantee that the following bounds holds for f;: N fi(¢) — fi(¥); Byl Sp Nlg —

¥ Bpland N[ fi(¢); Be,pl Sy 1+ Nlg; B, p] (see Corollary 2.7) for arbitrary test
functions ¢, ¥. So we have

NLfi():; CE U, Bl S Nly; Cf (1, Byl
<; Ny €1, B )1+ Nly; C< (1, By p)]
<5 Ny C¥(1, Bep)l,

where, to get the second inequality, we have used the property (21) of the semigroup.
We get also N[ f; (»); C)(Be, )1 S5 1+ Ny; CV(By, )1, which, going back to (40),
leads to

Nlz: (L, Be )] S p " {1 + NTy: €1, BK,,,)]} .

Besides, z; = (82)50 + Ss ¥, hence, since Sy is a contraction operator on By p,

Nz CUI, Be ) < 11 Nz; CS (1, Be )1 + 1Y 115

K,p°

Finally,
Nz UL Bep)] < I ls,,, + e 11777 {1+ Ny 6%, B

Then we choose I = [0, Ti] such that ¢, 7} < 1 to get the invariance by I of the
balls

Bf =1y €Y (0. Tol, Be.p) : yo =1, NIy:CY (0. Tol, Be.p)] < R},

for any Ty < T, with (for instance) R = 1 + 2||v ||

K, p*

Contraction property. Let y, y € CA?I’/(/ (I, By,p) and z = I'(y), Z = I'(y). By (35),

Nz =% Cf (B )]
< e 1P NTAO) = fiG): QB + NG = i3 B} @)
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In order to estimate the Holder norm N[ f; (y) — fi (3); Cy (B))], werely on the decom-
position

0i(§, y1(§)) — 0i(§, 3:1(§)) — 0i(§, ys(§)) + 0i(§, J5(§))
1

=d(y — i)zs(é)/dr 0/ (5, ys (&) + 1 (8y)is(§))
0

+(59)m(§)/dr {07, y5(&) +r(8y)is(§)) — 0/ (&, J5(§) + r(89)i5(€))}-

Therefore,

NI = fi(3): Cf (Bp)]
= ¢ [Ny = 55 CPF Bl + N5 ) Be I Ny = 55 B

Remember that we have assumed that 2kp > n, so that, by the Sobolev continuous
inclusion By, C Boo, N[y — ¥; C?(Boo)] <Ny —7¥; C?(Bk,p)] and as a result

NLAO) = fi3) CE B = e Ny = 35 6 (Be ) {1 4+ M55 6 (Bl
The same kind of argument easily leads to

NG = fi3:; CBep)l
< e Ny = 5: C* B {1+ Ny: O (B p)) + N15: O B}

The last two estimations, together with (41), provide a control of N[z — Z; éf (B, p)]
in terms of y, y. Moreover, as zg = Zo = ¥,

Nz =2 CBe. )] < I Nz — Z; C Be )]

Now, if y, y both belong to one of the invariant balls BT e with Ty < Tj, the above
results give

Nz = 2 CP (0, Tol, Be )] < ex Ty ™ {14+ 2Ry Ny — 3; ) ([0, Tol, B p)]-

It only remains to pick 7y < Tj such that chy_K {1+2R} < %, and we get the

contraction property of the application I' : B Tow — B . This statement obviously
completes the proof of the existence and unlqueness of a solution to (39) defined on
[0, To]. O

Remark 3.13 When the driving process x is smooth, X* is implicitly defined by the
(Lebesgue) integral f : Siudx, = f : Stu x|, du and the above construction has been
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done in such a way that the solution y given by Theorem 3.10 coincides with the
(usual) solution of the mild form of (12):

t

Yo=Y € BK,[N Vi =SV +/Stu f(yu)x,; du.
0

In this case, it may be worth noticing that if in addition the initial condition v belongs
to the domain B; , of A, then y is also the strong solution of (12). This is a conse-
quence of [40, Theorem 6.1.6], owing to the Lipschitz continuity (in both variables)
of the mapping (u, ¢) — f(¢) x,, from [0, T'] x B, to B,,.

4 Rough case

The aim now is to go one step further than the Young case. We would like to conceive
more sophisticated developments of the integral so as to cope with a y-Holder driving
process, with y € (1/3,1/2).

4.1 Heuristic considerations

The strategy to give a (reasonable) sense to the integral f " S dx}, ' f: (y,) will be largely
inspired by the reasoning followed for the standard integral f yu dx,, explained in
[20,25]. Thus, let us suppose at first that the process x is differentiable, and divide the
procedure to reach a suitable decomposition of the integral into two steps:

* Identify the space Q of controlled processes which will accommodate the solution
of the system.

* Decompose f; Stu dx,i fi(yy) as an element of Q when y belongs itself to Q, until
we get an expression likely to remain meaningful if x is less regular.

This heuristic reasoning essentially aims at identifying the algebraic structures
which will come into play. The details concerning the analytical conditions will be
checked a posteriori. Remember that Assumption B still prevails, which means that
the noisy nonlinearity is given by

N

Xi(p) =D x{ filp), with fi(9)&) =0i(&, (&),

i=1

and we shall see that o; has to be considered as an element of A> (according to Defi-
nition 2.1).

Step 1: Identification of the controlled processes. The first elementary decomposition
still consists in:

t t t

/ S dxi fi(y) = / Sudxi | fi0ve) + / S dx 8. (42)

N N N
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It is then natural to think that the potential solution of the system is to belong to a
space structured by the relation

t

(S)’)t‘\' = /Stu dx; y;”‘ +ytts’

N

with y? admitting a Holder regularity twice higher than y. For the solution itself, we
would have y;*' = f;i(ys), yfs = f; Seu dx! 8(fi (v))us- Hence the potential algebraic
structure of the controlled processes

I3
Q={y: Sy =Xy +yi), with Xy =/Sm dx}.

s

Remember that the latter operator satisfies the algebraic relation
§X* =0. (43)

Besides, it will turn out useful in the sequel to write X%/ as

t
X5 = X% 45yl with X4 = /awdxf). (44)

N

Morally, X% admits a higher Holder regularity than x owing to the property (21)
of the semigroup. We will go back over the usefulness of this trivial decomposition
in Remark 4.3. In the following we will sometimes omit the vector indexes i, j, ...
whenever the contractions are obvious.

Step 2: Decomposition of fst Stu dxy fi(yy) when y € Q. Going back to expression (42),
we see that it is more exactly the integral j; " Sy dxy 8( fi (9))us that remains to be dis-
sected when y € Q, that is to say when the $-increment of y can be written as
Gy)s =X i i y;"" + ytns. To this purpose, let us introduce a new notation which will
appear in many of our future computations:

Notation 4.1 For any [ € X, (see Definition 2.1), we set

L' (@1E) = V2o (€, 9(§)),

where Vy stands for the derivative with respect to the second variable. The function
f' is understood as a mapping from B, to B, for any p > 1.
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Using this notational convention, notice that

1

S(fies = 6)es - ] () + / dr [ f(vs +r@y)is) — 1)) - Gy)es
0

= (arsys) - FLO9) + Gys - 1) + Fr(05!

= (arsys) - 19 + XEDED) L f o0 + 05 + finf2

= (arsys) - 1 09) + G T o0+ LB+ O+ 0.
(45)

where we have successively introduced the notations

1

Lok = / dr [ s +r@y)is) = FL00] - Oiss OEE =Y £ 00),
0
(46)

.3 X
SR = XD - G0, @7
Observe that, in the course of those computations, we have used some additional

conventions that we make explicit for further use:

Notation 4.2 Let ¢,y be two elements of B,. Then ¢ - is the element of B, /2 defined
by the pointwise multiplication [¢ - (&) = @ (&) ¥ (&). If we assume furthermore that
M, N are two elements of L(B,; B}), then the bilinear form B(M, N) is defined as:

B(M,N) :Bp x By = Bpja, (@, %) = [B(M, N)l(¢, ) = M(p) - N¥).
We will also make use of the standard product notation
M x N :B,xB,—= B, xBp, (p,%)— [MxNl(g,¥)=M(p), N¥)).

With this convention in mind, the algebraic decomposition (45) of f;(y) can now
be read as:

5CfiMis = Blars. 1) (y. f] (s + Gxis - 357 - fL 09 + i (48)

If we analyze the regularity of the terms of this expression, it seems reasonable to
consider the first two terms as elements of order one and f; (y)* as an element of order
two. Let us make two comments about this intuition:

(a) To assert that B(ays, Id)(y, fl.’(y)) s admits a strictly positive Holder regularity,
otherwise stated to retrieve increments |t — s|* from the operator a,s, we must
use the property (21) of the semigroup. It means in particular that a change of
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space will occur: if y; € By, ,, then B(ayy, 1d) (y, f"(y))A will be estimated as an
element of BB,. This remark also holds for f; (y)f; = (X557 y9) - £1(ys).

(b) The term f,-(y)’:’1 is considered as a second order element msofar as it is eas-
ily (pointwise) estimated by (a constant times) |(§y)zs |2. However, as far as the
spatial regularity is concerned, this supposes that f;(y)*! has to be seen as an
element of B>, if y € B),. To go back to the base space B, we shall use the
regularization property (23) of the semigroup, through the operator X* (see (60)
in Hypothesis 2).

Now, inject decomposition (48) into (42) to obtain

t

/ Sdxt fi() = X50 fi () + X5y, 1O + X0 (7T 1)

N
t

/ S dx!. i), (49)

N

where we have introduced the following operators of order two (which act on some
spaces that will be detailed later on):

t t
Xl = / Siu dx! B(ay,1d) and X}, i / St dx! (8x7) 5. (50)

N N

A little more specifically, those operators act on couples (¢, ¥) in some Sobolev type
spaces, and

t t

X5 (g, ) = / S dx! [aws (@) - ¥] and X557 (@) = / Sou dx’, (637 Vs [].

N s

Then, since we have assumed that f;(y)* admitted a “double” regularity, we can see
the residual term r;y = f : Stu de f,‘(y,,)Ij as a third order element, whose regular-
ity is expected to be greater than 1 as soon as the Holder regularity of x is greater
than 1/3. Thus, we are in the same position as in (31), and just as in the latter situation,
r will be interpreted thanks to A.

In order to compute Sr, rewrite r using (49):

t

Fis = / Seudxl i) — X5 five) = X5 (v, 1 O00)s = X550 5 £ 0))s

N
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Therefore, with the help of the algebraic formula (28), we get

) tus = X5 8CFi Dus — GX D s £ D)5 4 X218y, 1)) us
_(SXxx,ij)ms(yXJ : fj/(y))s + X;\’;,ljs(yx,j : f[/(y))us.

Going back to the very definition of X*%! and X~/ it is quite easy to show that the
following relations are satisfied whenever x is a smooth function:

X 1) s = X5 (aus x 1d) + X1 B(ays, 1d), (51)

EX s = X (55T )us. (52)
By combining these two relations together with (48), we deduce

s = X3 (Fi0)E) + X5 (G)uss £ 55)) + X Gy C (3))us)
+ X558 - O us = Jrus- (53)

All the terms of this decomposition are (morally) of order three. Now, remember
that we wish to tackle the case 3y > 1, so that it seems actually wise to invert § at this
point, and we get

t

/ S dxt fi(v) = X2 £y

S

FXI o, L5 + X G5 f 05 + Aes (), (54)

where J;,s is given by (53). Notice once again that we have obtained a decomposition
valid for some smooth functions x and y, but this decomposition can now be extended
to an irregular situation up to y > 1/3.

In a natural way, we will use (54) as the definition of the integral in the prescribed
context of a y-Holder process with y > 1/3. To conclude this heuristic reasoning, let
us summarize the different hypotheses we have (roughly) raised during the procedure:

e The process x generates four operators X*, X**, X** and X**, which satisfy the
algebraic relations (43), (51) and (52). As for the Holder regularity of those opera-
tors, X* admits the same regularity as x, X** twice the regularity of x, just as X“*
and X*“ (even if one must change the space one works with, according to the above
point (a)).

¢ The increments (Sy),s can be decomposed as (3 Vs = X5yy + y,ﬁs, where y* is
twice more regular than y. Besides, according to (a) again, the process y must evolve
in a space By, p, with a > 0. These remarks will give birth to the spaces Qg .

* The functions f; belong to X5.
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Remark 4.3 If one has a look at the constructions established in [25], it seems more
natural, at first sight, to search for a decomposition of the integral based on the (twisted)
iterated integral

13 t u

X = / Sidx! B(Xyy  1d) = / Siudx! B / Swdxi 1d |, (55)

N N s

rather than on the area X} we have introduced in (50). In a way, the definition of
X ¥ is actually more consistent with the general iteration scheme of the rough path
procedure. Nevertheless, when it comes to applying the results to a fBm x (with Hurst
index H € (1/3, 1/2)) for instance, it seems difficult to justify the existence of the
iterated integral (55). According to our computations, this difficulty is due to a lack
of regularity for the term S, in (55). Indeed, if one refers to [2], the definition of the
integral would require a condition like

N[Suv — Suu; ‘C(Ba,p, Ba,p)] 5 lu — U|U ,

for some v > 0, but this kind of inequality cannot be satisfied in this general form,
since the Holder property (21) of the semigroup requires a change of space. This is
why we have turned to a formulation with X7, which is made possible by the intro-
duction of the operator X{;" (defined by (44)) in decomposition (45). As we shall see
in Sect. 6, the definition and the estimation of the regularity of X** are much simpler,

since this can be done by means of an integration by parts argument.

4.2 Definition of the integral

In this subsection, we will only make the previous assumptions and constructions
more formal. From now on, we fix a coefficient y > 1/3, which (morally) represents
the Holder regularity of the driving process x. The definition of the rough path above
x associated to the heat equation is then the following:

Hypothesis 2 We assume that the process x allows to define operators X* ' G
Xxat XX (i, j e {1,...,N}), such that, recalling our Notation 4.2:

(H1) From an algebraic point of view:

X5 =0 (56)

X0l = X4 4 5y (57)

S§X*4l = X (g x Id) + X* B(a, 1d) (58)
SX*T = X (8x7). (59)

(H2) From an analytical point of view: if 2ap > n, then

X5 e CY (LB, Bp)) N CY (L(Ba, p, Ba,p) N CL " P (LB, 2, Bp))  (60)
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X e YT L(By,p, Bp)) (61)

x*@i e ey TTCY LBy ) x By, Bp)) N CY (L(Ba, p % Ba,ps Bup))  (62)

X5 € CV (L(By, Bp) N CyY (LBa, p, Ba,p)) N CyY (LBa,p. Bp)).  (63)

We will denote by X = (X*, X4, X*¢ X*¥) the path so defined. X belongs to a

product of operators spaces, denoted by CLY P, and furnished with a natural norm
build with the norms of each space.

The formal definition of controlled process takes the following form:

Definition 4.4 For all « € (0, 1/2), k € (0, 1), we define

0t = 0% (0. T = {y € CF(10. 71, Buup) : Byns = X593 + 37,

¥ € €10, T). Bap) NCY(10. 1. Bp). y* € CF (10. T1. Ba,p) N C3(10. T). Bp) |

We will call Qg » the space of «-controlled processes of By, p, together with the
norm

N
Nyi 95 1 = Ni 6 Bl + 3, [N €0 Ba )] + NIy ¢ (8,1}

i=1

+NTY%; CY (Bo, )1 + Ny C3(Bp)],

where the time interval [0, T] is omitted for sake of clarity.

Observe that, in what follows, we will only consider the spaces Qf P with 2kp > 1.
We can now show how nonlinearities of the form given in Assumption B act on a

controlled process.

Lemma 4.5 Assume that f; € X> fori =1,..., Nandletk € (1/3,y).Ify € QAf’p

admits the decomposition $ y = XVIy5i 4y then the increment 8 f; (y) can be written
as

8Cfi(0))is = Blass, 1d)(y, f{(0))s 4+ GxI)is - 5 - Fl 05 + fi))hs,  (64)

with f;(y)F = ()5 + £ ()52 + fi(0)F3, where the elements f;(y)** are given
by (46) and (47). Moreover, one has

NG €3 By = epx [Ny €0 Bap) P + Ny: O 1] (65)
NP2 C* By < cpx Ny Q6 1. NIDF3:C“(Bp)] < cpx Nly: O 1.
(66)

Proof This refers to decomposition (45). The estimate of f;(y)*? is obvious, while
the estimate of f;(y)*3 stems from the Hypothesis (61). As for f;(y)*!, notice that
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1 Q
15 1B, S e IENENB, S 16WslE, S NGl + lassysli,
and the result then comes from property (21). O
We are now in position to justify the use of (54) as a definition for the integral:

Proposition 4.6 Let y € Q;‘p([o, T) admitting the decomposition <§y = XViyni 4
y%, with k € (1/3,y) and p € N* such that y — k > n/Q2p). Assume that f =
(fts..., fn)with fi e Xofori =1,...,N. Weset, forall s < t,

Tis(@dx FO)) = X5 Fi () + X590y, 1 00)s 4+ X 57 - F1O00)s + Ars (),

(67)
where we recall our Notation 4.1 for fi’ , and with
Jius = Xx l(fz (y) )+ X;Cua l((a.V)m’ f ()’A)) + an l(Yu, S(f,/()’))us)
X7y ”5(yx T O )uss (68)

the term f (y)* being defined by decomposition (64). Then one has:

@)) J(c?x f(y)) is well-defined and there exists 7 € Q’,ﬁ,p([O, T1) such that 8z is

equal to the increment j(dAx f(y)). Furthermore, forany 0 < s <t < T, the
integral Jis (dAx f(y)) coincides with a Riemann type integral for two regular
functions x and y.

(2) The following estimation holds true

Nlz: Q¢ (0. TD] < csx {1 + Ny CY(Bep)? + T*Ny: Qﬁ,p]z} . (69)

for some o > Q.
(3) Foralls <t,

Jis (dx fon = lim D S X i) + X 0 F 0y
Alsl (fk)GA[szJ

+X5 5L O ) (70)

where the limit is taken over partitions A[s ) of the interval [s, t], as their mesh
tends to 0.

Proof The fact that J; (dx f(y)) coincides with a Riemann type integral for two reg-
ular functions x and y is just what has been derived at Eq. (54). As far as the second
claim of our proposition is concerned, it is a direct consequence of Hypothesis 2,
together with the estimations of Lemma 4.5. Let us check for instance the regularity
of J:
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e for X"’i(ﬁ(y)ﬁ), we get, by (60) and (66),
NIXHF0P 4 [P B < epx Ny 96,1,
while, owing to (60) and (65),
NIX fi (21 0B, < e [Ny QB )P + N €511
« for X**((§y), f/()), we use (62) to obtain
NIXFH @y, f ) Y TP B < ¢ px Ny E§ (B p)] < ¢px Ny: O 1.
o for X*@i(y, 8(fl.’(y))), one has, by (62) again,

N[an,i(y’ 5(fi/(y))); C;/+2K—n/(2p)(8p)]
< crx Ny; C) (B, p)INTy; Cf (B))]
< ¢rx N1y: QB ) [Ny Bl + My 85,1}

o for X**§(y*J - f/(y)), we deduce from (63) that

N[Xxx,ij(g(yxvj . fl./(y)); C§V+K (Bp)]
< cpx NIV CF (B + N1y CYBe ) INTy: € Byl

< erx {1+ N5 QY Be )P + Ny 05,12}

Moreover, thanks to the algebraic relations stated in Hypothesis 2 and decomposi-
tion (64), it is easy to show that

J = =5 (XM + XL 0D+ X G  fG).

Therefore, J € Kerd N Cé‘ (Bp), with p =y + 2k —n/(2p) > 1, and we are allowed
to apply A. Besides, using the contraction property (30), we get

NTAWY: PP B)) < cpx {14+ My QB P + Mys &5, 1)
and also

NTAWY: TP OB )] < epx {1+ Ny B )P+ Ny: 05, 1)
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The regularity of the other terms of (67) can be proved with similar arguments. As for
the expression (70), it is a consequence of Proposition 3.7, since one can write

T@x 1)) = (1d=A8) (X (i) + X (v, {0 + X (5 f ().

O

Once our integral for controlled processes is defined, the existence and uniqueness
of a local solution for our equation is easily proved:

Theorem 4.7 Assume that f = (f1,..., fy) with fi € X3 fori = 1,..., N. For
any pair («, p) € (1/3,y) x Nsuch that y — k > n/(2p), there exists a time T > 0
for which the system

Gy)is = Tis@x F(0), Yo =V € Bep, (71)

interpreted with Proposition 4.6, admits a unique solution y in Q) »([0, TD.

Proof As in the proof of Theorem 3.10, this local solution is obtained via a fixed-point
argument. The invariance of a well-chosen ball of Qﬁ’ p([O, T]) is easy to establish
from (69), once one has noticed that the latter estimate entails (with the notations of
Proposition 4.6)

Nz Q5,10 TD < epx {1+ IWliE,, + TNy @5, 01}, (72)
for some parameter o > 0.
As for the contraction property, it stems from long but elementary computations,

essentiallyA similar to the estimates of the proof of Theorem 3.10. Write for instance,
ify,y e Q¢ ,(I) (I =0, T]) are such that yo = yo = ¥,

XE v, 1 ON)s = XEEL G, L G)s = X080 = 5, fL00)s + X580 Ga 100 = £ G))s.
Then by (62),

NIX*@E(y = 5, f 0 €O (1, B
< oxNTy = 5: CYU: Be )INTF (0): CYBp)] < ex, TNy — 51 Qf (D],

while

NIX G, 0) = F e e 1 By))
< ex f N3 C U Be p) Wy = 5: €Y1 Be )]

< ex o T {1+ N3 Q5 (D1 My = 575 5, (D1.

By following the same lines with the other terms of the decomposition of
Se-n=7(dx [f» - r@)]).
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we deduce

Nz =2 9f ,(D] < ex sy T*Nly — 5 Q5 , (D]
x {1+ Ny @5, (D + N15: @5, (DP]

for some A > 0, which allows to settle the expected fixed-point argument on a small
enough interval [0, T]. O

As an almost immediate consequence of this rough paths approach, we get the
following continuity statement for the solution:

Proposition 4.8 Assume that the three parameters (y, k, p) are chosen as in Theo-
rem 4.7. Then the Ito map associated to Eq. (71) is locally Lipschitz in the following
sense: if y (resp. ¥) denotes the solution on [0, T] (resp. [0, T1) of (71) given by
Theorem 4.7, for a driving process x (resp. X) satisfying Hypothesis 2, and with initial
condition ¥ (resp. V), then

Ny = 5: €510, T8 Bep)] < ex g 4. {1V = Fls,,, + NTX = X; corer],
73)

where T* = inf (T, f") and X (resp. f() stands for the path above x (resp. X) described
by Hypothesis 2. As for the constant in (73), it can be written as

ex x5 = CNTX: CLY P NTX: CLYP), [ lIg, . 1V 115,,,).

for some function C : (RT)* — R growing with its four arguments.

Proof The strategy is exactly the same as in the standard diffusion case: for any interval
I contained in [0, 7], we introduce the quantity

Ny = 7 Q55 (D] = Ny — 3; CL (I; Be p)]
FNIYH = 35815 By) N CY(T; Be p)]
+NTy* — 3% C3(1; Bp) N CY (1; Be )],

and then we show from the decomposition ofg(y—ﬁ) = j(c?xi f,-(y))—j(dA)Zi fi(y)
thatif I = I,f = [ke, (k + 1)e],

Ny — 3: @5 ()]
< Cxtui {sW[y — 5 QT UDH]+ NTX = X; CLP] + [l yke — ykgnsw} :
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By taking e small enough, we deduce, for any %,

Ny = 53 Q¥ (UID)

< ox g VX =K CL P14 ke — Sl |
~ k—1 B
< exgyg (VX=X CLVP 4 Iy = Tllg, , +¢7 D Ny = 51 Q0H ()]
=0

Inequality (73) is then a consequence of Gronwall Lemma, together with the obvious
control Ny — ¥; C%’([O, T*); Be,pl < Z,ICV;O Ny — 3: Q0 (I7)], where N is the
smallest integer such that N, - ¢ > T*. O

5 Global solution under stronger regularity assumptions

The aim of this section is to show that a regularization in the nonlinearity involved in
our heat equation can yield a global solution. Specifically, this section is devoted to
the proof of the existence and uniqueness of a global solution to the (slightly) modified
system

t

Gy = / Sudx® S fi vy vo = ¥ (74)

N

where f; € X3, Y € By, for some o > 0 to be precised, and ¢ is a strictly positive
fixed parameter. Owing to the regularizing effect of S, we will see that such a system
is much easier to handle than the original formulation (71).

Note that we have chosen a regularization by S; in (74) in order to be close to
Teichmann’s framework [45]. However, it will be clear from the considerations below
that an extension to a convolutional nonlinearity of the form

0@ = [ Kem Ammdn. & R,
R»
with a smooth enough kernel K and f; € A3, is possible. The technical argument

which enables to extend the local solution into a global one are taken from a previous
work of two of the authors [13].

5.1 Heuristic considerations

The regularizing property (20) of the semigroup S, allows us to turn to a decom-

position of f Stu dxu Se fi (y,) similar to the finite-dimensional case, or otherwise
stated written without the help of the mixed operator X*“. Indeed, let us go back to
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decomposition (45):
S(fi0Nes = (5X)myf : fi/()’s)"‘ |:atsys : f,‘,(ys) + y,ts~J‘,-’(ys) + (stx’iyf’i) : f,-’(ys)

1
+/dl’ [ s +7Y)s) = f1 9] - (5y)m}, (75)
0

but this time, let us consider the whole term into brackets as a remainder term evolv-
ing in B, (or maybe B,/2), and denote it by f; (y)%. This point of view is for instance
justified if we let the process y evolve in By, p, insofar as, for any s, t € 1,

2 1-2
lassys - i G)llB, St = sl loclyslip, S 1t =sI™ " M f loclys B, ,-

For obvious stability reasons, the strong assumption y; € Bj , then implies that the

residual term stemming from the decomposition of f : Stu dx,gi) Se fi (y,) should also
be seen as an element of B . This is made possible through the action of S;. Indeed,
owing to (20), one has

1S: (S B,, < e If WPl for some constant ¢ > 0.

5.2 Definition of the integral

According to the above considerations, only the processes X*-/, X**/ and X** will
come into play. Therefore, let us focus on the following simplified version of Hypoth-
esis 2:

Hypothesis 3 We assume that the process x allows to define operators X Xioxaxi
X*OU (i, j € {1,..., N}), such that, recalling our Notation 4.2:

(H1) From an algebraic point of view:

$X =0 (76)

X5 = x4 sxt (77)

SX*E = X (8x7). (78)

The operators X** and X**"/ commute with S;. (79)

(H2) From an analytical point of view:

XM € CY LBy, By) N (LB, Br.p) 1Y (L(By2, By (80)
xari ¢ C;er (LB1.p. By)) (81)
X € CY (LBy, By) NGy (LB, By p)). 82)
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Remark 5.1 The assumption (79) is trivially met when x is a differentiable process
and X*' is defined by st’i =/ f Stu dx,ﬁ'). It will remain true in rough cases, follow-
ing the constructions of Sect. 6. This commutativity property will be resorted to in the
proofs of Propositions 5.3 and 5.4.

The notion of controlled processes which has been introduced in Definition 4.4 can
also be simplified in this context:

Definition 5.2 For any x < y, let us define the space

Op=1{yeCl By Gy

= X 3 € CLBL) NN By, ¥ € G By
together with the seminorm
N1y Quepl = NIy COB1p) ] + NTy™'s CF (Br,p)] + Ny €3 (Brp))-

With this notation, one has N[y; Ci’ (Bi,p)1 < ex Nly: Q,(,p].
In the following two propositions, let us fix an interval I = [a, b] and denote
[I|=b—a.

Proposition 5.3 Let y € Q,(,p(l) with decomposition Sy = xiysi 4 v, for some
(k, p) € (1/3, y) xN*such that y —« > n/(2p) and initial value h = y, € By, p. For
any Y € By p, define a process z by the two relations: z, = ¥ and foranys <t € I,

G2)is = Tis@xD Se fi(5) = X5 Se fi (o) + XV Se (i - £1(05)
R (XSO0 4 XSG - )

where f; (y)tt stands for the term into brackets in (75). Then:

e z is well-defined as an element of Q,(,p(l).
e The following estimation holds:

Nz Qup(D] = o™ {14 112070 Ny Qe p (P + 11207 1l )
(83)

for some constant ¢ > 0.
e Foranys <t € I, (62);s can also be written as

G = tim > XS + XS (i fow)) B,
tkE’P[S’;]
(84)
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Proof Let us focus on the estimation of the residual term

e = XiUS O A0+ Aag (XS, i) + XS 6(  f1 ()
First, using (82) and (20), we get

XX, X,Jj 2y —1p.X,J
1X;55 S (s D OB, < et = e e £ (9B,
2
<clt—s ey Is,,

< cxlt — s e Ny; Ow p(D].

Secondly, write f;(1)* = f;()*! + fi (P2, with fi(0)5; = arsys - 109 + Vi
F1O9) + XEyEDy ), 5D = fo dr L/ s + 7 @¥)es) — £/ - (¥)rss

and notice that
15 Se £i ) 15, ,
Sle—ul? e 05 s,
Sle=ul” e sy - £ 00ls, + IG5 - f00ls, + ks - 10918, )
Ste—ul” e = sl wslis, , + e =1 15 s, , + 16isls, )
Sl =l el = s Nys Oup(D + = 51 {N1y; Ouep (D1 + I3, , ||

Sl =72 e~ N Quep (D14 111 hllg, , |
while, owing to (79),

X5 Se i Z2 B, = 18X fimEZB,,
Se e —ul | i (EB,

S —ul” P [16y)usli,
S e = a0 LGyl + lauss I, )
S el =l [l = s Ny Gep(DF + lu = s [NTys Oup (D + 101, }]

S e =P e Ny Oy (P + 1P i, )
Even more simple estimations based on (82) give

1X5a ™ Se8 O - ff sl
S e = s {14 N Qe p (DI + 111 Ny O p (D] - Ills, | -
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Thanks to the contraction property (30), we now easily deduce
NTF5 (D) < ce™ {1+ 11RO Ny Qe p(DE + 11207 i, )

The estimation of N [z%: C?’K (I; Bi,p)] can be established along the same lines.
As for (84), it is a consequence of (3.7), together with the reformulation

8z = (Id —A8)(X™ISe fi (V) + XU S, (y™7 - f1(»))).
O

In order to settle an efficient fixed-point argument in this context, the following
Lipschitz relation is required:

Proposition 5.4 Ify,y € Q,(,p(l) with y, = ¥, and if we denote by z, 7 the two
processes in Q,(, p(I) such that

20=20=yo and 8z=J@xV S, fi(y)), 87 = J(dx" S, f:(5)),
then

Nz =2 Qe p(D] < cx e I ™ Ny — 75 Or p(D]
{1 TP N Ty; O p (D

ANTY: Qe p(DPP} + 112170 ||h||%s1.,,} - (89
Proof One has, for any s, t € I,

Bz =Dy = X' Se (fi09) = fiGo) + X5 S:057 - fl o) = 55 f Gon
+has (X5 (0P = i) + X505 fl ) = 55T - f5).

Let us only focus on the more intricate term, that is to say XS, (f; (y)*? —
fi (i)m), where, according to the notations of the proof of Proposition 5.3,

1

R = /dr [f s +7@Y)is) = £ (9] - Y )is-

0
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Write
1
FORE G2 = / dr [f/Gs +r69)1s) — £1G9)] - 50 = Prs

0

1 1
s -8y — s - / drr / dr' £ (35 + 1 53)rs)
0 0

1 1
+(65)7y -/d”/dr/ [/ Os + 11" Gy)es) = £ Gs + 11" (89)es) ]
0 0

In this way,

,2 ~\t,2 ~ -
LA = fiDE 8, S 150 = Dislis, {(16Wisls, + 16515, )
HIEHis I, {135 — Fellpa + Iye = Fells}-

Now

6Cy — y)ts”l’j’p S ||§(y - y)ts”l’)’]w + 1t = s I(ys = Ys) = Ssa(ya — ia)HBLp
S It = sl Ny = 55 Quc,p (D],

while

16515, = 16, + lars G)salls, + lass Sahls,
S 1= s (U N O p D1+ 11 15, , |

and finally

ys — sl B S llys — ys”BLp S s = Vs = Ssa(Va — ya)”BL[,
S Ny = 53 Qe p(D]-

This easily leads to

N2 = FGP2 Byl S U Ny = 51 Qe p(D)]
{14197 [W1y: QDI + Nz Oup (DP] 4+ 1P i, -

Inequality (85) now follows from standard computations based on Hypothesis 3. O

We are now in position to prove the expected global result:
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Theorem 5.5 Let f; € X3, fori € {l,..., N}. Under Hypothesis 3, let (k, p) €
(1/3,y) x N* such that y — x > n/(2p). For any T > 0, for any € By p, the
differential system

@y)is = Tis@x D Se fi (1), yo =¥,
interpreted with Proposition 5.3, admits a unique global solution in Q,(, »([0, T]).

Proof The strategy of the proof has been extensively developed in [13] in a similar

background suitable to Volterra systems. The key point is to control both the norm of
the local solution y® and the norm of the initial condition y[(kk) on each successive
interva1§ I,?’I =M, l%rl]’ where the sequence l,i” is. such that ll?ﬁ’l. —l,i” = ﬁ
M > 1is a well-chosen fixed parameter. More precisely, we consider the sets

and

B =1y e &, s vy = v y,’j?;" = Se fi (W), NTy: @€, (M) < (M + 022

where ¥ is such that ||y |l5, , < (M + k)*!, and prove the statement: there exist two
parameters o1, oo > 0 and an integer M such that for any k > 0, the (usual) map I is

a strict contraction on the invariant set BZ’ ¥ and the following property holds
Ify e B, then N[y : Bipl < (M +k + D (H)

As in the proof of Theorem 3.10,if y € B,zp k¥ z =T'(y)isdefined as the unique element
in Q< ,(IM) such that zu = i and forany s, € M, (52)s = Tis(dxD S, f;(1)).
The patching argument that leads to a global solution is then easily settled thanks to
Property (H).

With the view of proving the above assertion, observe that if yl, y2 S Bw" , then by
(83) (with obvious notations)

NIzt @, ]
< coge {1+ M+ 020Ny QUMD+ M+ 0720yl )
< Coge {1 (M + 2070420 4 (o 4 =200 20 | (86)
while, owing to (85),
NIiz' =2 Q8 (D] < ex e IumNTY' — ¥ Q5 (1ID]. (87)

where J; = k=) 4 30 —0F200 o g=(y—k+2(1=k)+201 - Ag far as Property (H)
is concerned, write, if y € B;f k

yim

— S — X, ) f
w = S e+ @) gy = Sy e + Xl,ﬁlz;Y’S'Sﬁ(W) Y
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which entails

Iy I8y, = (M +R)* +ex pe(M +077 + (M + k)2 (88)

From (86)—(88), the three expected properties (stability of BV , contraction, (H)) are
then readily translated as a system for a1, a2. One can finally check that if those two
parameters are picked such that

3k =2y <<y, l—y<ar<l4+a+y—3k,

then there exists a sufficiently large M for which the assertion is verified. O

6 Applications

We now intend to apply the previous abstract results to concrete N-dimensional pro-
cesses x. To this end, we know that it suffices to be able to construct, from x, a path
X = (X*, X%, X*¢ X**) which satisfies Hypothesis 2. Indeed, the latter assumption
clearly covers Hypothesis 1. We first study the general case of a 2-rough path, and
then focus on the Brownian case, for which a comparison with the existing result of
1t6 theory is established.

6.1 The case of a 2-rough path

As usual in this paper, we shall proceed in two steps: we first work at a heuristic level,
that is with smooth processes, and try to obtain an expression which can be extended
to irregular situations. We then check directly Hypothesis 2 on the expression obtained
in the heuristic step.

Assume for the moment that x is a smooth R¥ -valued function. Then the operators
X*, X4, X* and X** are defined by the formulae

t t

X5 (@)(€) = / Su(@) @) dxt, X (Q)(€) = / (@) (E) dxi, (89
t

X[ @, ¥ (&) = / Stu((aus@) - ¥)() dx, (90)
t

X5 (@) ) = / St (@) () dxl, (57 ). ©1)

N
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Set now xtzs = L "dx, ® (8x)yus. Then a straightforward integration by parts argument

yields the following expression for the increments introduced above:

t

X' = (0x)es + / AS(8x")us du 92)
N
t
XiH = / ASpu(8x ) s du (93)
S
t
vaul = /Xfu’iB(ASus,Id) du (94)
N
t
XA = g2 +/AS,MX5'SU du. (95)

N

These are the expressions that we are ready to extend to irregular processes. Let us
only elaborate on how to get (94). Actually, it suffices to notice that

t t

/Sm((ausw) Y dx, = —/%(ngi)((ausw) ¥,

N N

where, in the last integral, the partial derivative d,, only applies to the operator X fu’i.
Then

t 1

- [ 0D ) = [~XE awp) )] + [ X Outauser - 0)
t

= / du X35/ (ASus@) - V).

s

Remark 6.1 At this point, it is not clear that the integral expressions f Yt AS(8x1) s
du,... give rise to operators defined on B, ,. For the moment, we only consider those
expressions as operators acting on CZ°. The extension to any space By, , will stem
from a continuity argument (see the proof of Proposition 6.3).

According to the above considerations, in order to extend expressions (92)—(95) to

a Holder path x, one is led to suppose that this process generates a standard 2-rough
path, in the following sense (see [32] for further details on k-rough paths, k > 2):
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Definition 6.2 For any x € Ci’ (RN) (y > 1/3), we call Lévy area above x any
process X2 € ng (RN @ RY) such that §x? = §x ® 8x, or in other words

X s = Gx)ux s, i j=1,... . N. 6)

The couple (x, x?) is referred to as a 2-rough path above x.

Once endowed with a Lévy area above x, we are in position to extend the three
expressions (92)—(95). Together with Theorem 4.7, the following statement completes
the proof of Theorem 1.1.

Proposition 6.3 Let y > 1/3. If x € C{ (RY) allows the construction of a Lévy area
x2, the operators X*i xaxi xxai yxx.ij defined by (92)—(95), can be extended to
a path X which satisfies Hypothesis 2. Moreover; if (¥, X?) is another 2-rough path,
to which we associate a path X, the following control holds:

NIX=X; CL ™ P]<c, & [N[x —HC RN+ N -5 RY @ RN)]} ,
o7

with ¢y ; = C (N[x; Cr (RM], NX; Cr (RN)]), for some growing function C.
Remember that the normed space CLY**P has been introduced in Hypothesis 2 and
plays a part in the continuity statement (73).

Proof We have to check both the algebraic and analytic assumptions.

Algebraic conditions. The verification of (56)—(59) is a matter of elementary calcu-
lations. For instance, let us have a look at relation (59). For all s < u < t, one
has

t
N 20 2 2, 20j  _2.j
(SXXX lj)tus =X T Xpy ' — StuXus” + ASpy(Xys” — Xy ) dv.

u

Then, by (96), this expression reduces to

(BX 51,5
t

= (1d —Su)Xe + (6x)u (537 )us + / ASr (X 4 (8570 (837 )s) dv
u
t

= | (6x")pu + / ASy(3x)pudv | 0x ) = X5 (0x7 ) s

u

Analytical conditions. Let us examine the regularity of each operator individually.
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Case of X**'. The norms at stake here are

NIX CY (LB, By))] (98)
NIX CY (LB, p, Bep)] (99)
NIX® el (LB, Bo)]. (100)

In order to establish those regularity results, let us first rewrite (92) as

t

X5 = 8, (8x7) — / AS;, (8x)y du.

N

Then one has, for any « € [0, 1),

t
X5 @5, < 1S5 @15, ,16x)s] + / IASu @5, 1G5 uldu
N

t
: . :
S lells,, Xy It—SIVJr/It—uI du | Sllels,, Ix My 1t —s1,
N

which gives both (98) and (99). Along the same lines, in order to prove (100), we use
the fact that | Sis (@)1, S l9l5, 1t — 172 and that [ ASs @) 18, S l@ls, I —
s|71="/2P Then we obtain

X5 @B, < lells,, 15 Iyt — s /2
for all p such that y —n/2p > 0. Those estimations give the required bound (100).

Case of X“*'. We should now check that (61) is verified in our setting. To this aim,
write X as

t

XE g5 (s — / ASuu (5 ) dt.

N

Then
t
X5 (@B, = ||ats((ﬂ)||l’>’,,|(8xi)ts| +/IIASzu(cp)IIB,,I(Sxi)mldu
s

and using the semigroup estimates
-1
las@)lls, S lels, 1t =5l IASu (@B, < lels,, |t —ul ="
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we easily conclude that
NIXEE LBy p, Bp)l < eyt — 5]V, (101)

which is the expected regularity result.
Case of X**'. Going back to (62), one must prove that the following norms are finite:

NIXF@! ey e (LB, x By, By)], and
NIX¥E (LB, p X Beps Bep)]- (102)

xa,i

To do so, write X;; " as

t
X5t = X B(ayg, 1d) — / Stu X2 B(AS,s, 1d) du.

s

We deduce

NIXE (@, ¥); Byl S NIXS CL P (LB, 10, Bo) N (ass@) - ¥; Byl

t
NI TP (LB, 2, By)) / lu— 5" NUASus@) - ¥ Byaldu

where
N[(ats(p) U Bp/2] ,S N[ats(p; Bp]N[ws Bp] ,S |t — S|KN[§0; BK,[)]N[I/I; Bp]
and

N[(ASMS§0) Y Bp/2] ,S N[Asus(p; Bp]N[I/fs Bp]
S lu =17 Nlg: Be pINTY: Byl

This allows to conclude that

NIXE (0. 9): By]
SNIX YO (LB, o, BY)INT@; Bep IWTW; Byllt — s H7/CP),

and the first of the required bounds in (102) follows. For the second one, we have

NIX (@, ¥); Bepl S NIXEE CY (LB p Be p)IN (s - ¥: Be ]

t
+NIX*; C (LB, p, Bk,p))]/ lu — s|" NI(ASus@) - ¥; B, pldu,
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and using the algebra property of B, ,, we get

N[(atsw) - BK,p] ,S N[(ﬂ; BK,p]N[w; BK,p]
and

N[(ASus(p) Y BK,p] S N[ASMS(p; BK,p]N[I//; BK,p]
S/ lu — S|7]N[§0; Bk,p]N[w§ BK,p]

so that

NIX (@ 9): Bp)
S N[Xx’i; C; (‘C’(BK,pv B/c,p))]N[(p; B/c,p]N[w; BK,p]

t
X |t—s|7’+/|u—s|y71du
N

The second estimate follows.
Case of X**'J. We must estimate the norm

NIX¥: C (LB, By)], (103)

and also N[ X~/ ; C;V (L(By, p, Ba. p)) ] and NX>5 5 ng (L(Bg,p. Bp))]. We focus
on (103), the others terms having similar behavior using the algebra property of By,
and the Sobolev embedding By, , C Beo.

. . XX,0]
First, write X;, "/ as

t
i 2.0 2.0 . .
stx V= SlSthl] - / ASp I:Xtulj + (le)tu(‘sxj)us] du.

N

From this expression, we immediately get
NIX Y (0): By

t
< [N[sm(«»; Bplllt — s|* +/N[Asm(<o>; Bplllt — ul® + |t — ul” |u — s|V|]du]

t
<cx [N[go; Bplllt = s + NTg; B,,]/n—urlnz—uﬁy +|r—u|ylu—s|y|1du]
= CXN[QD; Bp] [t _S|2y .

This gives the expected conclusion N[ X% ; szy (LB, Bp))] < oo.
The continuity statement (97) is easily proved with the same arguments. O
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Remark 6.4 As recalled in the introduction, it is a well-known fact that one can con-
struct a 2-rough path (in the sense of Definition 6.2) above a N-dimensional fractional
Brownian motion B with Hurst parameter H > 1/3 (see e.g. [7,18,36,49]). Theo-
rem 1.1 can thus be applied in order to handle the heat equation (71) driven by such a
process. To the best of the authors’ knowledge, this is presently the only method that
provides an interpretation and a solution to the equation when H € (1/3,1/2). We
are actually able to extend the strategy to the case H > 1/4 by injecting third-order
developments of the vector fields in the procedure described at Sect. 4. For sake of
conciseness, we have preferred not to include all the technical details behind this slight
improvement. What is really lacking now is a more general formulation that would
allow to cope with rough paths of any order.

6.2 The Brownian case

When x = B is a standard N-dimensional Brownian motion, the mild equation (4)
can also be understood in the It6 sense, and the existence and uniqueness of a (global)
solution is in this situation already well-established, even for small p (the main ref-
erence we have in mind here is [4], but similar results can be found in [3,27,53]). In
what follows, we mean to show that under the hypotheses of Theorem 4.7, the two
notions of solution (rough paths and It6 sense) actually coincide. To this end, we shall
lean on the two following lemmas, borrowed respectively from [25] and [4].

Lemma 6.5 Fixatime T > 0. Foreverya, 8 > 0, p,q > 1, there exists a constant
¢ such that for any R € C2([0, T1; Ba, p),

NIR: CE(10. T1: Bop)] < ¢ {U (R) + N8R: CE ([0, T; Ba,p]} ,

Btg.q.c.p
where
1/q
I RvullB, , \?
Up.g.a.p(R) = / (—) dudv
lv—ulf
O0<u<v<T

Lemma 6.6 Forevery p > 2, the Burkholder-Davies—Gundy inequality holds in BB .
In other words, for any T > 0, if B is a one-dimensional Brownian motion and H is
an adapted process with values in L*>([0, T1; B)), then for any q > 2, there exists a
constant ¢ independent of H such that

q/2

q T
<cE /||Hu||’;;p du ) (104)
0
)4

0<t<T

t
E | sup /Hu dB,
0 B
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Remark 6.7 Ttis readily checked from the very Definition (17) of |||/, , that B, can
be replaced with any By j, in (104).

From now on, we fix three parameters (y, «, p) that satisfy the assumptions of
Theorem 4.7, namely

13<k<y<l/2, y—«>-——.
2p

Wealsofix f; € A3 (i = 1,..., N) and we denote by Y the (continuous, By, ,-valued)
solution to the equation

N t
Yo=v €Bep Yi=Sy Z/ Si—udBl fi(Y,), 1€[0.T], (105)

where the integral is understood in the It6 sense and the initial condition 1 is assumed to
be deterministic, for more simplicity. As announced earlier, the existence and unique-
ness of Y is for instance proven in [4].

Proposition 6.8 With the notations of Sect. 4, Y almost surely belongsto Qi ([0, T1),

where, in the definition of the latter space, the operator-valued process X,li" =
f; St—u d B}, is understood in the Ito sense.

The proof of this proposition relies on two preliminary results.

Lemma 6.9 Foreveryqg >2,s <t €[0,T],

E[16Y)sl, ] = cpqurr It = 51972 (106)

Proof From the Eq. (105) itself, we first deduce

q/2

t
E[I¥E, | < e {1, +E / IS i)l , du
0

q/2

<cq.fy 1+ /|l - u|_2K du < Cq.fy.T-
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Then, since (8Y)ry = [ Si—u f; (Y,) dW}, one has

' q/2
E[I6Y)slf, | < cE </Ilﬁ(Yu>ll%K,,, d“)

t q/2
<clit—s9?+E (/nyuufg du>
K, p
S
t
<c[Il—slq/z—l—|l—s|q/2_l/E[llYull% ]du] < clt—s)9?,
<.p

N

where, to get the second inequality, we have used the estimate given by Corollary 2.7.
]

Lemma 6.10 The operators XB xaB xBa xBB defined in the Ito sense by formulas
(89)-(91), satisfy the conditions of Hypothesis 2.

Proof Observe first that formulas (92)—(95) remain true for those operators, thanks to
Ito’ s formula (95) 1s for instance obtained by applymg Ito s formula to the product

Sy, B , where B J stands for the semimartingale Bus f , d B,; (8B7),s, which
gives

t t

y d y
o8~ 5.BY = [ suaBl + [ S s0B a.

N N

or otherwise stated X, BB.Ij B2 i + f ; AS;y, Bﬁ’sij du. Once endowed with those

expressions, it sufﬁces to follow the lines of the proof of Proposition 6.3. O

Proof of Proposition 6.8 One can of course write Y)y = X, B. ’Y Bi g Y,ﬁS, with
B = £.(¥,) and st = fs S dBL 8(fi(Y))us- By applying Lemma 6.5 to the pro-
cess 8Y, we easily deduce from (106) Y € CAT (Bk,p) a.s., and accordingly YBi e
CE(B,) N CY(By. ) as. As for YE, one has (8Y%),,s = X2'8(f;(Y))us, which as.
entails N[8Y?; C32K (Bp)] < oo and also NSY?, C;/ (Be,p)] < oo. Besides, some
estimates similar to those of the proof of Lemma 6.9 show that for any ¢ > 2,

We are thus in position to apply Lemma 6.5 to Y*, which yields Y% € C%" By N
C%/ (Bk, p)- This completes the proof of the proposition. O

Proposition 6.11 The Ito integral j; " S dB,i fi(Yy) coincides with the rough path

integral Jrg (c?Bi [fi(Y)) built via Proposition 4.6 from the processes XB, xeB xBa
XBB_ Consequently, Y is also solution to the equation in the rough path sense.
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Proof Decomposition (49) remains clearly true for f ! Stu d Bi fi(Yy), that is to say
(with the notations of Sect. 4) f; Stu dBf{ fi(Yy) = Mg + R”, where

My = XB fi(v) + XBU G, fl s + x5BT v fL (),
t
R, = [ S8 5,

N

It is also easily seen, with the help of Lemma 4.5, that for any g > 2, E [|| R}S ||;’3p] <

c|t —s|* with u > 3. This allows to apply Lemma 6.5 to R' and assert that
R! CS" (B)) a.s., the control of N[SR'; C33K Bp)] = NSM; Cg’( (B))] being estab-
lished in Proposition 4.6.

On the other hand, we know (see Proposition 4.6 again) that j”(d B! f, Y)) =
Mm+R”,W1th R2 Aws(J)) € C3"(B ). As aconsequence, R' —R? KCF(S‘CZ(B N

C3*(B)) and since 3k > 1, this readily entails R' = R* a.s. O

As a spin-off of this identification procedure, we can apply Proposition 4.8 to Eq.
(105) and retrieve the following continuity statement:
Corollary 6.12 Assume that (x, p) € (1/3,1/2) x N* are such that % — K > %
Then the Ito map W +— Y associated to Eq. (105) is locally Lipschitz: if Y (resp. Y)
stands for the solution to the equation with initial condition  (resp. V), then

NIY = Y;C{ (10, TL; Be )l < ¢y g IV = Vi, ,.

where Cyg = clvla., ||1ﬁ ||BK_p),f0r some growing function C(R1)? — Rt.

6.3 Extension to more general elliptic operators

The strategy we have developed all through the paper for the heat equation can actu-
ally be applied to a more general class of operators on R" for which the properties
exhibited in Sect. 2.2 remain (almost) true. More precisely, those properties hold for
any operator of the form

A= " 0 (aij(§)d;) —1d
i,j=1

where the coefficients a;; satisfy the following conditions:

(H1) Forany & € R", g;;(§) is a real symmetric matrix,

(H2) Foralli, j=1,...,n,a;; is smooth, bounded, with bounded derivatives,
(H3) There exists ag > 0 such that for any £ € R"” and any |v| = 1, a(§)v - v > ay,
(H4) For all i,j = 1,...,n, there exists ai‘f and « € (0,1) such that

<cl|&|7% for any |§| > 1.

limjg | o0 @;j (§) = af¥ and )a,,(g)
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Let us only sketch out the arguments that indeed lead to statements similar to those of
Propositions 2.4-2.6 and (18)—(19):

e According to [10, Theorem 1.8.1], A is the generator of a symmetric Markov semi-
group and consequently [10, Theorems 1.4.1, 1.4.2] the generator of an analytic
semigroup of contraction S, which allows to adapt Proposition 2.4 to this context.

e The domains of the fractional powers of A, coincide with the spaces L¥r =
[LP, W?P], obtained by complex interpolation of L? with the usual (integer) Sobo-
lev space W27, This can be easily deduced from the association of [34, Theorem
11.6.1] and [41, Theorem C], both theorems holding true under (H1)—(H4). The pre-
cise definition and properties of L?*? can be found in [1, Chap. 7]. It is in particular
proven that (18) and (19) remain valid for those spaces.

* The regularizing properties (23) and (24) of the semigroup from L”/* to L can
be shown with the same arguments as in the proof of Proposition 2.5, thanks
to the Gaussian estimates for the fundamental solution associated to A (see [17,
Chap. 9,Theorem 8]).

* Finally, the control (25) is immediate once we have noticed the identification (see
[1, Sections 7.63]) of L?*P with the space W% 7 defined by the norm

P
o1 = ol + / dt / ""(‘f) |,‘f’f§’j}').

Now, observe that if one wishes to study the following extension of (3)

N n
Yo=v, dy=Aydt+ Y dx} fi(y), A= D O (a; ) d). (107)

i=1 i,j=1

one must first write the system as

N
Yo=1v, dy=Aydi+ |:)’t i+ dx; ﬁ(y»} :

i=1

and then apply the strategy displayed in Sects. 4-5, taking the whole term into brackets
as the perturbation term. For sake of clarity, we have preferred not to include those
considerations in the development of our method. However, it is easy to realize that
the additional term y, dt doesn’t raise any new technical difficulty in the reasoning,
so that our main Theorem 1.1 remains true when replacing A with the above A.

Theorem 6.13 Assume that x is a y-Holder process with y > 1/3, which in addition
allows the construction of a 2-rough path X. Assume also that the coefficients a;; satisfy
(H1)—(H4), and that the vector field o; satisfies both conditions (C1) and (C2)3. Then

for any couple (k, p) € (%, y) X N* such that y — k > 2”—p and any initial condition
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Y € By, p, the equation

n N
Yo=v, dy€) = D O (aij - 9y)E) + D ow(E yi(&)dxf, &R,
i,j=1 k=1
(108)

understood in the mild sense via Propositions 4.6 and 6.3, admits a unique solution
y € C¥(By,p) on an interval [0, T, for a strictly positive time T which depends on
x, X2 and . Moreover, the continuity property (11) remains true for the solution

of (108).

To conclude with, it may be worth mentioning that the rough paths approach often
gives rise to (time-)discretization schemes for the solution without much additional
effort. In the infinite-dimensional background at stake here, some space-discretization
has to be performed, too, so as to retrieve an efficient scheme, following Galerkin’s
method for instance. The interested reader is referred to [11] for a detailed examination
of some possible schemes derived from the constructions of this paper.
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