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Abstract

We define and solve Volterra equations driven by a non-differentiable signal, by means of a variant of the
rough paths theory which allows us to handle generalized integrals weighted by an exponential coefficient.
The results are applied to a standard rough path x = x1,x?) e C%/ (R™) x C;V (R™™) with y > 1/3,
which includes the case of fractional Brownian motion with Hurst index H > 1/3.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction

This paper is part of an ambitious ongoing project which aims at offering a new point of view
on multidimensional stochastic calculus, via the semi-deterministic rough path approach initiated
by Lyons [24]. We tackle the issue of the non-linear Volterra system

t m_ ot )
y! =a’+/ o’o(t,u,yu)du+2f ot u, y)dxl, i=1,....d, t €[0,T], (1)
0 —1 70
j=1

where T stands for an arbitrary hqrizon, x : [0, T] - R™ a multidimensional y-Holder path,
a € R4 an initial condition and 6%/ : [0, T]*> x R? — R smooth enough functions.
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The (ordinary) Volterra equation providing a relevant model in many biological or physical
situations, it is not surprising that its noisy version has already given birth to a great number of
papers. A first analysis when x is a Brownian motion is contained in the pioneering works [6,7],
and this was then generalized to the case of a semimartingale in [31]. If the coefficients o'/ are
also seen as random functions, which often happens to be more appropriate, some anticipative
stochastic calculus techniques are required in order to solve the system, and we refer the reader
to [1,28,30] for the main results in this direction. It should be mentioned at this point that the
last of those references [30] is motivated by financial models of capital growth rate, which goes
beyond the classical physical or biological applications of Volterra equations. Several authors
also envisaged the possibility of a singularity for the application u < t — o (t, u, .) as t tends to
u [10,11,37], while examples of a so-called backward stochastic Volterra equations have recently
appeared in the literature [38,40], stimulated (here again) by new financial applications [39].
Besides, one can find in [34,21,43] studies of infinite-dimensional versions of (1), often linked to
the context of stochastic partial differential equations. It is finally worth noticing that the behavior
of the solutions to the [td—Volterra equation is now deeply understood, through the consideration
of numerical schemes [35,42] or the existence of large deviations [17,33,27,42] and Strassen’s
law [29] results.

In this background, it seems quite natural to wonder whether the interpretation and resolution
of (1) can be extended to a non-semimartingale driving process x. The existence of a theoretical
solution would for instance allow us to study the influence of a more general gaussian noise in
the asymptotic equilibria observed in [4,2,3,5]. The interest in a generalization of the system
has also been recently reinforced by the emergence, in the field of nanophysics, of a model
involving a Volterra system perturbed by a fractional Brownian motion (fBm in the sequel) with
Hurst index H different from 1/2 [22,23]. In the latter references, the fractional process only
intervenes through an additive noise: the resolution of the system (1) in its general form would
here open the way to a sophistication of the model.

The particular case where x stands for a fBm with Hurst index H > 1/2 has been thoroughly
treated in [16]: the integral is therein understood in the Young sense. Notice that in this
situation, [8] provides a slightly different approach to the equation, based on fractional calculus
techniques. If one wishes to go one step further in the procedure and consider a y-Holder path
with y < 1/2, the rough paths methods must come into the picture. However, the classical rough
path theory introduced by Lyons and Qian [25] (see also the recent formulation in [18]) is mostly
designed to handle the case of diffusion type equations, and there has been an intensive activity
during the last couple of years in order to extend these semi-pathwise techniques to other systems,
such as delay equations [26] or PDEs [9,20]. The current article fits into this global project, and
we shall see how to modify the original rough path setting in order to handle systems like (1).
The method then leads to what appears to us as the first result on the existence and uniqueness
of a global solution ever shown for the rough Volterra equation (1), in the case where y < %

Our result more exactly applies to the convolutional Volterra equation
yi=d + Z/ bt —wo (y)dxl, i=1,....d, tel0,Tl, 2)
j=1"70

where ¢ : R — Rand 6 : R? — R are smooth enough applications. Notice that we have
included the drift term in the sum, by assuming that the first component of x coincides with the
identity function. In spite of its specificity, the formulation (2) covers most of the aforementioned
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model (it is in particular the model under consideration in [22,23]). The main result of this paper
can be stated in the following way:

Theorem 1.1. Assume that the path x : [0, T] — R™ allows the construction of a geometric
2-rough path x = x,x3) e C; (R™) x C;y R™™) for some coefficient y > 1/3. If ¢ €
C3(R; R) and o/ € C3’b(Rd; R) foralli = 1,...,d, j = 1,...,m, then the system (2),
interpreted thanks to Propositions 5.5 and 6.2, admits a unique global solution y in the space of
controlled paths introduced in [19] (see Definition 2.5). Moreover, the It0 map associated with
the system is locally Lipschitz continuous: if y (resp. y) stands for the solution of the system
driven by x (resp. X) with initial condition a (resp. a), then

NIy — 5: ¢ RD)]
< s ffa—al + Nx = & ¢ @)1+ N6 = 85 67 ®™)1 3)
where
exs = € (WLx; €] R™)1 N LE: €] R™ML NI 67 @)1 NTEES €7 (R™™)])

for some function C : (RT)* — R growing with its four arguments.

Beyond the interpretation and resolution of the fractional Volterra system, the continuity
result (3) is likely to offer simplified proofs of the classical results (large deviations, support
theorem) obtained in the (standard) Brownian case. For the sake of conciseness, we shall leave
this procedure in abeyance, though (this should follow the lines of Chapter 19 in [18]).

A first attempt to solve the deterministic system (2) has been initiated in [16] by resorting to
the standard rough paths formalism. As evoked earlier, the method turns out to be successful in
the Young case (y > 1/2) with the existence of a unique global solution. Unfortunately, it gives
an incomplete answer for the problem in the rough case (y < 1/2), allowing a local resolution
only. The difficulties raised by the extension of the path have been extensively commented on
in [16]. They are essentially due to the dependence of the system with respect to the past of
the trajectory. To figure out this phenomenon, remember that the usual resolution framework in
rough paths theory is a (well-chosen) space of Holder paths (or paths with bounded p-variations).
Here, the variations of the (potential) solution y between two times s < ¢ are given by

o ' - . s - .
Y, — Vs =/ ¢t —u)o (y,) dx; +/0 (ot —u) — (s —w)] o (yu) dxi1, “4)

and through the latter integral, the problem in question pops out: the variations of y between
a time s (present) and a time ¢ (future) are linked to the past ([0, s]) of the path. In the Young
case, the right-hand side of (4) can be estimated by an affine function of y, which allows one to
overcome the dependence on the past and settle a global fixed-point argument. The reasoning no
longer holds true when y < 1/2, the estimate this time giving rise to an (at least) quadratic term
iny.
Let us say a few words about the strategy that we have adopted in this paper in order to exhibit
a global solution when y € (1/3, 1/2]:
(1) First, we will reformulate (2) (when x is differentiable) by writing ¢ as the Fourier transform
of a function ¢ € L!(R), that is to say using the representation

o) = /R de Sy (&)p(E),  Sy(E)=e IV v el0, Tl ®)
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Thanks to the Fubini theorem, the system (2) can now be equivalently presented as: for all
i=1,...,d,

. . ~ . . 4 : .
yr=a' +A‘§d$¢(€)9i($), ¥ §) :/o Si—u(®) dxiy 0 (yu), 1 €10, T]. (6)

Owing to the additivity property S, (§) = S;(§)S; (§), it is easily seen that for any fixed
§ eR,

FE) -5 = / S (€)' 0 () + Au ()7 6), )

with A (€) = S;—5(&) — 1, and the dependence w.r.t. the past ([0, s]) is here reduced to
a dependence w.r.t. the present (s) only, which makes it easier to control on successive
patching intervals I, I», . ... Therefore, the system will first be solved under the form (7),
before we go back to the original setting (2).

(ii) The transition from y to y is however not cost free: we leave the Euclidean context of (2) to
enter the framework of functional-valued paths. For instance, the definition of a Holder path
will then be relative to a norm of functions to be made precise (see (26)). Besides, observe
that the expression

. 1 . .o .
it'(é):/o St—u(®) dxiy oY (), Jp =0, ®)

is quite close to the mild formulation of an evolution equation: in order to analyze this
system, we have drown our inspiration from the method and formalism developed in [20]
for a class of rough partial differential equations. In particular, the interpretation of the rough
integral will involve an adaptation of the notion of 2-rough paths to the background under
consideration here: the standard path (x!, x?) will be replaced (in a first phase at least) by
a convolutional path ()? xoxex x *¥), given, when x is differentiable, by the three formulas
G, j=1,....,m)

. t . ~ . t .
X5 () = / Si—a(®)dxt, XA = / An(®)dx, ©)

S N

~ .. ! . . .
XY = / Se—u (&) dx}, (xit — x1). (10)

N

If x is a Holder path, those three definitions are a priori only formal, but once we have
admitted the existence of those integrals (see for instance Hypothesis 5 for a more precise
statement), we can resort to an extension procedure for the integral f f Si—u() dx) ol Vu)
similar to the one used in the analysis of ordinary systems, and based on the intervention of
an inverse operator A (Proposition 3.8). The extension of the three expressions in (9) and
(10) will be analyzed at the end of the paper (Section 6): for the sake of conciseness, the
question will actually be reduced to a loose integration by parts argument.

(iii) In the case 1/3 < y < 1/2, the reasoning that leads us to the existence of a global solution
consists in a technical patching argument (Section 5) based on the following observation:
in spite of the simplification suggested by (7), the system keeps some dependence w.r.t. the
past through the present. Consequently, if one wants to patch together local solutions 7
on successive time intervals Iy = [, lx+1], one must control the Holder norm of )Nz(k), and
also the “initial condition” il(f). The general principle of the reasoning is contained in the
proof of Theorem 5.10, but it actually leans on the controls obtained in Propositions 5.7-5.9.
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It is worth noticing that the general scheme of the proof in question, as well as the scheme
of the proof of Theorem 4.3, are referred to in [14,13] in relation to the study of rough PDE
models.

Here is how our article is organized. We recall some basic definitions of algebraic integration
in Section 2, and we adapt those notions to the convolutional context in Section 3.2. Section 4 is
devoted to the simpler case of Young equations, which allows us to explain our method with less
technical apparatus. Then at Section 5 we move to the rough case of our Volterra equation, and
explain all the details of the method that we have chosen in order to solve it. Finally, we apply
our theory to (standard) rough paths in Section 6.

2. Algebraic integration

This section is devoted to recalling the very basic elements of the algebraic integration theory
introduced in [19], in order to fix notation for the remainder of the paper.

2.1. Increments

As explained in [19], the extension of the integral stemming from the standard differential
system dy! = dx;j o'/ (y;) is based on the notion of increments, together with an elementary
operator § acting on them. The notion of increments can be introduced in the following way: for
two arbitrary real numbers ¢, > £; > 0, a vector space V, and an integer k > 1, we denote
by Cy(V) the set of continuous functions g : [£y, 2,1¥ — V such that 8-, = 0 whenever
t; = ti41 for some i < k — 1. Such a function will be called a (k — 1)-increment, and we will
set Cx(V) = Ug>1 Ci (V). The operator § alluded to above can be seen as an operator acting on
k-increments, and is defined as follows on C(V):

k+1
§:C(V) > Gt (V) (Dot = D (=D gy i (11
i=1

where #; means that this particular argument is omitted. Then a fundamental property of §, which
is easily verified, is that §§ = 0, where 4 is considered as an operator from Ci (V) to Cx42(V).
We will use the notation ZCi (V) = Cr(V) NKerd and BCx (V) = Cx (V) N Im§.

Some simple examples of actions of &, which will be the ones that we will really use
throughout the paper, are obtained by letting g € C; and & € C,. Then, for any ¢, u, s € [£1, £2],
we have

(‘Sg)ls =8t — &s> and  (8M)us = hys — hyu — hus. (12)

The above-mentioned ordinary system is then of course equivalent to

B l 3 ..
Yo—ar (Y = / dxd o (). (13)
s

Furthermore, it is readily checked that the complex (Cy, 8) is acyclic, i.e. ZCy41(V) = BCy (V)
for any k > 1. In particular, the following basic property, which we label for further use, holds
true:

Lemma 2.1. Suppose that k > 1 and h € ZCyy1(V). Then there exists a (non-unique)
f € Cr(V) such that h = §f.
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Observe that Lemma 2.1 implies that all the elements 4 € C,(V) such that §& = 0 can be written
as h = éf for some (non-unique) f € C;(V). Thus we get a heuristic interpretation of §|¢,(y): it
measures how much a given 1-increment is far from being an exact increment of a function (i.e.
a finite difference).

Let us now introduce a convenient notation for the product of increments:

Definition 2.2. Let V and W be two normed spaces and I a subinterval of [0, T]. If g €
Ce(I; L(V,W))and h € C;(I; W), for some k, [ € N*, we define the product gh as the (k+[—2)-
increment (with values in W) given by the following formula: forall ) <1, <... < tx41—1,

(gh)l‘1...tk+1_] = gt|...tkhtktk+]4..tk+[_| . (14)

Notice again that our future discussions will mainly rely on k-increments with k < 2, for
which we will use some analytical assumptions. Namely, we measure the size of these increments
using Holder norms defined in the following way: for f € C2(V) set

”fts”V

s.eelly bo] [t — SI#

Il = and CI'(V) = {f € Ca(V); I flle < o0}

In the same way, for h € C3(V), set

”htus”V
Ially,,= sup ——r—— (15)
TP el e e — st — ul?

Il = inf 3 " hill o ppis h =Y hi,0 < pi < g,
i i

where the last infimum is taken over all sequences {k#; € C3(V)} such that 7 = Zi h; and for
all choices of the numbers p; € (0, z). Then || - ||, is easily seen to be a norm on C3(V'), and we
define

CE(Vy={heC3(V); llhll, < oo}.

Finally, let us set C31+(V) = Uusi Cg (V), and remark that the same kinds of norms can
be considered on the spaces ZC3(V), leading to the definition of some spaces ZC? (V) and
ZC;Jr (V). In order to avoid ambiguities, we shall denote by N[ f; C}f ] the x-Holder norm on the
space Cj, for j = 1,2,3.For ¢ € C;(V), we also set N'[{; C?(V)] = SUP;¢g:0,00 1S5V

With this notation in mind, the following proposition is a basic result which is at the core of
our approach to pathwise integration (see [19] for the original proof of the result, based on the
Stokes theorem, and [20] for a simplified version):

Theorem 2.3 (The Sewing Map). Suppose that i > 1. For any h € ZC# ([0, 11; V), there exists
a unique Ah € CéL([O, 11; V) such that §(Ah) = h. Furthermore,

ARl < cu N'Th; C§ (V)] (16)
with ¢, = 2+ 2 Z,fil k™", This gives rise to a linear continuous map A : ZC?([O, 1; V) —
Iz . -
C5 ([0, 1]; V) such that A = Idzcg([o,l];vy
The following corollary gives a first relation between the structures that we have just

introduced and generalized integrals, in the sense that it connects the operators § and A with
Riemann sums.
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Corollary 2.4 (Integration of Small Increments). For any l-increment g € Cp(V), such that
8g € CIF set 8f = (1d — A8)g. Then

n
8f)is = lim o
(8 )1s IHmHO;gtl“tl

where the limit is over any partition IlI;; = {ty = ¢, ..., t, = s} of [t, s] whose mesh tends to
zero. The 1-increment 8 f is the indefinite integral of the 1-increment g.

Proof. For any partition Il = {s =ty < t; < --- < t, =t} of [s, t], write

n

Of)is = Z((Sf)ll‘+lli = Zg’fH’i - Z Al‘l‘+lli (8g).
i=0

i=0 i=0

Observe now that for some p > 1 such that §g € cH,
n n
13" A0 69| = 32 144Gl = NG CHOT 1 =,
i=0 i=0
and as a consequence, lim, 7, |0 Z?:o Ag 1 (68) =0. O
2.2. Dissection of a standard rough integral

Let us say a few words about the way in which the tools introduced in the previous subsection
interact with each other to lead to an interpretation of the rough integral fA ! dx,i zi.

In a first phase, those tools enable a real dissection of the ordinary version of the integral (when
x and possibly z are differentiable). For instance, by combining the elementary decomposition
[ldxizl, = (6xV)szl + [l dx} (82')us with the relation § ([ dx’ (8z)) = (8x')(8z"), one
deduces from Theorem 2.3 the expression

t . . . . . .
/ dx, 7, = (8x")ss 25 + Ass ((8x’)(8z’)) .

It is now readily checked that if x, z € C', with y > 1/2 (the Young case), the right-hand side of
the latter equality still makes sense: the development is then legitimately chosen as a definition
for the rough integral.

When y < 1/2, a deeper analysis of the ordinary integral is required. In order to bring
the procedure to a successful result, the class of potential integrands z has to be restricted to
a particular set of pre-integrated paths, that will be met again in Section 5:

Definition 2.5. Suppose that [ is a subinterval of [0, T] and x € C%’([; R™) with y > 1/3.
For any [ € N*, a path y € C{(I; Rl) is said to be y-controlled on I, with values in R/, if its
increments §y can be decomposed in the following way: foralls <t € I,

Oy is = OxDys i 35, avee y* € O (I RM™) et y* € G (I RY). (17)
The set of y-controlled paths will be denoted by Q% (I; R!) and provided with the seminorm

Nly; QL R = Ny; € (I; R + NTy*; €7 (I; RV + Ny 657 (I, RD], (18)
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Then we define QY (I; RF!) (k € N*) as the set of paths y € C;(I; R*!) such that y/ = y' €
QV(I;RY foralli = 1,..., k, and we associate with the elements of this set the quantity
Nly: QU RAD] = Y Ny's QU RYLL

If x is differentiable and z € QY , a quick algebraic computation shows that, by setting x,z‘ij =
S dxt 5T yus, we get [ dxl 2l = (5xl)gs 2hxgy T 20 rig, with 8r = (8x7) 2 +x34 5751,
and so

/ a2l = 0x s 2 X0 20  gg ((0x) 22 4 X2 52001 (19)
N

The right-hand side of the latter equality can now be extended to any 2-rough path x = (8x, x?) €
C;’ X C;V with y > 1/3, that is to say to any y-Holder path x allowing the construction of a

Lévy area xf;” = /! "dx! (8x7),s (see [25] for a thorough definition), a hypothesis which is for
instance known to be satisfied by a fractional Brownian motion with Hurst index H > 1/3 (see
[12] or [36]).

In fact, if one is permitted to restrict the class of integrands to QZ, it is because the latter space
is large and stable enough to make possible the interpretation and resolution of the ordinary rough
system (8y');s = fA Ydx) ol (y4) therein, for a sufficiently smooth vector field o. It is indeed not
difficult to see thatif y € Q) and o € C*P, then z = o (y) € Q¥, while (19) immediately shows
that [ dxz € OF.

All of those considerations will be kept in mind when analyzing the system (2).

3. Algebraic convolutional integration

We already announced this in the introduction: in order to reduce the dependence of equation
(2) with respect to the past, we will appeal to a preliminary rewriting of the system, based on the
representation of ¢ as the Fourier transform of a function ¢. The resulting formulation will be
close to the model studied in [20]: just as in the latter reference, it suggests a natural adaptation
of the standard algebraic formalism presented in the previous section.

3.1. Transformation of the ordinary system

Assume in this subsection that x is differentiable. Let us go back for a short while to the
transformation sketched out in the introduction, and which started from the assumption that ¢
could be written as in (5). Note here and now that this hypothesis is actually not very restrictive.
Indeed, insofar as we are working with a finite fixed horizon T, only the behavior of ¢ on [0, T']
matters, and it is possible to replace, in (2), ¢ with a compactly supported function ¢ such that
@|10,71 = ¢71[0,77- If ¢ is assumed to be continuous on R, then ¢7 can be picked in Lz(R), and
in this case

¢or = Fp, withd = dr = F o7 € L*(R),

where F stands for the Fourier transform. In fact, under the hypotheses of Theorem 1.1
(¢ € C3(R)), it is easy to show that ¢ is integrable (see Proposition 6.6). Nevertheless, for
the time being, we record this condition in the following hypothesis:

Hypothesis 1. We assume, in this section and the two following, that the function ¢ admits the
representation (5), for some function ¢ € L'(R).
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We are then allowed to apply the Fubini theorem and assert that the system (2) is equivalent
to

yi=a + f (&) p(&) d&
, R o (20)
5 = fo Si—o(®)dx] 1 ().

Besides, as we also evoked in the introduction, the increments (85°);(&) = ¥/ (€) — §.(§) are
governed by the equation

. t . P s . .
(85" (§))es =/ Si—v(&)dxj 0" (yv) +Am(€)/0 St—v(E)dx] o' (yv)

t L .
_ / Si—o(®)dx] 0 () + A (®)5 (),
where we have set
Aus(®) = Siy(8) — 1. @1)

Notice now that the first term f f Sy (€ Ydx}) o (yy) above is really similar to what one obtains
in the diffusion case, namely an integral of the form f; (see (13))). However, the second term
A (8)y,(§) is alittle clumsy for further expansions. Hence, a straightforward idea is to make it
disappear by just setting

(B35 (8) = (8715 (B) — A (8)F1(E). (22)

Then the last equation can be read as (§7);5(§) = fst Si_y(&)dxi o' (y,), and the system (20)
becomes

yi=d+ / 5 (€) $6) ds
o o . (23)
(83)is(§) = / Si—v(E)dx] o (y),
N
with the initial condition yo = 0. In the sequel, we shall essentially focus on the path y, by
merging the two equations of the last system into a single one:

~ . l . ..
Fo=0, (3, = / Si—v®dx] [0 o T, 5] o), (24)

where the operator T 4 is defined by

7,50 =a+ [ dndoem. 25)
R

The original solution path y can then be recovered in an obvious way, so it will be sufficient to
solve the Volterra equation under the more suitable form (24), with a right-hand side written as
an integral from s to ¢ with respect to x (compare with (13)).

Actually, if we take the liberty of focusing on & rather than on the standard increment 8, it is
because the former operator also makes possible the building of an integration theory, by means
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of an inversion mapping similar to /A, and that will be denoted by A (see Proposition 3.8). This
is what we mean to elaborate on in the following subsections.

3.2. Convolutional increments

Notice that, due to the fact that S;, _, (§) is studied only for #; > t, our integration domains
will be of the form S, = S, ([¢1, £2]), where S, stands for the n-simplex

Sp={t1,....tn) 1o =1 2> =1, > {1}.

For any Banach space E, the notation C,([£1, £2]; E) will henceforth refer to the set of paths &
which are continuous on S,, with values in E, and such that &, _; = 0 if there existi # j for
whicht; =t e

According to the (first) definition (22), § is supposed to act on functional-valued paths. Let us
anticipate here the next sections by introducing the spaces of functions that will spontaneously
arise during the study of (24) (see for instance Proposition 4.2). Those are the £!-type spaces
induced by the norm

NIg: Lp(V)] = N1 L 3(V)] = fRds IBEI+ EP)1ZE v, (26)
where 8 > 0 is a fixed parameter and V a Euclidean space. Then we define

Cop(I; V) =Cr(I; Lg(V)). 27)

The standard incremental operator § acts on those spaces through the obvious formula:

ItheCp; V), M)y g E) =8hE) . 1y £ €R. (28)

As for 8, it can be naturally extended to any (?k, g(I; V) (k e N*):

Definition 3.1. Let / be an interval of R* and V a Euclidean space. For any g > 0, we define
the sequence of operators &; : Cx g(1; V) — Ciy1,8(1; V) by the formula: if & € C; g(I; V),
then for all £ € R,

Gty 1 §) = Gty sy §) = Ay ) hoy e (§)y (11, ties1) € 1 (D (29)
In particular, if s <u <t € 1,

G1h)es (§) = he(§) — Si—5 (&) hs(5),

(82 1us (§) = his (§) — hiu(§) — Si—u(§) hus (8).
For the sake of clarity, we shall use the same notation § for the operators 8;, k € N*,
Remark 3.2. In the rest of the paper, we will explicitly write down the “space” variable & only
when there might be confusion. Thus, we will for instance simply write 64 = §h — ah.

The convention given by (14) for products of increments can be translated in this context as
follows:

Lemma3.3. If M € C,p(I; RNy and L € Cp(I;RY), then the product ML, defined by the
relation

(ML), tyyon 1 (€)= My, E) Ly s 1
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belongs to C~m+n_1,ﬁ(1 : R%). Moreover, when n = 2, the following algebraic relations are
satisfied:
S(MLYy=8ML—MSL, et S(ML)=8ML— MSL. (30)

Proof. The first part of the assertion is obvious. As for the algebraic relations when n = 2, the
first one is immediate, while for the second one, it suffices to notice that

S(ML)Ilwlm+2 = S(ML)tlmfm+2 - Allletzf3Lf3~--lm+2

= ((SM)lltzt3Lt3..‘lm+2 - Mtllz ((SL)tz...tm+2 - Alll‘thzt3Lt3.“lm+2
= [(8M)tltzt3 - Alltthztj;]Lty‘.thrz - (MSL)Il..‘lmJFz- O

With this notation and these preliminary results in hand, we are in a position to prove that
the starting property of standard algebraic integration (summed up in Section 2), namely the
cohomological relation 6§ = 0, remains true for §:

Proposition 3.4. 55 = 0. More precisely, for any B > 0 and any k € N*, Im S|ék

Keralékﬂ.ﬂ(lzv)'

p(V) =

Proof. If F € C~k, g(1; V), then using the relation 6 = 0 and the result of Lemma 3.3, we deduce
that

6—A)[B—AF]=8F—8(AF)—ASF+AAF
= SAF+ASF —ASF+AAF=AAF —68AF.

g

It is then readily checked, owing to the additivity S; - Sy = S;4, that
((SA)IMS =Atu AuSv (t,M,S) 683(1)’

which gives 8§ F = 0. - i i
Now, if C € Cyy1,8(1; V) is such that C = 0, we set By, ;, = Cy,. 1,5, fOr some arbitrary
time s € I. Then

[Sé]tl...l‘,,Jrl = [aé]tl..‘t,wr]s + (_1)n+lét1..‘tn+1 - Al‘ltzétz...tns
= [6CYyy.typrs + (D" Chp iy = CD"TCh -
Therefore, by setting D = (—1)"t'B, we get D =C. O

Remark 3.5. A straightforward iteration of the relation 5§ = 0 leads to the following formula:
for any partition {s =1y <t; <... <t, =t} of [s, t], forany f € Cy g([s,t]; V),

n—1
G s =D St G Py (31)
i=0
This kind of decomposition will be appealed to several times in the sequel, especially in the
proofs of Lemma 3.7 and Corollary 3.9. In some way, this is the convolutional analog of the
usual telescopic sum (8f);s = Z:l:_o] CTarmT

The cochain complex (C~k,,3(1 V), 3) will stand for the structure at the core of all the
constructions in this paper. Let us try to give an idea of the relevance of this structure in the
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context of equation (24). To this end, we set, for two smooth paths f : [0,T] — W,g : [0, T] —
LW, V),

- t
Tis(dg )(E) = / Si—u(®)dgy fur £ €A, (32)

and for any smooth path 4 : [0, T]2 — W,

t
Tudg ) = [ S0 dg s (33)
)
The usual Chasles relation § ( [dg f ) = 0 becomes here:

Proposition 3.6. With the notation of (32) and (33), one has, if f : [0,T] — W and
g:[0, T] = L(W, V) stand for two differentiable paths,

5(7@gn)=0.  §(7@gsN) =T (34)

Proof. This is a matter of straightforward computations: if s < u < 1,

5(7Wg ) =g ) = Tuldg 1) = Sty - Tus(dg 1),

tus

and S, - Jus(dg f) = [ Si_ydgy fo, which easily yields 3 (j(c?g f)) — 0. In the same way,

_ ~ ' ' '
3 (7asan) = [ svds @ [ Seuda @i = ([ Svde) 6 O

u u

3.3. Convolutional Holder spaces and the A map

In order to cope with (24), the definition of a (generalized) Holder path presented in the
previous section has to be adapted to the convolutional formalism that we have just introduced.
We first define, for all (fixed) parameters u, 8, y > 0, any interval I of R and any Euclidean
space V,

. . = - s N3 Lg(V
Cyp; V) = {y € Cop(; V) : N3 Cy 4 (I3 V)] = sup [y”—’f‘lf)] < oo},
’ ’ s<tel |t - S|
ClyI; V)= {5 € Crp(I; V) : 85 € C 4 (I3 V). (35)
As for paths with three variables, we define, as in the standard case, the intermediate space
(fgyﬁﬂ )(I ; V) induced by the norm

NG @ v = sup Vs Lp)

s
s<u<tel |t — ul¥ lu —s|?

50, L—a

and then set C~§f ﬁ(l 3 V) = @o<a<u C3’ 5 (I; V). We also provide the latter space with the norm

N Gy (1 VI = inf Y NThis " (VL h= hi, 0<pi <
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It is worth noticing that the elementary result asserting that Im §; N Cg V) ={0}if u > 1
admits a direct analog:

Lemma 3.7. Fix f > 0. If o > 1, then Im S|él,ﬁ<1;V> NCy (V) = {0},

Proof. Suppose that M = Sf € Im 5‘5 N CNZﬁ(V). According to (31), we can write, for

1,8(1;V)
alls < t, Mys = Z;l:_()l St—ti41 - My, y;, for any partition Iy = {s =t9 < t; <--- <t, =t} of
[s, ¢]. Since |S;(§)| = 1, this entails

n—1

N Mis; Lg(V)] <Y NIMy, 05 Lg(V)] < NIM; Cy (V1 — 8] [T
i=0

and the latter estimate tends to 0 as mesh || tends to 0. [

With all of those results in hand, it is now easy to follow the same lines as in the proof of
Theorem 2.3 in order to establish the existence of an inverse operator for § (see [20] for a similar
adaptation):

Proposition 3.8. Suppose that i > 1, B > 0, I is an interval of RY and V is a Euclidean space.

Forall h € Ker8|é3‘ﬂ(1;v) N é;ﬂ(l; V), there exists a unique path Ah € égﬁ(l; V) such that

§(Ah) = h. Moreover, the following contraction property holds true:

NAR; C 4 (1; V)] < ¢ NThs G4 (13 V)], (36)

with ¢, a constant that only depends on . This statement gives birth to a continuous linear
mapping

. N S (7. 51 (7.
A: Ker8|C3,ﬁ(1;V) ﬂC37ﬂ(1, V) - Cz,ﬂ(l» V)
such that
8N = IdKerS‘é&ﬁ(,z‘,)ﬂ(f;ﬁ(I;V) and AS = Idég’_ﬂ(l;‘/)' (37)

We also have the following equivalent of Corollary 2.4 at our disposal:

Corollary 3.9. Let g € C~2,ﬁ(1; V) be such that §g € Cg"ﬂ(l; V), for some coefficient u > 1. If
§f = (1d— A8)3, then

n

Gfys= Hm DS &, inLp,
[IT;5]1—0 i=0

where the limit is over any partition IlI;; = {tg = ¢, ..., t, = s} of [t, s] whose mesh tends to
zero.

Proof. Here again, it suffices to use the same arguments as in the standard case (Corollary 2.4),
starting from the decomposition (31). [
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4. The Young case

Remember that we first wish to solve the system in the form (24), which can also be written,
with the notation (32), as

=0, 8 =7 (deTm), v =T,500=a+ /R dEpE)Fu(®).  (38)

For the time being, the right-hand side of the latter equality only makes sense for a differentiable
path x. The aim of this section is to extend the definition of the equation to a y-Holder path x
with y > 1/2, and then solve it with the resulting interpretation. To this end, we will follow the
same general strategy as in the standard case (Section 2.2), which begins with a dissection of the
ordinary integral.

4.1. Heuristic considerations and interpretation of the system

Let us assume for the moment that x and y are differentiable (in time) and let us successively
sety =T, 5(), 2/ = 0 (y), so the integral under consideration here is given by T (dxI 717y,

Before we turn to the dissection procedure for this integral, it is important to ponder about
the regularity that one can expect for z, or equivalently for y (we will suppose that o is
smooth enough), when x and ¥ become non-differentiable. To answer the question, observe the
decomposition

(63 )y = fR dE B(E) (5515 (&) = /R dE B(E) G5 )us () + /ﬂ; dE B(E) A () 7 (5). (39)

As y stands for the (potential) solution of (38)) and |S;(§)| = 1, S y is expected to inherit the
regularity of x, or otherwise stated, |((§ Wis(€)] < cx |t — 5|V (uniformly in &), which would
lead, as we have assumed that fR d& |q§($)| < oo (Hypothesis 1), to an estimate such that
| [r dE () (63" )is(E)| < cx |t —s]”.

To retrieve |t — s|-increments from the term fR d& 47)(5 ) A (§) yg (§), we shall lean on the
elementary estimate

[As () = 1S5 (&) — 1] < ¢y |t —s|" |E]. (40)
This is where the spaces Lg(V) defined by (26) occur. Indeed, from (40), one has

‘/Rdsé@ms(s)ys(s) < ¢y It — 51" NFs; £, (RD]. (41)

Going back to decomposition (39), we see that, by starting with a path y that takes values in
Ly, (Rd), we should retrieve a path y, and then a path z, both Holder continuous in the classical
sense.

Those considerations (that will be made precise through Proposition 4.2) will help us in the
dissection procedure of the integral 7 (dx/ z'/). Indeed, we will no longer hesitate to let the
standard increment §z come (back) into the picture, and we will thus start, just as in the diffusion
case, with the decomposition (x is still assumed to be differentiable)

Tis(dx! 2y = F(dx)) 2 + Fis(dx 82, 42)
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where J;s (czxj) = Jis (d~xj 1) = f; Si—u dx,{. When x becomes rough (that is to say y-Holder

with 0 < y < 1), the integral fs LSy dx;) can still be understood as a Young integral ([41]). In
the spirit of the rough paths methodology and by anticipating the computations of Proposition 4.1
and Theorem 4.3 below, we will make the following more precise hypothesis:

Hypothesis 2. Suppose that x € CT([O, T1; R™), with y > 1/2. We assume the existence of a
sequence x° of differentiable paths that satisfies

NIx® = x;.€Y ([0, T R™)] =5 0

and such that the associated sequence of paths
. t .
X '(6) = / Si—u(&)dx,"
N
converges to X;‘;i(g ) = /;t Si—u(§) dxf{ (understood as a Young integral) w.r.t. the topology of
the space CZ y ([0, T]; R™). In particular,
YeC) (0, T;R™) and §X*=0.

If x is differentiable, we assume that this result holds true for x¢ = x.

Proposition 4.1. Let x : [0, T] — R™ be a path that satisfies Hypothesis 2, and I be a
subinterval of [0, T]. For any z € Ci/ (I; RE™Y and € € R, set
J(@dx! 29 (&) = X (&) 2 + AXYT 527) (&) = (1d — A8)(X*7 2)(©). (43)
Then:
(1) J(dx? 717y is well-defined as an element of Cg/’y(lg RY), and it coincides with the usual
Riemann integral fst St—v(§) dxy 7z, when x is differentiable.
(2) The following estimate holds true (remember that we have set N[z;C?(I;}Rd””)] =
SUPsey lzs):
NI (@x 2); CF, (1 R < e {NTzs QYU REMT+ 1117 Nz €] (1 REM1 . (4
3) Foralls <t €,

- G
Jis(dx’ 7)) = hIIn OZ Sty lk+1 gl n Ly, (45)
m g
where the limit is taken over any partition I,y = {ty = t,...,t, = s} of [s, t] whose mesh
tends to 0.

Proof. To show that the increment defined by (43) coincides with the Riemann integral

f f Si—u() dx,i Z;l] in the case where x is differentiable, let us go back to the decomposition
(42), that can also be written as

Tis(dx? 821y = Fps(dxd 27) = X3 2.
By applying § to the two sides of the relation, and then using (34) and (30), we get

S(j(jxj zij)> = —86X5I ZU 4 X% 87 = X5 87,
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and so, via (37),
Tl 8717y = (Xx J 5z‘f)

which enables us to recover (43). The fact that formula (43) is well-defined in CVV is a
straightforward Consequence of Hypothesis 2. Indeed, owing to the latter hypothesis, we know
that X* 6z € 3 2 (I;RY) N Kerdic, (1;r¢)» and we are thus in a position to apply A. The
estimate (44) is then due to the contracnon property (36). As for the expression (45), it stems
from Corollary 3.9. [

In order to give sense to the system (38) through the definition (43), we will rely on the
following proposition, which actually summarizes the above considerations:

Proposition 4.2. Suppose that I = [y, 5] is a subinterval of [0, T] and o € C>P(R4; RE™).
Forany y € C (I R4 ), we set y = ’¢(y) and define

NI (fljy(l; R = NT5; G, (I; RO+ N3 €] (1 R,
with NTy; C (1 R = sup;e; N[Fs; Ly (RD]. Then o (y) € CY (I; RY™) and

Nlo () €] (1; RT™)] < ¢g NTF; €7 (1 R (46)
Moreover, if 3V, 5 € C]_ (I; R?) are such that 3 = 57 then

No(yD) = o (y@); QU RY™)] < ¢ 1117 NTFD — 5@ )Y (1 R, (47)
No (") = o (v®); ] (1; RT™)]
< o {1+ N@5 QU RO MO = 5@ 0 (15 R (48)

Proof. By using (40), we get

[8(o (sl = IIDGIIoo/RdE BE163)is ()]

A

< I1Doleo {/Rdé )55 (B +/ﬂ;{d§ 1BE)] A (&) Iis(%')l}

IA

ey 1Do ot = 517 {NTF: €11+ N3 )1}

which corresponds to (46). The inequality (47) can be obtained in the same way, after noticing
that, for any s € I,

lo (") = o ()] < Dol fR dg 1pENSGY = 7P)5e, ©)1.
As for (48), this is a consequence of the classical estimate

8@ D) = o (YPNisl < 100 a8V =y
1 2
+ 1020 oo l8G: sl (131" =31+ 13 =y @1). O
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4.2. Solving the equation

Proposition 4.1, together with Proposition 4.2, provides a reasonable interpretation of (38).
We can now state the main result of this section:

Theorem 4.3. Let x be a path that satisfies Hypothesis 2. If o € C>P(R?; R4™), then the
Eq. (38), interpreted with Propositions 4.1 and 4.2, admits a unique solution in the space
Cl, (10, T1; RY) defined by (35).

Proof. Consider a constant ¢ > 0,/ € N, and assume that we have already constructed a solution
7O e CT’)/([O, le]). If [ = 0, then 7 = y(g‘” = 0. The proof will consist in showing that one
can extend 7 into a solution ¢+ ¢ CT v ([0, (I + 1)e]), by means of a fixed-point argument.

Step 1: The existence of invariant balls. Let y € CYJ/([O, (I 4 1)e]) be such that |10 ;6] = 3O,
and denote by z = I'(y) the element of C~1,y([0, (I + 1)e]) characterized by Zj[0,ie] = 7@ and
forall s, € [0, I + Del, 35 = Tis (Jxa(y)), where, as in Proposition 4.2, y = T, 5(5)

(remember the notation of (25)).
First, the estimate (44) provides

NIz €Y, (e, (1 + DeD)
< ¢ [WIo (0): €010, ¢ + DeDT + & Mo (1) €] (0. ¢ + e}
which, together with (46), gives
NIE Y, (e, 0+ el = cf o {1+ N5 (10, ¢ + DeD1].
If0<s<le<t<(+ e, weuse (31) to deduce
NG Ly] = NTGD11es Ly]+ NTGDie.s: Ly]
< 2max (M5 €] (e, ¢+ DeDL NP €7 (10, 16D ) £ = 17 . (49)
Besides, for any s € [0, ( + 1)¢], Z; = (8%)50, and so
NIE €, (10, (¢ + DeD] = NTE G0, ( + DeDIT”. (50)
We are thus led to set
e= (4,04 TV))_W
Niwr = max (200 4+ TONGO; ] (10, 1D, ek, (1 +T7))

Indeed, for such values, it is readily checked from (49) and (50) that if N'[¥; C?;: (10, I+ DeD] <

Nis1,then N'[Z; €] (10, 1+ 1)e])] < Dl and N2 CY (10, (+D)e] < Nl 77, and hence

NIz; (f'(l); ([0, (I + De])] < Ni41. In other words, the ball

Nt

e = 5 €U0, A+ DeD) : Fipoey = 0, NTF: €17 (10, ( + DeD] = Ni1)

is invariant under I'.



A. Deya, S. Tindel / Stochastic Processes and their Applications 121 (2011) 1864—1899 1881

The independence of & with respect to 70 will allow us to repeat the procedure (with the
same ¢) and thus to get a sequence of radii (Ng)i>1 such that the sets B;\fﬁ)’ re ArC invariant under
I'. Of course, the definition of the latter application has to be adapted to each of those sets.

Step 2: The contraction property. We are now going to look for a splitting of [le, (I + 1)e] into
subintervals [le, le + n], [le + n, le + 2n], ... of the same length 7 (that could depend on ¢ and
[), on which I is a contraction mapping.

- - - - ~a. A0,
Let 72, 7P € Cy ([O, le +n]) be such that yﬁo’m = yII?O,IE] =50, N 7% C],;’([O, le+nD] <
N1, N3P Cl’y([O, le + nD)] < Nyy1, and set 72 = I'(§2),z° = I'(§P), where I is defined
just as in Step 1, but restricted to CTW ([0, e + n]). By using (44) again, we deduce
NI =P (e, Is + D] < ¢y o fNTo (") — o OP); CL (e, Le + D]
+ ' Nlo(v*) — o (3°); €] (lle. Le + nD]},
and then, according to (47) and (48),
NI =" (e, le + D] < 5 5 {1 + Nigt} n? NT3* = 57 5?,’5([18, le +nD].
Since the paths y* — ib, 72 — 7P vanish on [0, I£], the latter estimate implies

NIE* =" CL(10,1e + D] < 5 , {1 + Nig1}n? NI — 3% €] (10, Le + ).

Besides, (22 — %), = §(22 —2P); 6, so N[22 — 2P; CO , ([0, le + D] < N[z2-zb; C V([O le +
nD1n? . Therefore,

NIE* =2 G710, Le + )]
<, (14 N (4 TR NI = 5% G710, e + D). (51)
Fix n = inf (8, (26’)2(’0 {1+ N1} (1 + TV))—I/V) so as to make I a strict contraction of the set

(5 € CYLA0, Le + 1)« Foser = 5O, N13; €17 (10, Le + D] < Niga ).

Nt
O, (+ e’
Lemma 4.4 below). Consequently, there exists a unique fixed point in this set, that we denote by

7®-n Insofar as n does not depend on 7, the reasoning remains true on the (invariant) set

Using the invariance of B it is easily seen that the latter set is invariant under I" too (see

(5. € G710, 1e +20]) ¢ Fijouesm = $O NTF: C7 (10, Le + 20D < Npya ).

Thus, 7@ can be extended into a solution 3?27 defined on [0, /e + 27] and by iterating the
procedure until the interval [le, (I + 1)e] is covered, we get the expected extension i(l D,

The uniqueness of the solution can be easily shown with the arguments of Step 2 (replace
72, z% with $2, 3P in (51)). The details are left to the reader.  [J

Lemma 4.4. With the notation of the previous proof, the set

(5 € CYLA0, Le + )« Foier = 5O, N15; G710, e + 0] < Nis)

is invariant under I
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Proof. Consider an element y in the set in question and define 7 = I'(¥). Then define

N Ve ift <le+n

Y= {St—(la+r1) “Yieyn iftelle+n, {4+ Del.

The path y is clearly continuous and accordingly belongs to C~1,V([O, (I + De]). Moreover, if
5,1 € [le +n, (L + Dsl, (F)s = 0, while if s < le + 1 < 1, 65 = Si—aem - GPietnss
so NT9;CY, (10, ¢ + DeD] < NI§; €] (10, le + nD]. Since NT$; C7 ([0, ¢ + DeD] <
NT§: €Y (10, le + 1)), we deduce N'[5: €1 ([0, (L + 1)eD)] < NT§: €7 (10, Le + nD)] < Ny,

. . Niy1
. According to Step 1 of the previous proof, B).},) (41

Nj41. It is now obvious that
NIE CPLA0, (¢ + DeD] <

Nit1
3, (1+1)e

under I, and so, if Z = I'(9). then N'[Z: €7 (10, ( + DeD)]

Z = Z|[0.le+n)» Which finally leads to NZ; é?:;([(), le + n))]
Ny O

which means that § € B is invariant

A

IA

To conclude with this section, let us go back to the original setting of the equation:

Corollary 4.5. Under Hypothesis 2, and assuming that o € C>*(RY; R4™), the system (2),
interpreted with Proposition 4.1, admits a unique solution y in Ci’ ([0, T1; RY).

Proof. If y stands for the solution of (38) given by Theorem 4.3, it suffices to set, for any
tel0,T],y = a’&(i,). The details are left to the reader. [

5. The rough case

Our aim still consists in studying the system (38), but we will suppose in this section that the
Holder coefficient y of x belongs to (1/3, 1/2]. Definition (43) does not make sense any longer,
and some developments at order 2 are required. To this end, we will resort to the same strategy
as in the diffusion case (see Section 2.2), divided into two steps:

(1) Identifying the algebraic structure of the potential solution y, which will lead to the
introduction of a space Q of controlled paths. B

(2) Extending the integral of the system above x € C i’ when y € Q.

5.1. Convolutional controlled paths

Let us start with some heuristic considerations. As in the Young case, the system will be
analyzed in the form (remember the notation (32))

=0, & =7(IeTm), =T, 60 =a+ fR d§ $()3u(€).  (52)

Assume for the moment that x is a differentiable path. Eq. (52) admits in this case a unique
solution y, whose (convolutional) increments can be expanded into

. [ : . ~ . . .
(65" )5 () = / Si—u) dxiy 0 (yu) = X5 (€)' (y5) + 71, (§), (53)
with

~ . ! . . t - ..
st”(é):f St—u(€) duxi, Fis(§) =/ Si—u(€) dxiy (86" (9))us- (54)
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This elementary decomposition already lets emerge the structure likely to replace Q%
(Definition 2.5) emerge in the convolutional setting. Let us go a little bit deeper into the analysis
of (53): if x and y are y-Holder (y € (1/3, 1/2]), it is natural to expect that, on the one hand, X~
belongs to a space such that CZ P ([0, TT; R™), for some coefficient 8 > 0, and on the other hand,

7e (35773 ([0, T]; RY). For some technical reasons that will pop out in the proof of Theorem 5.10,
we shall actually be prompted to take 8 = 1 in order to exhibit a global solution for (52).
Notation: For sake of clarity, we henceforth use the short form

Cl,vy=Cl Iz V), kefl,2.3). (55)

As in the previous section, let us label the appropriate regularity assumptions relative to the
path X*:

Hypothesis 3. Suppose that x € C{([O, TT; R™), with y € (1/3,1/2]. We assume that there
exists a sequence x° of differentiable paths that satisfies

NTx® = x; ¢V ([0, T]; R™)] =20,

and such that the sequence of paths defined by
. l .
e = [ s
S

converges to )?f;i(é ) = f; St—u (&) dxfj (understood as a Young integral) w.r.t. the topology of
CY ([0, T1; R™). In particular,

X* eCY(0,T;R™) and §X* =0.
If x is a differentiable path, we assume that this result holds true for x® = x.

With the decomposition (53) in mind, the most natural and consistent framework in which to
study the system (52) is the following:

Definition 5.1. Assume that Hypothesis 3 is satisfied. For any interval I of [0, T'], we describe
as a convolutional controlled path on 7, with values in R4, any element y in Ci’ (I; Rd) whose
convolutional increments can be written as

G5 = X5 507 + 55 with 5% € €V (1; RY™) and 5% € &5 (I; RY). (56)

The set of convolutional controlled paths on I will be denoted by QY (I; R?) and we provide the
latter space with the seminorm

N1z QX (1 RY] = N13: Cf (I RDT+ N5 €7 (1 RY™)] + N3 € (1 RE™)]
+ N G R (57)

Remark 5.2. It may be worth noticing that in spite of its notation, the path y* defined through
(56) takes values in a Euclidean space, and not in a functional space.

In order to give sense to the system (52) when y € Qi’ (I;: RX), it is now important to identify
the algebraic structure of the integrand o (y, ), where y, =T, é (¥u)- To begin with, observe that
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if §3 admits the decomposition (56), then the increments of y can be written as
By = /R dE B(E) (57 )15 (©)
- [ ezs© e + [ dd©an©sie
- [asoxont + [ aioi e [ dioesie
= X 5 + /R d& pEF &) + fR dE () Ars (E)FL(E), (58)
where X;;/ = [, d& $(€)X;5 (€) is well-defined as an element of C} ([0, T]; R™), thanks to

Hypothesis 3. Let us analyze (58) as far as Holder continuity is concerned. For the last term of
the composition, remember the obvious estimate |A;;(§)| < c |€] |t — s|, which entails here

‘/Rdé'tﬁ(E)Azs(S)ii(é) < |t = s|NTys; L],

and consequently suggests that the path under consideration is quite smooth. Besides, the
regularity assumption on 3%/ immediately gives

<t — s NT3; O71.

‘ / d& $(&)55 (&)
R

With those two controls in hand, it would be tempting to envisage an algebraic structure such
that
s Gy = X7y 435 with y* € ¢ ®R™) and y* € C;7 (RY)).

It is indeed possible to show that the latter set is invariant when composing the path with a smooth
enough mapping, which would ensure the transition between y and o (y).

Nevertheless, a little bit more subtle analysis of (58) leads to more convenient algebraic
handling. It actually suffices to observe that the path X* can be decomposed as

t t
X:(8) =/ Si—u(&) dxy = (8x)1s +/ A (&) dxy.

When x € Ci/ (R™), the latter transformation is at this point purely formal. Let us record this
through the following theoretical hypothesis, that will be examined in detail in Section 6:

Hypothesis 4. Under Hypothesis 3, we assume that the sequence of paths defined by
t
e = [ A
s

converges w.r.t. to the topology of the space C +y (R™) (we recall that this space has been defined
in Section 3.3). In particular,

XM e ®™) and  X5E) =x), + X[1@), (59)

where we have defined, according to [25], x! = 8x.
If x is a differentiable path, we assume that this result holds true for x® = x.
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Remark 5.3. The regularity assumption contained in (59) is of course suggested by the estimate
|Ass(§)] < cl&]|t — s]|, having also in mind the fact that we are working with the underlying
functional space £ (with the notation of (55)).

Going back to (58), the increments of y can now be expanded into
Y5 = 37 (Lg 3
+ [X{i"” i+ /R dg )57 §) + fR ds pE) A )3, (5)} : (60)
where we have set

L;= fR dEFE) and X = /R dE §E X E). (61)

Therefore, owing to the regularity assumption (59), we recover here the same structure
of controlled paths as in the analysis of standard systems (see Definition 2.5), and we have
established the following transition:

y QY (I;RY) admits the decomposition

Proposition 5.4. Under Hypotheses 3 and 4, if y €
T, ¢(§) belongs to QY (I;RY) and admits the

8§y = X¥I§%U 4§50 then the path y =
decomposition 8y = xbJ y*ii 4 y&i yith
X,ij ~X,i]

Vi =Lq">yt )

g, Ax,j ~x.i ~ ~H,i ~ » (62)
V= X /H; de BT ) + /R dE $(E)Ars (B)F (6.

The expected structure for the integrand o (y) immediately arises from this result. Indeed,
we have already recalled the invariance property: if y € QY (I; RY) and o € CZP(RY; RE™),
then z = o(y) € QF(I;R%™), where the space QY (I; R?-™M) has also been introduced in
Definition 2.5.

5.2. Convolutional integration of controlled paths

Taking the above considerations into account, the interpretation of the system (52) is now
reduced to the problem of extending the integral J (dx7 z'7) to the case where x is y-Holder
(y € (1/3,1/2]) and z € QY (I; R%™). Observe that with a view to settling a fixed-point
argument, it also matters that the extension gives birth to an element in Q){ (I, R4 ).

In order to construct the integral in question, we will rely, as in the standard case, on the a
priori existence of a convolutional Levy area adapted to the context:

Hypothesis 5. Under Hypothesis 3, we assume that the sequence of paths defined by
E4.E ;5 4 . .
@ = [ S g 0x
N
converges to a path X** w.r.t. the topology of ng (R™7™), In particular,

X e GV R™™) and (BX) 0 = X5, ® (82)us. (63)

If x is a differentiable path, we assume that this result holds true for x* = x.



1886 A. Deya, S. Tindel / Stochastic Processes and their Applications 121 (2011) 1864—1899

Once endowed with this second-order path, here is the natural way to integrate a controlled
path:

Proposition 5.5. We assume that Hypotheses 3 and 5 are both satisfied, and let I = [l1, 2] be a
fixed subinterval of [0, T1. For any path z € QY (I; R4™) with decomposition

8711 = ULk goiik 4 o8l (64)
we set, foranys <t € I,

VACRENES RECRD AR W N SRS e ) (65)

Then:

(D) j(&xj 72y is well-defined as an element of CZ(I; R9) and for any & € R, Jis (c?xj 29 (&)
coincides with the usual Riemann integral f; Si—u (&) dx,{ zf,j when x is a differentiable path.

(2) For any h € L\, there exists a unique path 7 € QY (I; R?) such that 2, = h and
87! = J(dx’ V). o

(3) Foranys <t € I, J15(dx’ zV) can be described by the formula

n

T . X, xx,jk _x,ijk .
Tis(dx?! 77y = lim [th+]1 5 z,l +th+1]ll Zy / ] inLy, (66)
| tsl_)o
=0
where the limit is taken over any partition I,y = {ty = t,...,t, = s} of [s, t] whose mesh
tends to 0.

Proof. (1) If x is a differentiable path, then, as in the Young case, we first write
Jis(dx? 27)(§) = f @ dn] 2 = X @2 + f S (©) d] (527
By injecting the decomposition (64) of (8z'7),s into the latter relation, we get
Tudxl 26 = X @2 + [ Sy @ dxd [ 5]
s

. . t
= KR () £ 4 IR gk /Szfv(@dxfzisf,

s

and so, with the notation (33),
Tis(@x? 2910y = Fog(dxd 20y = X572 = Xk vk, (67)

Let us now apply the operator & to the two sides of this equality: thanks to (34), (30), (64) and
(63), we successively deduce

S(j(ng Zti,ij)> — X% sl — §xndk pxijk g jk g ox.ijk
— f(x,j (Xl’k Zx,ijk) + )?x,j Zti,ij _ ()?x,j Xl’k) Z)c,ijk + f(xx,jk azx,ijk
— Xx,j Zti,ij + Xxx,jk azx,ijk,
and we are therefore allowed to write, via (37),

j(dx/ ﬁl])_ (Xxj i X Jk8zx”k)
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Going back to (67), we recover (65). The validity of the latter formula for a Holder path x
is then a straightforward consequence of the algebraic and analytic assumptions contained in
Hypotheses 3 and 5, which also accounts for (2). As for (3), it stems from Corollary 3.9, upon
noticing that

821 = (Id — A8)(X™J 1 4 x¥xik zxijky
5.3. Localized controlled paths

At this point, we are able to interpret the system (52) under Hypotheses 3-5, as the following
loop summarizes it:

~ Proposition 5.4 Proposition 5.5 ~
S % o/ % = O
¥ — y=T,;0) r— ") — (8z') = J(dx’ o¥ (y)).

The proof of existence (and uniqueness) of a global solution to the system will stem from
successive fixed-point arguments in the spaces QX (I,), fora particular sequence I, of intervals
that covers [0, T']. Patching those local solutions together will require a simultaneous control of
both the norms of y and the initial condition W = ¥, on each interval I, = [l,, l,4+1], when
applying the three-step procedure described by the above loop.

To this end, the most natural idea consists in splitting up the reasoning into three successive
estimates, each of them corresponding to a particular step, when the intermediate space QY (1)
is provided with its usual norm N[.; Q% (I)], defined by (18).

Unfortunately, the use of the latter norm turns out not to be sufficient for getting a sharp
enough final estimate expressed in terms of N[¥; Q,’:(In)] and /\/'[ﬁln; L], and an additional
technical argument has to be settled here. It involves the introduction of a specific (affine)
subspace of QY (1,), intended to isolate the terms that depend only on the initial condition y;, .

We assume in this subsection that x satisfies Hypotheses 3-5, and we fix an arbitrary
subinterval I = [Iy, I;] of [0, T].

Definition 5.6. Suppose that k € N* and f € Ci(I;RY). A path y € C] (I; R¥) will be said
to be y-controlled around f on [ if its increments admit the following decomposition: for all
s<tel,

GYis — fi=xi) vy 4 ynt with y¥ e V(I R™ ) and y* € & (I; RY).  (68)
The set of such paths will be denoted by Aj:’ f(I : R¥), and with any y € A;/’ f(I : R), we
associate the quantity
My A7 ((IROT = NIy*: QU R+ Ny € (1 RE™)]
+ N G713 RE™)]+ Nys ¢ (1 R
As with the controlled paths, we then define, for any f € Cz1 (I ]Rk’l), A; ¥ I Rk’l) as the set

of paths y € Ci/(l; ]Rk’l) such that, forany j = 1,...,1, y'j € Ag f(I; Rk), and we associate
with those elements the quantity

[
Miy; AL (RN =Y NIy /s AL (1R

j=1
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Obviously, A% ((1) = QX (I) and more generally: for any f € CI(I; RK, A}:’f(l) c ox().
The crucial point in our localization around f is precisely that this latter increment does not
(directly) intervene in the computation of M[y; .Ay f(l RY).

Let us now see how the sets Ay f(I ) pop out naturally when one integrates a convolutional
controlled path with respect to £.

Proposition 5.7. We assume that Hypotheses 3 and 4 are both satisfied. Let y € QY (I; R¥) be
such that yi, = h € Ly and §5 = X*J 55U + 3% and set y = T, qg(i). Theny € A)):’f(l; R,

with fis = [p d€ $(&) Ars(€)Ss—1, (§)h(E). Moreover,
My AL (1R < 0 V55 QYU RO+ 1117 N £11] (69)
Proof. From (60), we can write, for all s < 7 € I,
By s = X5 (L 500y 4 XA 5000 4 /R d 3(E) 55 ) + fR d B(E) Ars (6)7(6)
=X (L )+ XA 50 /R d 3(&) 75 (€)
+ / dg $(E) A (§) G5ty (B) + £

Now set 3/ = Ly 5, 3l = X500 4 fpde d@) {5 © + 40 © 650 ®) .
Clearly,

NG CT < e {N[V: e+ N1 G 1+ NT3; C]V]} < e N3; 91,

It —s|NTh; £1], we get N[y;Ci’] < "7 NTh; £1] + exNT5: QY1, and (69) is thus
proved. O

and [(y)s| < |fisl + It = s NIX¥ CINTT OO + [t — s N[y G371 As [ fusl <

The following result is the analog of [19, Proposition 4] in the context of localized controlled
paths:

Proposition 5.8. Suppose that y € A} (I RY) with y, = h and 8y" — fi = xbJ y¥ii 4y,
and consider a mapping ¢ € C>P(RY;R4™). Then o(y) € A;Dﬂ(h)f(l; R4™Y and the
following estimate holds true:

Mo (1) Ay (D] = exo {1+ My AL (DP
11 My A7 (DS CHDT+ 111 NI . (70)
Moreover; if yV, y@ ¢ ,AV (1 R4™Y are such that y(l) = yl(z), then

Nio(y") = (vP); QD]
< o NIy = @5 QUDIf1+ My AL (D + MIy®s A (DT

+ "N DI+ NP el D1+ NTy®s el (DD} (71)
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Proof. This is a matter of standard differential calculus, which mostly appeals to the same
arguments as in the proofs of [19, Proposition 4] and [32, Lemma 3.1]. For the sake of
conciseness, we refer the reader to the latter articles for further details. [J

Let us again point out the fact that Ay f is a subset of Q% . This means in particular that for

any element z € .A; f(I : RY™), the integral 7 (dx/ z'/) can be defined using Proposition 5.5.
For those particular paths, we have the following control at our disposal:

Proposition 5.9. Assume that Hypotheses 3 and 5 are both satisfied. If 7 € A;’ f( I; RE™MY then

the seminorm of the path 7 € oY (I; RY) defined by 7;, = h e Ly and 87 = J(dx’ 7'/ can be
estimated by

NIE QU RD] < o0 { Nz COU RS 4+ 125 4+ 1117 Mz AT (1 RE™))

+ 11" N5 Ch s REM (72)

Proof. According to Proposition 5.5, the decomposition of Z as a convolutional controlled path
is given by 87/ = X*J 751 4+ 741 with 7¥ = z and 7% = 74! 4 z%2, where

Zti,l,z = Xxx,jk Zx‘z]k and Z]:i 2,0 A(Xx,j (Zb,z] + fz]) + Xxx,]k SZX’Uk).
. i 1,k )Cljk bz] 1,k Xl]k i b,ij
Since (8z)1s = ftv +x5 5 2y = e X5 2 + Xt (‘Szx’l]k)sll + 257

NIZE Cl (D] = Nz; € (D] < e, {|1|‘*V/\/[f;65(1)] + Iz |+ 11 Mz A§',h(1)]} :
As for the residual term, we first have, by writing Z,ns = X” Jk x ”k + X” Jk (8Zx’ijk)s1, ,
NzEL @gy] <e, {'qu | + 1Y Mlz; A;f(l)]}, while, due to the contraction property (16),

NIE2 G (D] < e {1117 Mz AL (D14 11177 NUfs el
Finally, as 67/ = X*/ 754/ 4 781,

NIEC (D] < e [Nz CUDT+ Iz |+ 111 Mizs AT (D] + 111" N ehn},

which achieves the proof of (72). O
5.4. Solving the equation

We are now in position to solve the system:

Theorem 5.10. Assume that Hypotheses 3-5 are all satisfied. If o € C>?(R?; Ij&d'm), then the
system (52), interpreted with Proposition 5.5, admits a unique solution y in QZ([O, Tl; Rd).
Moreover; there exists a function C : (RT)3 — R* growing with each of its three arguments,
such that

NT3; QL(10, T RY] < CNIX™: CY 1L NTXA: Gy 71 NI 67D (73)
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Proof. As we announced in the introduction, the proof will consist in successive fixed-point
arguments on a sequence of intervals (1), that covers [0, T']. We shall more precisely consider
the sequence given by

N =0N N1 withl) =0 and e, =¢) =1, -1} = Nin, (74)
where N is a positive integer that will be determined in the course of the proof.

On each of those intervals, the procedure will (as usual) be divided into two steps: we first
establish the existence of invariant subsets for the mapping I" associated with the system, and
then show that the restriction of I" to some of those subsets is a strict contraction.

The results of Section 5.3 show that in order to control the image z = [I'(y) of a path
y € Q)K (I,fv ), it is important to have an estimate of the norm of y in Q;’ (I,fv ), and also of
the norm of the initial condition 2, = . This general observation will be at the core of our
reasoning. !

Step 1: The invariance of balls. Let us temporarily fix the parameter N in (74), and introduce
two additional parameters o1, o > 0, the value of which will also be determined during the
proof. We consider the sets

Bir = (5€ QUUY) : Sy =, 5y = o), NT3: QLU < (N +m)2),

where h,, € £, is such that N'[A,; L1] < (N +n)*. As in the proof of Theorem 4.3, if y € B
z = I'(y) stands for the path in [o}4 (1, N defined by two conditions: le = h, and for all

s,t € I, (62 = Tis(dx’ o (y)), where y = T, (-
With this notation, we are going to prove that oy and « can be picked in such a way that, on

the one hand, the sets B,},’ " are invariant under I", and, on the other hand, the following property
holds true:

(H) If§ e B, then N[5 SLITS (N +n+ Do
n+

The latter condition will allow us to patch successive fixed points together at Step 3.

Suppose that y € B,}f", z = I'(y). In order to apply the results of Section 5.3, define, for all
s<te I,fv R

w=T G0, fi= fR dE GE A S,y ©ha(®).  gh = Doy fli. (75)
Estimate (72) first gives
N QLU = ex {NTo(1: QUM+ 1o (] + & Mio ()5 AL o (1))
+ e Ng" UM} (76)
According to Propositions 5.8 and 5.7, we know that
o (" = 3p0 ) g™ = 8p0 ™ ) (L ™) = Ly 850 (i) o ),
SO |cr(y) | < co. Besides, we obviously have

Nlig" C I < I1Do oo NTF™; Co(IN)] < o Nlhn; L1].
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Going back to (76), we deduce
Nz QLU = ea {1+ 6] Mlo (05 A7 o U]+ 77 NUis £11]
The association of estimates (70) and (69) then entails
NIz QLU = ¢} g 1+ a0 Nlios £1]+ el N15: QLUNP
- en N5 OL UM NU: £1]+ e s L1 (77

In order to establish the invariance of B,f”, or in other words to prove that N[Z; Q; (I,{V ) <
(N + n)*2 (for N large enough), a first series of conditions naturally arises from (77):

aj—(1—-y)<am
2000 — Yy < ap

i t+ay—1<ap
201 =2+ y < an,

(78)

and it is easily seen that this system reduces to

o)y <Yy
{al <1l—y4a. (79)

If a1, a2 > 0 are assumed to satisfy those two conditions, then we can pick N large enough
that the expected stability property is checked. Indeed, from (77), we get N[Z; Q&: (I,f’ )] <

o (N 4+ n)*3, where a3 stands for the largest left-hand side of system (78). As o3 < an, we
can plck N such that for any n > 0, (N + n)*2=* > 6cx »»and so N[Z; Q%(I,{V)] < (N +n)*.
It now remains to analyze condition (H). To this end, write

le Ss,, le + (8)’ )ZN N = Sa,, hl + X[N v ij(l:ln) + nyl e

n+l1 n+l1°n n+l1°n

which leads to

~ ~ 2 ~ 2
15y | = Vhnl + exo e + e’ NTF: QU]

< N+ Feoo (N +n)77 + (N +n)272 (80)
. - an—2 . - ay—2
Then observe the asymptotic equivalent %% ~m—>00 % thus, by adding
to (79) the (compatible) condition
o >1—vy, (81)

we deduce that there exists an integer N large enough that, for any n € N*,
(N+m)* +ceo (N+n)77 +(N+n)@7" <(N+n+ 1%,

We pick N in this way to retrieve, from (80), property (H).

Step 2: The contraction property. Suppose that 50, 5@ ¢ B 70 = P51y 3@ = (@),
and set y\) = T, 4;(9(1)), y& =7, 43(9(2))' Here again, the expected property will stem
from the estimates of Section 5.3. It is first worth noticing that if y(I, y® ¢ Aj: f(I ), then
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yh—y@ ¢ A;O(I) and N[y(D —y@; “4)):,0(1)] = N[y®M—y®; Q¥ (I)]. Therefore, according
to (72),

NED -z QraM < ¢ [N[o(y“’) —o(y®); VM
+ 10O = o OOy 1+ el Mo ) = o 6@y QLuM1}

Of course, a(y(l));‘nN = U()’Q))Z{v and

NoP) —o(y@); VM) < &) Nlo V) — o (y@); Q7 (1)1,
which, together with estimates (71) and (69), easily gives

NED = 2@ QY UM < e o Ingn NTFD — 5P QL (1M,
with

Jy = nY 4+ n7y+2a2 + n2a17(27y) + noqfl + na1+(x271.

In order to ensure that limy_, o Jy = 0, we are this time led to the system

200 —y <0
201 =24y <0
a1 —1<0 (82)

a1 +ay—1<0,

which, intersected with both conditions (79) and (81), provides the final assumption

14
0 z
<y < 5
l—y <oy <1—y+ow.
Once such coefficients are fixed, we can choose N large enough that both the contraction property

and the property (H) are satisfied on the invariant balls B,’,’”, n=>0. ~
Step 3: Patching the solutions. The construction of the expected global solution 3 € QY ([0, T])
is now reduced to a patching argument.

First, we define the sequence (7, -*), - according to the following iterative procedure:
GOy, 51O e QY (1)) is the fixed point of I" in BY and forany n > 1, (§™, 3™*) e OF (IN)

S=1)

is the fixed point of " in B:I'I’V . The latter construction is made possible by the two previous
steps. Then we define, for any ¢ € [0, T'],

Nt
= ny’” L@, 5= Zy(") Ty ),

where N7 stands for the smallest 1nteger such that Z oy N >T.

Ifl <8< lk R lN <t< lk,+1, one can appeal to the decomposition
~ ~ ~ k/il ~
F)is = S,_py - BF)y, + Gy + 2}; S, - Gy v (83)
1=

together with the relation SX* = 0, to deduce

G5 s = X5 507 + 551 (84)
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. ~ ~,1, ~,2,
with 55 = 551 + 552,

’

=1, ~(),x,ij _ ~(k=1),x,ij v ~(p)x,ij _ ~(p=1),x,ij
M = [ e ) 5 [ -
k p=k+1 P p p—1

- k—1),8, ~ (k") 4, ~(p).4,
yfs - th yl(N ) l+y([N) l+ZSt ]N yp 11\5

p+1 p+1 p

From those expressions, and owing to the regularity of each y®-x,

defines an element of QY ([0, T]).
Let us finally go back to (83), which can also be written as
655 = 8,y - Ty (@x) o () + Ty (dx? o (1)
k-1

+ ZS ._7lN lN(dX] ij(y))~

it is easily seen that (7, 3*)

By invoking the relation & (j(c?xj zij)> =0, we get
Ty (@x o' (y) = Ty dx? o () + S,y - Ty (dx? o (7)),
and hence

G5 = S,y - Ty @ 0 ) + Ty @ 0713
+ ZS le IN(d-xj U()’))

The iteration of this simplification procedure leads to (55');; = Jis(dx’ o'/ (y)) for all 5,1 €
[0, T'].

The uniqueness of the solution is easy to establish with the estimates of Step 2, just as in
the diffusion case (see for instance the proof of [15, Theorem 2.6]). As for the control result
(73), it is a consequence of decomposition (84), having in mind the local controls induced by the

balls B/, O

Once endowed with the control result (73), the continuity of the It6 map associated with (38)
can be proved along the same lines as in the case of ordinary systems. The reader is (here again)
referred to the proof of [15, Theorem 2.6] for a detailed analysis of the method. For the statement
of this result, we call the constant a that appears in (52) the ‘initial condition’ of the system. This
actually corresponds to the initial condition of the original equation (2).

Corollary 5.11. Assume that Hypotheses 3-5 are all satisfied for two distinct paths xV) and
x®, and suppose that o € C3PPRZ; R4™). If 3D (resp. 5@) denotes the solution of the
system (52) driven by xV (resp. x®) in the sense of Proposition 5.5, with ‘initial condition’
a® ( resp. a@), then

NIV = 5P, ¢ ([0, TI; R™)] < cxm,xm{m(” —a?)+ N X — X7

—i—J\/[f(A"(l) —f(A"(z) 1+y]+N[Xx(1) 5O _ 5x@;®, 2y]} 85)
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with

cut o = C (f(x(l), $® gan0 gAx® a0 f(x@)x(z)) 7
where C is a function that grows with its arguments.

Let us conclude with a transposition of this result into the original setting of (2):

Corollary 5.12. Under Hypotheses 3-5, and assuming that ¢ € C3P(RY; RE™), the system (2),
interpreted with Propositions 5.5 and 5.7, admits a unique solution y in Q}:([O, T1; ]Rd).
Moreover, the continuity result (85) remains true for y, w.rt. the (classical) Holder norm
N Cr] in the left-hand side.

Proof. As in the Young case, it suffices to set, for any ¢ € [0, T], y; = Ta, q;(it), where y is the
path given by Theorem 5.10. [

6. Application to rough paths

The aim now consists in proving that the hypotheses that we have raised throughout the
previous two sections can actually be checked for a large class of Holder paths x. If we put
those different hypotheses (Hypotheses 2—5) together, we have to show the existence of three
paths (X*, X4*, X**) that would extend the three definitions (valid when x is differentiable)

. t - t
Xi(©) =/ Si—u(§) dxy, X&) =f Ar—u(§) dxy, (86)

N
X5 (6) = / Si—u(§) dxy Q@ Xy, (87)
N
above a y-Holder x, with y > 1/3 (remember that x! = §x).
6.1. An integration by parts argument

We propose here to extend (86) and (87) via elementary integrations by parts, following the
general scheme

t t t d
/ Si—u(€) dy = f St (€) d (5 — x9) = XL — / (SN du (88)

N

Let us first evoke the Young case (y > 1/2), for which only X* comes into the picture:

Proposition 6.1. Suppose that x € C%’([O, T1; R™), withy > 1/2. Iff]R dé |pE)|(1+]E11Y) <
00, then any sequence of differentiable paths x¢ such that

NTx® = x; €Y ([0, T]; R")] =20,
satisfies Hypothesis 2.

Proof. For any differentiable path X, one has, thanks to (88),

N t
X5 < K]+ IEI/ Kbl du < e NTF; CY 11t — 517 {1 + (€]} . (89)
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Since fR d& |q~5($)|(1 + |E1™7) < oo, it is then easily seen that (X* o0 isa Cauchy sequence
in c;y(Rm). O
The extension of the two paths X4 et X**, which is needed in order to apply the results

of Section 5, that is to say when y € (1/3, 1/2], will stem from the same kind of argument.
It suffices to notice that, if x is a differentiable path,

v Ax ' d 1
Xis (6) 2/ E(St—u(‘i:))xus du, (90)

and if we denote by x? the standard Lévy area of x (xtzs = fs "dx, ® (8x)ys), which is at the core
of the rough paths methods, we have

d 2

T du(St—u(E))Xus du. oD
With the same argument as in the previous proof, those transformations lead to the following
assertion:

- t t d
X5 () = / St—u()—(x2,) du = X2, + / —

Proposition 6.2. Let x be a path allowing the construction of a 2-rough path x = (x!,x?) e
CY (R™) x cfy (R™™), for some coefficient y > 1/3. I [ d& |¢(&)|(1 + €*) < oo, then any
sequence x° of differentiable paths such that

Nx® = x; €Y ([0, TT; R™)] + Nx*2 — x2; €27 ([0, T]: R™™)] =20 (92)
satisfies Hypotheses 3-5.

We are thus in position to provide a more explicit formulation of Corollary 5.12:

Theorem 6.3. Let x : [0, T] — R™ be a y-Holder path (y > 1/3) allowing the construction
of a geometric 2-rough path x = x!,x%) € C;’ (R™) x ng (R™™), Assume that ¢ can
be represented as (5) on [0, T], for some function ¢ such that the integrability condition
Jrd& 16@®)|(1+€%) < oo is satisfied. Then, if o € C>P(RY; RE™), the system (2), interpreted
with Propositions 5.5 and 6.2, admits a unique solution in the space QZ ([0, T1; Rd) of controlled
paths. Moreover, the continuity statement (3) holds true.

Remark 6.4. In retrospect, with the help of the continuity result (3), we can provide another
(equivalent) interpretation of the rough system (2). Remember first that when x is a differentiable
path, the interpretation given in Section 4 or in Section 5 coincides with the ordinary Volterra
equation, understood in the Riemann-Lebesgue sense: this is the content of points (1) in
Propositions 4.1 and 5.5, and one of the main principles of our approach. Consequently, due
to (3), our understanding of the rough Volterra equation can also be summed up as follows: for
any sequence x of differentiable paths that converges to x in the sense of (92), the sequence y*
of ordinary solutions to (2) associated with x° converges to a path y with respect to the y -Holder

topology.

Remark 6.5. With the interpretation exhibited in Remark 6.4, it is easily seen that the solution y
given by Theorem 6.3 does not depend on the particular representative ¢ in (5), provided the inte-
grability condition is satisfied. Assume indeed that ¢!, 2 are such that /R de |9 (&) |(1+]8]%) <

oo and ¢|1[07T] = ¢[20’T] = ¢p0,7], where ¢'(t) = [ d& S,(§) §'(£). If x is a differentiable
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path, the path y! (resp. y?) associated with P! (resp. %) through Theorem 6.3 is known to be
solution of the ordinary equation

t t
¥ =al’+/ @' (t —u)o (y}) dx, =a"+/ ot —u)o () dxy,
0 0

and hence, by uniqueness, y! = y2. The result in the general rough case can then be deduced by
passing to the limit.

Keeping Remark 6.5 in mind, Theorem 1.1 is now obtained via the following elementary
result:

Proposition 6.6. If ¢ € C3(R; R), then there exists a function ¢ satisfying
[ agir@ia+ied) < oo

and such that ¢ admits the representation (5) on [0, T].

Proof. As we announced in Section 3.1, it suffices to extend the restriction ¢jo,77 into a
compactly supported function ¢ € C3(R; R). Then

61 = For, with ¢r(€) = (F'or)E) = c fR AIE (1) di.

Since ¢~>T € L2(R), one has

IA

5 ]:—1 iz
2/|-§| e 131 ©) +c/ Frene

f d& |pr ()1 + &)
R E>1 t3

IA

c{lIdrhe + 177 @D} <00 O

6.2. The (fractional) Brownian motion case

Owing to the results of [18] or [36], we know that the existence of a geometric 2-rough
path holds true for a fractional Brownian motion with Hurst index H > 1/3. This means that
Theorem 1.1 can be applied in this situation, giving birth to the first result of existence and
uniqueness of a global solution for (2) when 1/3 < H < 1/2. In the standard Brownian case
(H = 1/2), this solution can be shown to (almost surely) coincide with the Stratonovich one (see
for instance [18, Section 17.2] for a similar statement).

The It interpretation of (2) in the presence of a standard Brownian motion x = B can also
be recovered from the considerations of Section 5, by defining the convolutional 2-rough path
(XB, XAB, XBB) a5 1t6 integrals, i.e., X' (6) = [/ Si—u (&) dBL, X2 (&) = [! A—u(§) dBL,
XﬁB’” &) = fst Si—u (.§)dBL’; (8B7),s. Let us sketch out the two steps of this identification,
which essentially follows the lines of [14, Section 6.2].

First of all, remember that the [t6—Volterra equation

t .
Y/ =d + / ¢(t —u)o(Y,)dB;, tel0,Tl, (93)
0
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is known to have a unique solution under the assumptions of our study, namely ¢, o (at least)
differentiable (see for instance [6]). Then, assuming that ¢ € L(R), one can see with the help
of the stochastic Fubini theorem that (93) is equivalent to

~ o~ 1 : .. . . ~ ~
(BY")s5(8) =/ Si—u(€) dBj 0¥ (Yy), Y,=a +/Rdr§¢(§)Y;($)- (94)

N

The latter formulation allows to make the link with the formalism of Section 5:

Lemma 6.7. Assume that o € CHP(RY; R%™) and that ¢ satisfies fR d& |¢~5(E)|(1 + |£]) < oo

Then, with the notation of Section 5, the Ito solution Y of (94) almost surely belongs to
Q% ([0, T1; RY) forany 0 < y < 1/2.

Proof. The decomposition of ¥ as an element of Q%([O, T1; RY) is naturally given by

. ~ PR ~p ~ t . ..
Gy = KBIal(vy) + FE . with 757 (&) = / Si—u(€) dB (567 (V))us.

N

In order to see that o' () (resp. ¥'¥) almost surely belongs to C! ([0, T]; R"™) (resp. ng([o, TI;
R?)), one can rely on a (S-)adapted version of the classical Garsia—Rodemich—Rumsey
lemma, which reduces the problem to (easy) moments estimates. The reader is referred to
[20, Lemma 3.8] for the statement of such a result in a convolutional context. Some additional
details about this standard reasoning can also be found in [14, Proposition 6.8]. [

Once Y has been identified as an element of Qg([O, T]; Rd), Proposition 5.5 provides us
with a pathwise definition of the integral 7 (szj ali(y )) based on the Itd 2-rough paths

(XB, XAB XBB) The second step towards the expected identification can now be expressed
as follows:

Proposition 6.8. Assume that o € C3P(R?; R*™) and that ¢ satisfies [ d& |§(E)|(1 + |&]) <
o0. Then, for any & € R, the integral J (c? B/ oli(Y )) (&) constructed in Proposition 5.5 almost

surely coincides with the It6 integral fst St—u(§) dBL{ oI (Y,). Consequently, the solution given
by Theorem 5.10 is (a.s.) equal to the 110 solution of (93) and the following continuity property
holds: if Y (resp. Y ) stands for the solution of (93) with initial condition a (resp. a), one has

NIY —Y;Cf RN < Cpla—a

) 95
for some (a.s.) finite random variable Cp.
Proof. Like in (60), one can decompose the It6 integral as

t . .. ~ . .. ~ i
f Si—u(®) dBl 0¥ (¥,) = X2 (#)0 (¥,) + XEP!
s

(&) Ly ko' (YoM (¥y) + RI (&),
where Lj = [ d£ ¢(£) and RI (§) = [} Si—u(§) dBi MY with
M = (607 (00)us = 6V ustro’ (1) |

+ fR dg 3e) {RAP ©)0M (V) + TEE©) + A ® FE@ | - 010 (1)),
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From this expression, one can apply the (5-)Q—R—R lemma that we have already evoked in
the proof of Lemma 6.7 and assert that R € Cé‘ ([0, T1; Rd) a.s., for some coefficient © > 1

(this actually follows the lines of [14, Proposition 6.11]). Consequently, by setting (SZi Vs =
Tts (JB-/ oi-/(Y)), one gets §(Y —Z)eImén ég([O, T1; R?) with i > 1, which, according to

Lemma 3.7, leads to §Y =587 , so the two integrals do indeed coincide.
The identification of the solutions now follows from the uniqueness property contained in
Theorem 5.10, while (95) is deduced from Corollary 5.12. [

Remark 6.9. The above integrability assumption fR d& |pE)|(1+]€]) < oo (possibly translated
into ¢ € C*(R; R) as in Proposition 6.6) is here weaker than the hypothesis of Theorem 6.3,
namely fR d& |q~§($ )(1 + |€]%) < oo. This is due to the relative crudeness of the integration
by parts argument used in Section 6.1, which entails a loss of “spatial” regularity through the
derivative % Su (&) = c& S, (). The more direct definition of the convolutional Brownian rough
paths as It0 integrals allows us to avoid this issue.

Remark 6.10. Of course, the interest of our study in the Brownian case does not lie in the
exhibition of a solution for (93), which has been known for a long time. On the other hand,
the continuity property of the flow, which appears as a typical consequence of the rough paths
strategy, is new as far as we are aware. Like [13,15], it is likely to offer new perspectives as far
as the discretization of stochastic Volterra systems is concerned (to be compared with [35]). For
the sake of conciseness, we prefer to leave this task in abeyance, though.
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