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Abstract

Given a continuous Gaussian process x which gives rise to a p-geometric rough path for p € (2, 3),
and a general continuous process y controlled by x, under proper conditions we establish the relationship
between the Skorohod integral fot ysd®xs and the Stratonovich integral fot ysdxs. Our strategy is to
employ the tools from rough paths theory and Malliavin calculus to analyze discrete sums of the integrals.
©2022 Elsevier B.V. All rights reserved.

1. Introduction

For sake of clarity, we will divide this introduction in 3 parts. In Section 1.1 we motivate
our problem and recall some previous contributions giving Stratonovich—Skorohod corrections.
Section 1.2 is devoted to a description of our main result, the strategy employed in the article,
and some perspectives for future works. At the end, some notations used in this article are
introduced in Section 1.3.
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1.1. Background

In recent decades, two approaches for the analysis of dynamical systems driven by Gaussian
processes have been greatly developed: (i) the “probabilistic” approach, which invokes stochas-
tic analysis tools and leads to It6—Skorohod integration, and (ii) the “pathwise” approach which
employs the theory of rough paths and gives rise to Stratonovich integration. In general, one
gets a more transparent understanding of the system by using the pathwise approach, while it is
more convenient to explore probabilistic properties (e.g. compute the moments for the solution
of a noisy dynamical system driven by a Gaussian noise) via the probabilistic approach. One
key ingredient to understand the connection between these two approaches is the relationship
between Skorohod and Stratonovich integrals.

For a standard Brownian motion, the relationship between Itd and Stratonovich integrals
is well-known. It is classically obtained by Itd calculus, although rough paths theory can
also be invoked by observing that both Itd and Stratonovich integrals can be regarded as
integrals against rough paths lifted from a Brownian motion with different second order terms.
For general Gaussian processes (consider fractional Brownian motion as a typical example),
however, it is non-trivial to obtain the relationship. Indeed, for a general Gaussian process 1t6
calculus (or martingale calculus) is not available, and moreover Skorohod integrals cannot be
regarded as integrals against rough paths lifted from the corresponding Gaussian processes. We
briefly recall some results giving Skorohod-Stratonovich corrections below.

Let x = (x',..., x% be a d-dimensional centered Gaussian process with i.i.d components
giving rise to a p-geometric rough path, where 2 < p < 3 (see Section 2.1 for more
details about geometric rough paths). Denote by R the covariance function of x, namely
R(s, 1) = E[x,lxsl]. We also set R, = R(t,t). The correction terms between Skorohod and
Stratonovich integrals with respect to x have been considered in the following cases:

(i) In [15], the Skorohod-Stratonovich corrections were computed for integrals of the form
fSt V f(x,)d®x, for a smooth function f defined on R9. More specifically,

/l V f(x.)dx, = /t Vf(x)d°x, + l/t Af(x)dR,, (D
0 0 2 Jo

where the integral with respect to x on the left-hand side is a Stratonovich integral while the
one on the right-hand side is a Skorohod integral. The strategy in [15] relied on the fact that
fot V f(x,)d®x, is obtained by taking limits of Riemann—Wick sums of the form:

n—1 N
§llst0 Z Z %f(k)(xti) o (thit,-H)Ok’ )
i=0 k=1
where ¢ stands for the Wick product. Then the Skorohod—Stratonovich corrections in [15] were
analyzed thanks to a computation of the Wick corrections in (2). Notice that an extension of
this result to the case of a Gaussian process indexed by [0, 1]> with Holder exponent greater
than 1/3 was handled in [22]. There some change of variable formulas were derived for the
Stratonovich and Skorohod integrals respectively. As a consequence, the correction terms were
computed explicitly. Also note that some preliminary cases for a 1-d fractional Brownian
motion had been considered in [21].

(ii) Ref. [4] is concerned with solutions of rough differential equations driven by x, where
x is again a d-dimensional centered Gaussian process with i.i.d components giving rise to a
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p-geometric rough path (recall that 2 < p < 3). The equation can be written as
dy, = o(y,)dx,, 3)

with a smooth enough coefficient o : R — R?*“¢  and we refer to [9] for more details about
this object. Below we denote by yg the initial condition of (3), and J; is designated as the
Jacobian of the flow map yo — y,. Then the formula for the correction terms in [4] can be
read as

t t 1 t
/ yrdx, = [ yrd®x, + —/ trfo (y,)]dR,
0 0 2 Jo

s g taon - otm] are . @)
[0<r<ry<t]

Consider the ith column o;(x) of the coefficient matrix o (x) as a vector field on R for
1 <i < d. If the Lie bracket [0, 0;] = 0;0; — 0j0; =0 for 1 <i < j < d, then the solution
¥i to (3) is of the form y, = p(x;., yo) with (V. -¢)(x, yo) = trfor(x, yo)] and J;* = o (y,) (see [,
Proposition 24]). Clearly in this case, (4) coincides with (1), noting that the last term on the
right-hand side of (4) now vanishes. Therefore, relation (4) is indeed compatible with (1).

1.2. Main result and strategy

In this paper, we consider a d-dimensional centered Gaussian process x with i.i.d compo-
nents. Let y be a controlled process relative to x. That is, the increments §y;, == y, — y; can
be decomposed along the increments of x as follows:

ayst Zthlxll_lr_rét, fori=1,...,d, 5)

where y* has finite p-variation and the remainder r has finite %-variation (one can alternatively
use Holder spaces in this definition). Notice that controlled processes are the natural class
of functions for which a proper rough integration with respect to x can be constructed (see
e.g [13]). The following is the main result of this paper (see Theorem 3.1 for a more precise

statement). Under proper conditions on x and y,

t ' 1 & t
/ y, dx, =/ y,doxr—l—zZ/ y U dR, +Z/ D!y, _y;;”)dR(ﬁ,rz)
0 0 —' Jo

[0<ri<rp <t]
(6)

On the left-hand side of (6), the integral fot v, dx, is understood in the rough path sense (see
Proposition 2.20 for further details). On the right-hand side of the same equation, fot v d°x,
stands for the Skorohod integral, y* is defined by (5), R is the covariance function alluded to
above and D represents the Malliavin derivative (notions of Malliavin calculus will be recalled
in Section 2.4).

Note that our formula (6) unifies the previous cases (1) and (4). Indeed, we have argued
that (4) can be seen as an extension of (1). Furthermore, note that the solution y to the rough
differential equation (3) with a sufficiently regular coefficient function o(y) is a controlled
process with y; ' = (0(yy))ij and Dyy, = J*(JF) "o (yy) for s < t. Therefore it is easy to see
that (6) is an extension of (4), which is the main result of [4]. This point will be detailed in
Section 3.2.2
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Inspired by [4,15], our proof of the main result is based on the discrete sums method
combined with tools from rough paths theory and Malliavin calculus, in which some discrete
techniques developed in [18] are also invoked. We outline the idea as follows.

Consider a controlled process y with a decomposition given by (5), satisfying some path
regularity and Malliavin differentiability conditions. Let # = 7" denote the uniform partition
of [0, T] and H be the Hilbert space associated to x. Denote

n—1

YO =Y i L)

k=0
We first prove that (see Lemma 3.2)

lim y* =y in DY“2(H).

n—o00

This enables us to show the convergence of the discrete Skorohod integral §°(y™) to the
Skorohod integral 8°(y) = [ v, d°x, in L3 (), i.e.,

t
/ yr doxr - lm Z |:Z yfm fl;nlfm+l:| in LZ(Q)’ ™
s m=0

where we have written & = {t, ..., t,} with t,, =s +m(@ —s)/n form =0, ...,n. Itis also
known from the rough paths theory that the following holds true almost surely:
t d n—1
2
/ e = \ﬁr_{loz ytk fka+| T3 Zyx v ’kfjkl«H ’ ®)
§ i=1 k=0

where the left-hand side above stands for the rough paths integral of y with respect to x.

The Stratonovich—Skorohod correction terms in (6) now can be obtained by computing the
difference between the right-hand sides in (7) and (8). When computing the difference, one
key ingredient will be the forthcoming Proposition 2.28. This proposition is inspired by the
analogous results in [18] and establishes a general estimate for weighted sums in the second
chaos of the Gaussian process x.

To end this subsection, we provide some perspectives for future works. On the one hand, as
an application, some central limit theorems for Skorohod integrals could be obtained with the
help of our main result, generalizing the results in [18,17]. On the other hand, noting that in this
article the Gaussian rough paths with finite p-variation for p € (1, 3) are handled, we believe
that our methodology can be carried out for rougher Gaussian paths with p > 3. It is also
interesting to consider the correction terms for the processes arising from delay equations [19],
Volterra equations [6,7,14], etc. We will go back to those extensions in Section 3.2.3.

1.3. Notation

Letm:0=1 <t <--- <t, =T be a partition on [0, T']. Take s, ¢t € [0, T]. We write
[Ls, ¢]] for the discrete interval that consists of f;’s such that ; € [s, t]. We denote by Si([s, t])

the simplex {(#1, ..., %) € [s, t1%; 11 < -+ < ). In contrast, whenever we deal with a discrete
interval, we set Si([ls, t]) = {(t1,.... 1) € [s,t1%; #; < -+ < t). For t = 1, we denote
t— = tr_1, t+ = tr+1. We also denote by D([s, ¢]) the set of all dissections of [s, ¢].

For x = (x',...,x") and y = (y',...,y") in R", we Wnte xy for their dot product

x-y=>",x'y" and write |x| for the Euclid norm (}_;_, x ;) . The L?-norm (E[|£|P])"/?
of a random variable & is denoted by [|§],, for p > 1.
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Generally speaking, we will write C for a generic constant whose exact value can change
from line to line.

2. Preliminary material

This section contains some basic tools from rough paths theory and Malliavin calculus, as
well as some analytical results, which are crucial for the definition and integration of controlled
processes.

2.1. Rough path above x

In this subsection we shall recall the notion of a rough path above a signal x, and how this
applies to Gaussian signals. The interested reader is referred to [8,9,13] for further details.

As mentioned in Section 1.3, for s < t and m > 1, we consider the simplex S,,([s, t]) =
{(uy, ..., upy) €ls,t]"; uy <--- < uy}. For notational sake, we just write S,, for S,,,([0, T']).
The definition of a rough path above a signal x relies on the following notion of increments.

Definition 2.1. Let k£ > 1. Then the space of (k — 1)-increments, denoted by Ci([0, T], RY) or
simply Ci(R?), is defined as

C(R?) = {g € C(Si; RY); Jm gy =00 <k — 1} .
i~ it

We now introduce a finite difference operator called §, which acts on increments and is useful
to split iterated integrals into simpler pieces.

Definition 2.2. Let g € C;(R?), 1 € C>(RY). Then for (s, u, t) € Sz, we set
‘Sgsr = 8t — &s> and (Shsut = hst - hsu - hut'

The regularity of increments in C,(RY) will be measured in terms of p-variation as follows.

Definition 2.3. For f € C;(RY) and p > 0, we define

1/p
1f lp—var = I £l p—var:po.r1 = sup (Df,,.,,m) :

(#)eD([0,T])

i
The set of increments in C(R?) with finite p-variation is denoted by Cf YR,

Note that for a continuous function g : [0, T] — R4 with finite p-variation, if we set
lgll p—var:0,71 = 1881l p—var;[0,71, then we recover its usual p-variation.

With these preliminary definitions in hand, we can now introduce the notion of a rough
path.

Definition 2.4. Let x be a continuous R?-valued path with finite p-variation for some p > 1.
We say that x gives rise to a geometric p-rough path if there exists a family

[xf;;"'*-"”'"; (5,0) € S, n < Pl itsersin €11, ...,d}},

such that x!, = 8x,, and

(1) Regularity: For all n < | p], each component of X" has finite f—variation in the sense of

Definition 2.3.
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(2) Multiplicativity: With §x" as in Definition 2.2, we have

niip,. _ R eening  M=R 1 4 1sesin
8X,,, " = E Xsu X, . ©)]

(3) Geometricity: Let x® be a sequence of piecewise smooth approximations of x. For any
n < | p] and any set of indices iy, .. zn e {l1,...,d}, we assume that x*"='1-~'n converges in
2 _variation to X" where x," i is defined for (s, 1) € S, by

R E IO &,01 &,in
Xg; = / dx,'---dx,".
(uy un)E€Sn(Ls,t])

.....

We are now ready to state one of the main assumptions on our standing process x.

Hypothesis 2.5. Throughout the paper, x will designate a continuous R?-valued path with finite
p-variation for p > 1. We assume that x gives rise to a geometric rough path in the sense of
Definition 2.4.

On top of Hypothesis 2.5, we assume that x, = (x,l, ...,xtd) is a continuous centered
Gaussian process with i.i.d. components, defined on a complete probability space ({2, F, P).
The covariance function of x is given by

R(s,t) = E [x-sixii] , (10)

for any j € {1, ..., d}. Throughout the paper, we will also set R, := R(t, t).
The information on the path regularity of x is mostly contained in the rectangular increments

RS" of its covariance function R, which are defined as

R =BG = x]) (] = x))]. (1)
The regularity of R is expressed thanks to some 2d-variation type quantities. For sake of clarity

we first recall the definition of the 2d p-variation.

Definition 2.6. Let p € [1, 0o0). For a general continuous function R : [0, TP? — R, its 2d
p-variation is defined as

1
”R”p—var;[s,l]x[u,v] = sup ‘ [/t]+ (12)
(penisn | Z i
(")eD([u.v]) J
J
where
j+1
R,l’,lil R(ti1,t741) — R(tis1, 1)) — R(ti, 1)) + R, 1)). (13)

Observe that, whenever the functlon R in Definition 2.6 is a covariance function as in (10),

the rectangular increment R, ' j++|l can also be written as in (11).
In the following deﬁmtlon, we consider each element ((s, ), (i, v)) in S; X S, as a rectangle

and denote it by [s, 7] x [u, v].

Definition 2.7. A continuous function @ : S; x S, — R* is called a 2d control, if it is zero
on degenerate rectangles, and super-additive in the sense that for all rectangles A, B and C
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contained in S, satisfying AUB C C and AN B = {/,
w(A) + o(B) < w(C).

With these elementary notions at hand, we next introduce a hypothesis which allows the use
of both rough paths techniques and tools from stochastic analysis for the underlying process x.

Hypothesis 2.8. Let x be a d-dimensional continuous and centered Gaussian process with i.i.d.
components, whose initial value is 0 and covariance R is given by (10). We assume that for
some p € [1, 2), the function R admits a finite 2d p-variation.

It is well known that for a continuous function g : [0, T] — R with finite p-variation, the
function [a, b] — ||g||£_var; (a.b] is a control. However, for a continuous function R : [0, T]* —
R with finite 2d p-variation, the function [a, b] X [c, d] +— ||R||£_Var; [a.b]x[c.d] Y fail to be
super-additive for p > 1 (see [11, Theorem 1]). To regain this property, here we introduce the

so-called controlled 2d p-variation for 1 < p < oo (this notion is also introduced in [11]).

Definition 2.9. Let p € [1, 00). For a continuous function R : [0, T]> — R, its controlled 2d
p-variation is defined as
1

?
7ot P
Tjlj+

liti1

|||R|”p7var;[s,t]><[u,v] = sup Z

ITeP([s,t]x[u,v]) [fi,fi+1]><[l},l;-+|]EH

't
where R,l.’,lfll is given in (13), II is a partition of [s, ] x [u, v] which is a finite set of essentially

disjoint rectangles whose union is [s, f] X [u, v], and P([s, ¢] X [u, v]) is the collection of all
such partitions.

The norms ||-|| and ||| are comparable thanks to the following property borrowed from [11,
Theorem 1]: for all p’ > p there exists a constant C, ,» such that

Cp,p’ |||f|”p’7var;[s|,s2]><[11,t2] < ”f”pfvar;[sl,sz]x[tl,tz] < |||f”lpfvar;[sl,s2]><[t1,t2]o (]4)

Moreover, the function [a, b] X [c¢, d] — |||f|||2_var;[a.b]x[c,d] is a 2d control ([11, Theorem 1]).

Remark 2.10. Owing to (14), any continuous function R : [0, TT]? — R with finite 2d p-
variation also has a finite controlled 2d p’-variation for all p’ > p. Furthermore, for all
(s, 1), (u,v)) € S X Sy,

”R”Z’—var;[s,z]x[u,v] < C()([S, t] X [I/t, U]),

where w is the 2d control (as introduced in Definition 2.7) given by

(L5, 115 [, 0]) = DRIy a1 (15)

Remark 2.11. As an example, if the Gaussian process x is a fractional Brownian motion with

Hurst parameter H € (0, %], the covariance R of x has finite 2d p-variation with p = ﬁ

and Hypothesis 2.8 is satisfied (see [11, Example 1]). If we choose p’ > p = #, then
the quantity ||R||z,7var_[s x o] is controlled by the 2d control |||R|||£,7var,[“]X[u ol Note that

IR p = oo if we choose p < ﬁ (as shown in [11, Example 2]).

p—var;[0,T
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In the sequel we will also request the function ¢ — R(¢,¢) to be Holder continuous. We
now state an additional assumption which guarantees this Holder continuity (see e.g [4,12] for
a similar hypothesis).

Hypothesis 2.12. Let p € [1, 2) be given in Hypothesis 2.8. We assume that there exists C < 0o
such that for all s, ¢t € [0, T] the covariance function R satisfies

IR, ) = R(s. oy < Clt = 1. (16)

Remark 2.13. A direct consequence of Hypothesis 2.12 is that R, := R(t,t) has finite p-
variation, by [4, Lemma 2.14]. Moreover, recall that by Hypothesis 2.8, we have xo = 0 and
hence R(0, -) = R(-,0) = 0. This together with (16) implies that R(¢, -) and R(-, ¢) have finite
p-variation for each fixed ¢ € [0, T].

Remark 2.14. Given p € [1, 2), clearly we have, for 0 < s; < s, < T and 0<#t, <, < T,

2
IR —varsis, 510ty S IR p—varfsy sa1500, 71 R [ p—var;f0, 71x 11y 151

Furthermore, it is a direct consequence of (16) that for 0 <s < < T,

p
IRy —vars.cixp0.r) < €U —5).

Combining the two inequalities above, we have the following control on the 2d p-variation of
R: for some positive constant C,

IRIZ varor syt ) < €52 = 512 — 11). (17)
Remark 2.15. Note that for 1 < y < y¥' < 00, Ry —vargs.cixtuo] < MRy —var:gs, i1x[u,v]-
Therefore, under Hypothesis 2.12, inequality (16) and hence (17) hold with p replaced by
o' € (p,2) and C depending on (p, o', T).

Remark 2.16. Clearly (17) yields the following relations on squares of the form [s, 1%,

IRIC oo < Clt = 9). (18)
We say that R has finite Holder-controlled 2d p-variation if R satisfies both Hypothesis 2.8
and (18). An important consequence of R having finite Holder controlled 2d p-variation is that
x has 1/p-Holder continuous sample paths for every p > 2p. It is also readily checked that,
whenever x satisfies (18), we have

E [(x};f)z] <c(t—s)r. (19)

Remark 2.17. Similarly to the argument in [3, Remark 2.4], for any process x whose covariance
function R admits a finite p-variation one can introduce a deterministic time-change t
[0,T] — [0, T] such that:~ X = X ot has finite Holder-controlled 2d p-variation. That is
the time changed process X satisfies Hypothesis 2.8 and Eq. (18).

The following result (stated e.g. in [9, Theorem 15.33]) relates the 2d p-variation of R with
the pathwise assumptions allowing to apply the abstract rough paths theory.

Proposition 2.18. Let x = (x', ..., x%) be a continuous centered Gaussian process with i.i.d.
components and covariance function R defined by (10). If R satisfies Hypothesis 2.8, then x
also satisfies Hypothesis 2.5 provided p > 2p.
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Proposition 2.18 asserts that under Hypothesis 2.8, the Gaussian process x is amenable to
rough path analysis. In particular, a rough path integral with respect to x can be constructed. In
this context, the natural class of integrand one might want to consider is the family of controlled
processes. Its definition is recalled below.

Definition 2.19. Consider a continuous R?-valued path x with finite p-variation for some
p > 1. We say that a continuous R¢-valued path y of finite p-variation is controlled by x,
if there exist a continuous R? -valued path y* of finite p-variation and a l-increment process

p_
reC; "(RY) as defined in Definition 2.3, such that

d
Syl = yFUxi 4ol fori=1,....d. (20)
j=1
We are now ready to state the basic integration result for controlled processes, which can
be found e.g. in [8,9,13].

Proposition 2.20. Let T > 0 be fixed. Let X be a geometric p-rough path lifted from a
continuous R?-valued path with finite p-variation for some p € [1,3), and let y be a continuous
R?-valued path of finite p-variation that is controlled by x in the sense of Definition 2.19. Then
for 0 <s <t < T, one can define the integral fs " y,dx, as the limit of the following Riemann
sums,

: n—1 [ d d d
1 i ol xX3ij 23]
/ yedkr = \rrln]goz Zythtktk+1 + Zzyfk Xtir | » @D
$ k=0 \ i=1 i=1 j=I
where m, = [s = ty) < t1 < --- < t, = t] is a partition of [s,t] and |m,| =
maxeo,...n—1} ltk+1 — tl. In (21), observe that we have also used the convention on inner

products put forward in Section 1.3. Moreover, there exists a constant C = C(T, p) depending
only on (T, p) such that for all 0 <s <t < T we have

t d d
1 2 :E : X51j G 250]
/ yrdxr - ysxst - ys ]Xst
$ i=1 j=1

1 2 3
< C (I pvar 1 g e+ 1520 5l N pvar) I = s
where we recall that r is the increment introduced in (20).

Recall that our main objective is to compute some Skorohod—Stratonovich corrections as
in [4]. To this aim we will need a more detailed description of the increments of y than
the ones given in (20). Namely we will assume that y is a second order controlled process
as defined below (for the definition of controlled processes of general order, we refer to [8,
Definition 4.17] or [3, Definition 5.1]).

Definition 2.21. Consider a continuous R?-valued path x with finite p-variation for some
p > 1. We say that a continuous R¢-valued path y of finite p-variation is a second-
order controlled process with respect to x, if there exist a continuous R -valued path y*,
a continuous R¢’-valued path y**, both of which are of finite p-variation, and 1-increment

Py
Var(Rd),rx e C} ‘H(Rdz) as defined in Definition 2.3, such that for
577
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i=1,...,d and (s, 1) € S;([0, T]) we have

d d
8yl = D yrU Rl 4 7 kI gl (22)
j=1 jk=1
In addition, the increment y* in (22) is a controlled process of order 1, thatis fori, j =1,...,d

and (s, 1) € S>([0, T']) we have

d
xX;ij _E : xx;ijk 1k x3ij
Syst - ys Xs[ +rst . (23)
k=1

2.2. Higher dimensional Young integrals

In this subsection, we gather some inequalities for Young integrals in R” which will feature
in our computations throughout the paper. We start by a relation for integrals in the plane
borrowed form [10,23].

Theorem 2.22. Let f, R : [0, T]> — R be continuous functions with finite p-variation and
finite q-variation respectively for %+é > 1. Specifically recalling our Definition 2.6, we assume
AN —vari0,72 < 00 and || Rl _yarj0,72 < 0. Moreover, assume that for all sy, s, € [0, T],
both f(s1,-) and f(-,s3) have finite 1-dimensional p-variation as given in Definition 2.3.
Then the 2d Young—Stieltjes integral of f with respect to R exists and the following Young’s
inequality holds, for [s,, 511 % [s,, $2] C [0, T71?,

/ S(s1,82)dR(s1, 52)
[s1.511x 52,521

g Cp,q <|f(£15 iz)l + ||f(£1» ')”p—var;@zjz]

+ ”f(a £2)”p—var;@l,§1] + ”f”p—var;@l,il]x[SZ,.§2]>

X ”R”q—var;[gl,El]x[gz,Ez] . (24)

We now state a lemma about integration in R* which will be invoked in order to analyze
discretization properties for the Malliavin derivative of a controlled process y. Although its
proof might be traced back to [23], we include it here for the sake of clarity since Lemma 2.23
is tailored for our specific needs.

Lemma 2.23. Let f, g, R be continuous functions defined on [0, T1%. Similarly to Theorem 2.22,
we assume that f, g have finite p-variation, as well as f(s1,-), f(-, s3), g(s2, ) and g(-, s4) for
fixed arbitrary s1, 52, 53, 54 € [0, T1. We also suppose that R has finite g-variation on [0, T1?,
with p, q satisfying é + 5 > 1. Then for s;,s1,..., 84,5 € [0, T] such that s; < s; for
j=1,....,4, the following Young integral in R* is well defined:

0. R _ _
If,g (£]9s17"'»£49s4)

/ f(s1,53)8(s2, 54)d R(s1, 52)dR(s3, 54).
[s1,511x[s5,52]1%[53,53]%[54,54]

578



J. Song and S. Tindel Stochastic Processes and their Applications 150 (2022) 569-595
Moreover, If*g*R(gl, Sty ..., 84, 84) can be bounded as

8. R S S
|Ifg (ila Sty 00058, S4)| < Cp,q ”R||q—var;gl,§]]><[gz,§2] ||R||q—var;[£3,§3]><@4,§4]
X (|f(£1’ i3)| + ”f(a £3)||p—var;[§l,§1] + “f(§1a ‘)”p—var;[g,@] + ”f”p—var;[gl,fl]x[g,@])

X (|g(§2’ §4)| + ”g('a £4)||p—var;@2,§2] + ”g(ﬁzv ')“p—var;[m,@;] + ”g“p—var;[gz,&z]x[g,h]) .

(25)

Proof. We will divide this proof in several steps.
Step 1: Decomposition of the integral. We can write

AR5, 5100 50) = / F(s3, 51)dR(ss. 50) (26)

[53,531%[54,54]

where the function F is defined on [0, T]? by

F(s3,54) = / S (s1,53)8(s2, s4)dR(s1, 52), (27)

[s1,511%x[s2,52]

and where we observe that the right-hand side of (27) is well defined thanks to Theorem 2.22.
Our strategy in order to estimate /4% will rely on some successive applications of (24).
Specifically, with (26) in mind, relation (24) yields

O
|Ifg (21 y» 81, 85, 82, 83, 53, 84, S4)| < Cp,q (|F(£37 £4)| + ||F(§3, ')||p7vaI,[£4,§4]
FNFC, )N p—var 53551 + ||F||p—var,[£3,§3]xg4,§4])
X N Rl g—var.[s3.531x[54.541- (28)

We will now estimate the terms in right-hand side of (28) separately.

Step 2: Upper bound for F(s3, s,). Given (s3,s,) € [0, T]* and recalling the definition (27)
of F, another application of (24) enables to write

[F(s3, 8] < Cp,q(|f(£1:§3)g(§2’§4)| + 1181, s)MECS )Ml p—var,[s,.51
+18(s5: OIS 8Dl p—var, 15511
1€ 5l pantsy 11l 8Cs Sl p-vartsnon) 1Rl garis sy 1eisy
and we notice that the above expression can be simplified as
|F(s30 81 < Cpag (1 1o 59+ 1£C 89l paris, 1))
x (18052, 81+ 186 8 lparsp.21 ) 1R g var 5,51 15152.521- 29)

Step 3: Upper bound for || F(s3, )l p—var,[s,.54- Recall Definition 2.3 of p-variation. We thus

have

1/p

”F(£37 ')||p—var,[§4,i4] = sup ( E |F(£3, Ui+1) - F(£3a vi)lp) .

T -
i
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Plugging expression (27) into the above relation, we get

p
[ F(£3’ ')||p7var,[§4,54]

p
=supy / f(suis)(g(Sz, vig1) — 8(s2, vi))dR(sl, 52)
7 Ty 10x0s,.52]
We now apply (24) again and we end up with
4
”F(E’s’ ')||p—var,[§4,i4] < Cp,q ”R||q—var,Bl,§]]><[§2,§2] Z Vk, (30)
k=1

where the terms V), V, are respectively defined by

1/p
Vi = [£(s;,83)| sup (Z |85, vig1) — 8(sy, v,»)|p> ;

1/p
Va = |f(s;, s3)| sup (E llgC, vig1) — &G vi)llﬁvar,[sz,gzl) ,
T .
1

and similarly the terms V3, V4 are expressed as

1/p
V3 = sup ( E |g(£2, Vip1) — g(ﬁza Ui)lp”f(’v £3)”Z—Vﬁf’[§|»sl]> )
T .
1

1/p
Va = sup (Z 1 Gy 83)(80k, vig1) — g(k, v»)||£_W,@1,51]X[S2,§2]> :
i

In addition, the terms V|, V,, V3 are easily bounded. Indeed, resorting again to Definition 2.3,
we get

Vi=f(s1, $)18(825 M p—var,s4.541» Vo <1 f(sp5 S8 N p—var,[s. 521 x[54.5415 €1
and

Vs = [1fC 83l p—var.ts, 5111182 Il p—var,[s4.51 - (32)
For the term Vy, by Definition 2.6, it is readily checked that

Va < IFC s p—var s, 511118l p—var, [55.521x[54.54] - (33)
Hence, plugging (31)—(33) into (30), we end up with

1F G5 M pvantsail < Cpa (161591 + 1 G 5)llpsarts )

(”g(iz’ ')||p—var,Q4.§4] + ”g”p—var,[gz,fg]x[g,h])
X IR g—var,[s,.511x[55.521 34
Furthermore, notice that in a similar way we get

1FC s lpvantsysan < Cpa (1862 801+ I8¢, £l panisyl)

(171 Mpvantsgan & 1 Dpvantsy etz

X ”R”q—var,ﬁl,ﬁ]x@z,@} (35)
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Step 4: Upper bound for || F || p—var,[s;.551x[s,.5,1- According to Definition 2.6, one can write

p _ / / / IN|P
W —var, s3,551¢154.501 = sup§ :‘F(ti’ 1)+ Fltier, t],) = F(ti, 1)) = Fti )|
T

’
1.t
L]

where we recall that 7 takes the form m € D([s3, 53]) x D([s,, 54]) and the notation D([s, t])
is introduced in Section 1.3. Hence with the expression (27) of F in mind we get

P

WF I —var, 155,531 x 154,541

P

— Y

/ Pt 111 — FG1, )52, £141) — 82, 1)ARGs1, 52)
[s1,511x[s,52]

’
1.t
L

In this context, relation (24) can thus be read as

1/p
1 pvar sy s51xtsao5a1 < ClIRIlg—var fs, 51 1x152,5 sup(Z !Qm|”) ;
n v
where the term Q;; is defined by
Qij = 1(f (s, tixr) — f(s1, tNE(Sy, tj41) — 8(55, 1))
+1f (s tig) = G tDIEC, 1) — 8Co D p—var 155,52
NG tir) = FCtD pvar s, 51118(S2, ) 41) — 8(555 1))
FNFCtir) = FCotD p—var s, 518Gy 141) = 8Co D p—var 155,515
and we notice that Q;; can easily be simplified as

Qi =(1(£ 1. tiv1) = £ D1+ 1LFCo 1) = O tDllpvantsy 1)
X <|(g(§z» tip) — 8Csy D+ 118 ¢, 174) — 8C, tj/‘)”pfvar,@z,iz]) :
Summarizing our computations in this step, we have found that
1 E Nl p—varis5.551x154.5) < CURIg—var,[s,.5,1x155.52]
X (||f(£1, M p—var,[s3.551 T ||f||p—var,@1,§.]x@3.§3]>
X (8(52, )l p—var, (s4.54) +||g”p—var.&z,iz]xm.h]) . (36)

Step 5: Conclusion. Let us gather our estimates (29), (34), (35) and (36) into (28). Then we
let the patient reader check that (25) is achieved. This finishes the proof. [

2.3. The Hilbert space associated to x

Consider a continuous d-dimensional centered Gaussian process x on [0, 7] with covariance
function R given by (10). Every component of x (say x') is a 1-dimensional centered Gaussian
process with covariance R. In this section we review some basic facts about the related Hilbert
space H of functions for which Wiener integrals with respect to x (see e.g. [20]) are well
defined.

The Hilbert space H is the completion of the set of step functions

E=1> ailp,:aeR t€[0.T],i=1,... nforneN¢,
i=1
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with respect to the inner product

n m n m
<Zail[0v’i]’zbj1[os5j]> ZZZClibjR(li, Sj).
i=1 j=1 y i=l =l
Observe that this inner product can also be written as

n m T T n m
<Za,-1[o,,,.],2bj1[o,sﬂ> - (Zail[o.,,.]a)) S bil) | dRa, ).
1 =1 ) 0 Jo \;o =1

(37)

One can further relate H to our driving process x in the following way: let H be the closure
of the set

E= {Zaix}i ca; €R, 5, €[0,T],i=1,...,nforn EN},
i=1
in L>(£2, F,P). Then the linear map x' : £ — E defined by xl(l[o,,]) = x,l extends to a
linear isometry between H and H. Hence, H = {x!(h), h € H} and this family is known as the
isonormal Gaussian process related to x! (see [20, Definition 1.1.1]). Note that x' () for h € H
is called the Wiener integral of 4 with respect to x! and is usually denoted by fOT h(s)dx!.

Remark 2.24. Recall that we have assumed xy = 0 and thus R(0, 0) = 0. Thus relation (37)
suggests

T /T
(hy, ho)y = / / hi(s)ha(t)dR(s,t) for hy, hy, € H, (38)
0 Jo

whenever the 2D Young’s integral on the right-hand side is well-defined (see, e.g., [2,
Proposition 4] for details).

Remark 2.25. Denoting by £([a, b]) the set of step functions in & restricted on [a, b] C [0, T,
the closure H([a, b]) of £([a, b]) with respect to the inner product (37) then coincides with
restricted on [a, b], and for f, g € H,

(fLan g 1[a,b]>7_[ = (/s & n(a.b) - (39)

2.4. Malliavin calculus for Gaussian processes

In this subsection, we collect some basic concepts of Malliavin calculus, and we refer to [20]
for more details.

Recall that x, is a continuous centered d-dimensional Gaussian process with i.i.d. com-
ponents, defined on a complete probability space ({2, F,P). For the sake of simplicity, we
assume that F coincides with the o-algebra generated by {x,; + € [0, T]}. For the d-
dimensional process x, we define an extension of the Wiener integral defined as follows:
let ¢ = (¢',..., 9% be an element of H¢ where we recall that 7{ has been introduced in
Section 2.3. Then we set

d
x(e) =Y xI (), (40)
j=1

where each term x/(¢/) is a 1-d Wiener integral as in Section 2.3.
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A smooth functional of x is a random variable of the form F = f(x(¢1), ..., x(¢,)), where
n =1, {e,...,9,} is a family of elements of H? and each x(¢;) is understood as in (40).
Moreover, we assume that the function f : R” — R is smooth and its partial derivatives grow
at most polynomially fast. Then, the Malliavin derivative DF of F is the H¢-valued random
variable defined by

n 8
DF = ; a_i(x(fﬂl), oo X(0n) k. @D
=1

One can show that D is closable from L2({2) to L?({2; H), and thus one may span the space
of the smooth and cylindrical random variables under the norm

1
IFlli2 = (E[F*] + E[|DF|3,1)? .

The resulting closure is called Sobolev space D'-2.

Remark 2.26. As seen in (41), the Malliavin derivative DF of a functional F is a R¢-valued
process. The ith coordinate of DF corresponds to the Malliavin derivative of F with respect
to the randomness in x’ only. It will be denoted by D F in the sequel.

The divergence operator §° (also known as the Skorohod integral) is the adjoint operator of
the Malliavin derivative operator D defined by the duality relation

E[F8°(u)] = E[(DF, u)44], forall F € D" and for all u € Dom §°.

Here Dom §° is the domain of the divergence operator §°, which is the space of H-valued
random variables u € L%(£2; H%) such that |E[(DF, u)qyall < cp||Fll2 with some constant cg
depending on F, for all F € D"2. In particular, D">(%“) C Dom §°. Note that for u € Dom §°,
we have §°(u) € L*(£2) and E[6°(u)] = 0. By convention, we also take the following notation,
for u € Dom §°,

T
/ u, d°x, = 5°(u). 42)
0

For our main computations below we shall invoke the following relation taken from [21]:
for any G € D"2(R%) and 0 < a < b < T we have

d b d
5°(G 1[“'):2/ G d°xl =Y Gl osl, (43)
i=1v4 i

where ¢ stands for the Wick product (see [15] for a brief account on Wick products). Moreover,
according to [16, Proposition 4.7], relation (43) can be simplified as

d
8°(G 1y = Z G 8xly — (D'G' g p)) - (44)

i=1
2.5. Discrete rough paths techniques

In this subsection, we develop some inequalities about discrete sums in a rough paths
context. This kind of sum will feature prominently in the analysis of our Skorohod—Stratonovich
corrections.
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We state a crucial lemma about convergence of discrete sums in the second chaos of x.
It generalizes [18, Lemma 3.4] to a generic Gaussian process (as opposed to the fractional
Brownian motion case handled in [18]).

Proposition 2.27. Let x be a R -valued Gaussian process satisfying Hypotheses 2.8 and 2.12.
For n > 1 we consider the uniform partition on [0, T], namely t;, = %T. We define a process
F={F,”;le [0, T1,i,j=1,...,d} by F/ =0, and for all t > 0,

2;ij . .
[ thkthrl ’ ! 7& Js
ij _ 2;ij 2;ij _ ) u=
F =Y (xid, — Bl 1) = {4 (45)
1=0 Z 2ii Ry P
(kafk+1 E[Xlktk+1 1), i Js
=0

where we recall the notation t_ from Section 1.3 and where x> is introduced in Definition 2.4.

Then for all g > 1, p' € (p,2), (s,t) € S;([0, T1)) and n > 1 the following inequality holds

true
(E HaF;{

where C = C(q, p, T), B =5 € (1/2, 11 fori # j, and C = C(q, p, p', T), p = - € (1/2,1)
fori=j.

q])l/q < CQ ’ 46)

nf~2

Proof. Due to the hyper-contractivity property of the second Wiener chaos, it suffices to show
the case ¢ = 2. In addition, we assume (without loss of generality) that s =t,,, <t =1, for
0<m <my<n

Case 1: i = j. In this case, due to the definition (45) of F' and the geometric nature of x
assumed in Definition 2.4, we have

2
mo—1

E[er)]=e (X [oki, 7 - Bty 1] ]

k=m
and expanding the square on the right hand side above we get

m2—1

E[6F)’] = Y [Eied, e, %1 - Bl PRI, )1 @7)

k,l=m

In order to evaluate the right-hand side of (47) we apply a particular case of Wick’s formula
for centered Gaussian random variables X and Y, which can be stated as:

E[X’Y?] —E[X?|E[Y?] =2 (E[X Y])*.

Plugging this result into (47) and recalling the definition (11) of R’ we obtain

my
i 2 1;i 1;i _ Rk
E[(SFS’) :I =2 Z (E [Xlktk+1xflf1+1]) =2 Z ( ’kallj:rll) ’ (48)
k,l=m J=m
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Therefore invoking elementary properties of p-variations we end up with

E[(6F)’] < 2sup (R;;iﬁ‘)z IR’ 49)

p—var;|[s, 1?2

On the right-hand side of (49), notice that under Hypothesis 2.12, ||R||p (5.2 €40 be upper
bounded by C(¢ — s) thanks to (18). Moreover, a simple use of Cauchy—Schwarz inequality,

together with (19), shows that
1
2 2NN C
ne

Reporting this information into (49) and recalling that 8 = %, it is seen that
(r—9)

n2p—1 "
This ends our proof for the case i = j.

1,
1141

1,i
Tielk4-1

|Rtktk+l | _ ’E[X 1 i ]

41 41 tktk+1 X

X

E[(6F)’] < cr! (50)

Case 2: i # j. According to our definition (45), if i # j we have

2
my—1

2 my—1
E[(aF“) } —E|| > <Y -y E[xz” X ]
st - Tilk+1 - Telk+1 2111141
k=m k,l=m

Therefore, invoking the proofs of [9, Theorem 15.33 and Proposition 15.28] for the computation

2;ij 2;ij .
of E[X;;, Xy, 1, we end up with

; Tk+1 tv
E |:(8Fstj i| = / / t;lcuzl dR(vla UZ)- (51)

We now fix (k,!) and denote G(v;, v3) = R;’C'ff] Then G(f,-) = G(-,1;) = 0. For any p’ €
(p, 2), Hypothesis 2.8 implies R has finite 2d p’-variation, and Hypothesis 2.12 implies both
R(t,-) and R(-, t) have finite p’-variation for all ¢ € [0, T']. Hence resorting to Theorem 2.22,

we have for some fixed o’ € (p, 2),

I+1 LU+
fl”2 dR( )
tk”l V1, U2
Tk Ul

for some constant C = C(p’, T) depending on (p’, T') only. Plugging this inequality into (51)
we obtain

CIRII;,

pl-var; [t te 1 1% [0, 1411

mo—1

N2
2
b |:<8F;tj) i| < C'.T) Z ”R”p’-var;[tk~f/<+1]><[t1,t1+1]

k,l=my

<Cp, T)Sup IRII

p-var; [tk trp1 1%, t141]

mzl

x Z IR ”p -var; [t e 1% 1. 1401

k,l=my

Therefore, thanks to Remark 2.10, we have
mo—1
ii\2
E|(s£)) | < ce, TSP IR ot D @k k] % D11,
k,l=m
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where w is a control given in (15). Furthermore, the super-additivity of w yields
N2
E [((SF;{ ) } €' ISP IR o e 00511

<Cp,p',\ 1) Sup IRII?. (52)

p'-var; [t te1 1% 17,1411 =),
where the last inequality is due to (15), (14), and (17). Finally, by Hypothesis 2.12 (and
Remark 2. 15) we have

||R||p varpsalxfue) < €0, ' T — $)u —v),
and therefore setting 8 = 1/p’, inequality (52) becomes

2 7\ 281
E[(SFJZ) } <Cp.p/. T) (;) (t — ). (53)

With (50) and (53) in hand our claim (46) is now easily achieved, which concludes the
proof. [

Note that (46) is still valid for both cases of i = j and i # j, if we choose f = % for any
o’ € (p,2). We now give a weighted version of Proposition 2.27, which plays an important
role in our correction computations.

Proposition 2.28. Let x be a R?-valued Gaussian process satisfying Hypotheses 2.8 and 2.12.
Let p' € (p,2) be fixed. For n > 1 we consider the uniform partition on [0, T], namely
th = %T, as well as the process F defined by (45). Let now f be a controlled process in the
L4(S2) sense, namely such that there exists a process g fulfilling (in the matrix sense), for some
y €. ﬁ) and for all ¢ > 1,

I fillg +llglly < C. 118 — gexblly < Ct =), 188wl < Ct —s). (54)
Then the following estimate holds true for (s, t) € Sy([[0, T1):
(t =)
” Zfl‘k ®8Ff1(lk+1 < C ﬂ—l )
tr=s n 2

where C = C(q, p,p',T) and B = % e (1/2,1).

Proof. This proposition was proved in [18, Corollary 4.9] when x is a fractional Brownian
motion. Although we generalize this result to a wider class of Gaussian processes, our proof
goes along the same lines. Therefore we shall omit the details for sake of conciseness. [

3. Correction terms in the case 2 < p <3
In this section, we derive a correction formula for controlled processes which are also in
the domain of the Skorohod integral and then provide some examples.

3.1. Correction formula

As mentioned in the introduction, we have restricted our analysis to the case p < 3.
Although we believe that our methodology could be extended to p < 4, this generalization
would require a cumbersome study of third order integrals and related weighted sums.
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Theorem 3.1. Let x be a Gaussian rough path with covariance given by (10) satisfying
Hypotheses 2.8 and 2.12 with p € [1, %). This implies that x has finite p-variation for p > 2p.
We can assume L + % > 1, noting that p < %

Let y be a second-order controlled process in the sense of Definition 2.21, and we
assume E[||y||f,7var;[oﬂ] < oo. In particular, the rough integral fot yv,dXx, is defined as in
Proposition 2.20, resorting to the convention on inner products of Section 1.3. We also assume
that y € DV2(H?), so that the Skorohod integral of y given in (42) is well defined. Furthermore,
we suppose that Doy has finite p-variation with E[||D0y||i_var;[0,ﬂ] < o0, and Dy has finite
2d p-variation with E[||Dy||i_var;[0ﬂ2] < 00. Then for all t € [0, T] we have almost surely

t
yr dx, =f yrd®x, + = / YR, + / (Dr Vi, = Vi ”)dR("l»rz)’
}E j{: $5(10.11) 2o

(55)

where we recall from Section 2.1 that R, := R(r,r) and where the Malliavin derivative D' is
introduced in Remark 2.26.

Proof. Let 7 = 7, be the uniform partition of order n of [0, ¢], whose generic element is still
denoted by #;, = %t. A natural discretization of y along 7 is given by
n—1
Y ) =Y vy i), T el0.1]. (56)
k=0
Notice that we have assumed that y € D'?(H“). Hence both divergence integrals §°(y™) and
8°(y), as given in (42), are well defined. Moreover, according to (43), we have
d n—1
/ yrdhe = Zzyfk OX’U/\H’
i=1 k=0
and owing to (44) this can be recast as
d n-—1

t
/0 yrdox, = Z Z yfk fktk+1 D ytk’ L) n (57)

i=1 k=0

In addition, we will prove in the forthcoming Lemma 3.2 that §°(y™) converges in L>({2) to
8°(y). Otherwise stated, for ¢ € [0, T] we have

t t
/ y, d°x, = lim [y d°x,. (58)
0 n—0oQ 0
Therefore combining (57) and (58), we get the following limit in L2(02):
d n—1
/ v d°x, = nhm Z Z (ytk Xinss — — (D' y,k, | (TR EY! ) (59)
i=1 k=0

On the other hand, owing to the fact that y is a controlled process in the sense of Definition 2.19,
Proposition 2.20 asserts that f(; y,dx, is defined as a rough paths integral and hence almost
surely we have

t d 1
T 2 : z : z : x5ij J23ij
/0 yrdxr - nlgro]o ytll‘xzkthrl + ytk thtk+l . (60)

i=1 k=0 i,j=1 k=0
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Gathering relations (59) and (60), we get the following expression for the Stratonovich—
Skorohod correction term:

d n—1

t t
/ yedx, — f yrdox, = lim ZZ Zy;i”xfk%l (VS TP EV I (1)
0 0 =

i=1 k=

where the limit on the right-hand side above is understood in probability. In (61), notice that
the left-hand side is well defined thanks to the standing assumptions of our theorem. Hence
the right-hand side of (61) also makes sense, and we will now identify the limits therein.

In order to compute the limit for the terms y,’ W Xi;kj /., in (61), observe that y is a second
order controlled process according to Definition 2.21. Hence y* is a controlled process
satisfying relation (23). Since we have assumed that Hypotheses 2.8 and 2.12 are fulfilled,

Proposition 2.28 for the increment F can be applied with f = y*. Recalling (see (45)) that
5Fl] 2;ij E[leij 1,

i = X — Tkt

we end up with the following relation, valid for i, j = 1,...,d, where the limit has to be
considered in the L'({2) sense:

x;i 2;ij 2;i
nIHEo Z Vi j( lktlfﬂ —E I:Xlktlfﬂil) =0. (62)

In particular, going back to (61), we get that for i # j we have

d n—1
X;ij 2lj _
Jim D 0> XL, =0 (63)
i#j k=0

Let us deal with the left-hand side of (62) when i = j. Specifically, we will express
the limit of the sums Y j_ yi'"'E [x,zkﬁlzﬂ] as a Young integral. To this aim, notice that

N
2x ,ijk’H = (x,lk’ﬁkﬂ) due to the geometric assumption in Definition 2.4. Hence invoking the

fact that R, = R(%, t;) we have
2E I:thk;;Jrl] - [(xtk+1 - xlik)z] = Ry, — 2R(tx41, 1) + Ry,
= (Rfk-H - Rtk) -2 (R(t/ﬁq, tk) - R(lk, lk)) .

Therefore for all i =1, ..., d, we obtain a decomposition of the form

n—1

xu ii 1 i i
Zy [ lzktk+li| Eln - J}’l (64)

where !, Ji are respectively defined by

n—1
=Y ¥ 5Ry,,,. and Zyx “(R(tesr. 1) — Rt ). (65)

k=0
The limit of for the term I in (64) can be computed easily. Indeed, thanks to Remark 2.13
we know that t — R; has finite p-variation. Furthermore, since y is a second order controlled
process, Definition 2.21 entails that y* has finite p-variation. We have also mentioned in
Theorem 3.1 that p~' + p~! > 1. Hence classical Young integration arguments reveal that
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fori =1,...,d we have almost surely,
t
lim [/ = / VEdR,. (66)
n—oo 0

As far as the term J,i in (65) is concerned, let us recast this expression in terms of a 2-d
Riemann sum. Namely we define another uniform partition {v;; 0 < < n — 1} of [0, ¢], with
v = ﬁt. Then we start by writing

Z Y (Rt ve) = Rt vi)). (67)
In addition, notice that thanks to Remark 2.13 we have R(-,0) = 0. Thus an immediate
telescoping sum argument yields the following relation, valid for k =0, ...,n — 1:
k-1
R(tiq1, vi) — R(tg, vp) = Z Rfjklfflfl
1=0

Reporting this identity into (67), we get

-1

x;5ii Tele+1 x;ii plklk+1

E iy E Ry = E : Vi Ry - (68)
=0 0<l<k<n—1

This decomposition prompts us to define a degenerate function f in the plane as fi(u, v) =
V¥ g<y<u<. With this notation in hand, relation (68) reads

n—1
i i Itk
Ji=" it vORES.

k,1=0

In order to analyze the convergence of J!, we now argue as follows: first R has a finite
2-dimensional p-variation. The function fi(u, v) = y,f’”l[g<v<u<,] is also easily seen to have a
finite 2-dimensional p-variation (owing to the fact that y**' has finite p-variation), and recall
that p~! 4+ p~! > 1. Hence standard convergence procedures for 2d-Young integrals show that

almost surely

t t
lim J! = / / fi(u, v)dR(u, v) = / v dR(ry, 1) (69)
n—00 0 Jo S5([0,1])
Summarizing our considerations for the case i = j, we gather (66) and (69) into the

decomposition (64). We conclude that almost surely,

d

1
xtl 2;ii Xl _ x;00
lim Y3 1= Z [ =3 [ saree. o

i=1 k=0

n—

>~

We now go back to (61), and handle the terms (D’ yfk, L ii1)
product in H in an explicit way thanks to (38), which yields

4 therein. We write the inner

t t
<Dlyllk,1[[k’lk+1]>’}-[=/(; /(; D} yr 10,61 (r) Ly g 1(r2) AR(ry, 12).
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We thus have
d n—1

ZZ yfik’ l[fka’k+l]>7‘l

i=1 k=0
d n—1
= Jim Z Zf / Drlyfkl[o w1 P g 1(r2) AR (r, 12).

i=1 k=0
We now argue similarly to what we did for (69). Namely one of our standing assumptions is
that (r1, rp) — D’rl y;Z 1s,(r1, r2) has a finite 2-dimensional p-variation. Since R admits a finite
p-variation and p~' + p~! > 1, standard results concerning convergence of Riemann sums to
Young integrals show that almost surely we have

d n—1

nlinolo Z Z D ytA’ l[fk lk+l] Z/ i1yi2 dR(r1, r2). (71)

i=1 k=0 S2(10.1D)

We can now conclude our proof easily. That is plugging (62), (63), (70) and (71) into (61), we
end up with, almost surely,

1 t
/ Yrer - / yrdoxr
0

1 [
:52/0 dR—Z/

yfz”dR(h,Vz)-f‘Z/ D, y;,dR(r1, r2),

(10,11 S2([0,1])

from which the claim (55) is immediately deduced. This concludes the proof. [

We close this section by proving a technical result which has been used in order to derive
relation (58).

Lemma 3.2. Assume the same conditions as in Theorem 3.1. Then y™ defined in (56) converges
to y in DV2(HY), ie. limpz o ELIly™ — yII34 + IDy™ — DYIIE, 40001 = 0.

Proof. According to (38) we have

Iy™ = I3 = Z f (Vi = Ys» Yi; = yi) dR(s, 1),

i,j=0 dip1 X[t 41]

where we recall that m = {0 =1y <t <--- <, =t}. On each rectangle [t;, t; 1] X [t}, #j41]
we apply Theorem 2.22 to the function

.fij(ss t) = (y; — Yy Yt — ytj)’
which is allowed since f;; is easily seen to be a function in CJ "
Recall that we have assumed p~' + p~!' > 1. Throughout the proof, we choose p’ > p and

p" > p’ > p satisfying
P+ @) > 1 and (P + ("7 > 1
Since we also have f;;(#,-) =0 and fi;(-, ;) = 0, we get

n—1

2
17 = Y1 < € 3 (It 13 ettt IRy et iyt (72)
i,j=0
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In order to bound the right-hand side of (72), we introduce a new function w;, defined by

1@, b1 % [e.d) = 1317191 varspear (73)

Then it is readily checked that w; is also a 2d-control in the sense of Definition 2.7. The
following is easily deduced from (72):

_ 1
7

p

17" = I3 <C sup(@li, 1] % 111, 1411
LJ

n—1 1 1
x Y (ot x T 1aD) 7 (0t 0] < L1 1500D) 0 74)
i,j=0
where w is the control defined in (15). Now both w; and w above/ are 2d-controls. Hence an
easy extension of [9, Exercise 1.9] to a 2d setting shows that a)}/ P w'/*" is also a 2d-control.
Hence one can resort to the super-additivity property of a)}/ " /7" in order to deduce the
following from (74):
1

L (T5)

1L
/

Iy™ — y”%_[d <C Si?})<w([ti, tip1] x [t), fj+1])) o (wl([O, t]2)>i (a)([O, t]2)>

We now turn to an upper bound on [[Dy™ — Dy||3)2. To this aim we first express this
quantity using the norm in (%9)®? induced by (38). This yields

IDY™ = DYII% 400
n—1

/ Dy, —Dyys, D,,y,j —Dy,y:) dR(u, v)dR(s, t).
[0,8; 4 1 1% 10,2 41 X[t , 1541 1%, 2 411

i,j=0
(76)
We apply Lemma 2.23 to the right-hand side of (76) and get

n—1

2
DY =Dy a2 < C Y IRy —var 0. 11510, IR o —ar it 1510007411
i,j=0

X (”DO)’zi - DO)’-||p’—va.r;[t,-,t,-+1] + ||D-Yt,- - D-)’-||p’fvar;[0,t,-+|IXlt,-.,tH.ll)
X (”Doylj - D()y-”p’—var;[tj,th] + ”Dyt] - D-y-||p’—var;[0,tj+]]x[tj,t_j+1])-

As a preliminary step, we also bound the variations on intervals of the form [0, #;] by variations
on [0, T]. Thus one can bound ||[Dy™ — Dy||(2 by

HAHYD2
n—1

C”R“p’—var;[O,T]2 Z ”R”p’—var;[t,-.tl‘+1]><[zj,zj+1]
i,j=0

X <||D0y||p’—var;[t,-,t,-+1] + ”Dy”p’—var;[O,T]x[z,-,ziH])

X (ID03 1Ly var .71+ DLy var 071500717411 )- (77)

We now wish to apply super-additivity properties of the p-variations, as we did for (75).
However, note that the function [a, b] X [c, d] +—> ||Dy||Z,7m;[aqblx[C 4 May fail to be super-
additive (see [11, Theorem 1]). Hence we need to resort to the controlled 2d variation as

591



J. Song and S. Tindel Stochastic Processes and their Applications 150 (2022) 569-595

introduced in Definition 2.9. Specifically, it follows from (77) that ||Dy™ — DY||(2H4)®2 can
be upper bounded by
n—1
CIRN vt D IR —varity g 151701
i,j=0
X (1Dl —vaet 11 = DYy —sato. Pixt i 11)

% (I3 Ly varteyte11 + WDV varo 7110711 ) (78)

Notice that the right-hand side of (78) is finite, noting that p < p’ and owing to (14).

Furthermore, noting that the function [c, d] — [|Dy|| 5’7var' (0.7 [c.d]

the following 2d controls (where we use [9, Exercise 1.9] again):

is a control, we can define

r(la. b] x [e.d1) = Doy sy POV e (79)

w3, b1 x [e.d]) = IDYIY 0. r1etast PY I e i (80)

wa(la, b1 % [e.d1) = Doy 1%t s PV oo 71ic.ar (81)
Now, similarly to (75), relation (78) entails

IDy™ Dy|| (Hd)®2 (82)

L

1 _ 1
o T ol o7

< CIRY o e s0p (o0t 1411 % [ 510) 77 (00.17))

x Z(wk([o, )’
k=2

where w is the control given in (15). This is our desired bound for the difference Dy™ — Dy.
Let us summarize our considerations so far. Gathering inequalities (75) and (82), we have
proved that

1Y = yll3a + IDY™ = Dyl e (83)

1 1
77 )7

4
C (14 IRl —suego ) (010, 1) " D (@x(00. 11%))
k=1
1 7T
x sup(@lt, ti1] % 117, 15:1D) "
ij
where the controls w, w;, @y, w3, w4 are respectively defined by (15), (73), (79), (80) and (81).
We can now argue as follows: first, according to (17), (14) and (15) we have

nlglolo sup o([£;, fi41] X [, 1j4111) = 0.

iJ
Next we have assumed in Theorem 3.1 that
2 2 2
E [”)’“p—var;[o,r] + ||DO)’||p—var;[0,T] + ||Dy||[,_var;[0’T]z] < 0.
Therefore one can take expected valued in (83) in order to get
lim E[[y™ =yl + IDY" =Dyl 000 ] = 0.
which is our claim. This concludes our proof. [J
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3.2. Comments and examples

We close this section by comparing our main result Theorem 3.1 with existing Skorohod—
Stratonovich integral correction formulae, and we also provide examples that satisfy the
conditions proposed in Theorem 3.1.

Before starting our comparison, note that Skorohod—Stratonovich correction formulae have
been studied for integrals of processes of specific forms (see [15,4]). In contrast, in Theorem 3.1
we consider integrals of generic processes satisfying some proper conditions. This is obviously
a more general setting. Below we will discuss the connections between our result and those
of [15,4].

3.2.1. Generality of the Gaussian process x

In [15], the relationship (1) is obtained for a y-Ho6lder Gaussian process x with y € (0, 1).
The process y considered in [15] is of the special form y = f(x) for f € C? with N = | 1].

Our main result Theorem 3.1 holds for Gaussian processes possessing a finite p-Variat{on
with p € (2,3) (or alternatively the covariance function R satisfies p € [I, %)). This set of
assumptions is very close to the one used in [4]. The p-variation setting is more general than
the Holder framework put forward in [15], but we do have the restriction p < 3 while [15]
could handle cases with an arbitrary p > 1. Below we give some hints about the necessary
steps in order to cover more irregular cases for our Theorem 3.1.

Noting that Propositions 2.27 and 2.28 hold under Hypotheses 2.8 and 2.12 for p € (2, 4),
we believe that our approach could be extended to p € (2,4). A key difference between
p €(2,3)and p € [3,4) is that a weighted sum in the third chaos of x will be involved in the
rough integral (60) for p € [3,4). Thus for p € (2, 4), to calculate the Skorohod—Stratonovich
correction term, we also need to develop an estimation procedure for the weighted sum in the
third chaos of x, which is parallel to Proposition 2.28.

Observe that the condition p € (2,3) (or p € [I, %)) is also used to define the Young
integrals appearing in (66), (69) and (71). However, if we further assume that R. and R(, t)
for each ¢ € [0, T] are absolutely continuous as in [15, Hypothesis 3.1], which is satisfied by
fractional Brownian motion B¥ with Hurst parameter H € (0, 1), then it is easily checked that
the integrals in (66), (69) and (71) are well-defined as Riemann integrals.

3.2.2. Generality of the integrand y

Apart from the aforementioned case y = f(x) handled in [15], the only rough-Skorohod
integral correction formula we are aware of is contained in [4]. More specifically in [4] the
relationship between fol y,dx, and for y,d°x, is studied, where x satisfies Hypotheses 2.8 and
2.12 and y is the solution to the rough differential equation (3) with o being sufficiently regular.
This is a typical example of application for our Theorem 3.1, if one can verify that the process
y considered in [4] satisfy all conditions therein. This task is far from being trivial and is indeed
one of the main achievements in [4]. Otherwise stated, the main ingredients that are needed in
the verification of the assumptions for Theorem 3.1 have already been obtained in [4]. To be
more precise:

(i) The condition ]E[||y||f,_var; 0.77] < 00 is a direct consequence of [4, Theorem 2.25].

(i) The assumption E[||D0y||2p7var;[0ﬂ] + IE[HDy”i—var;[O,T]z] < oo follows from the relation

D, y; = Lo ($)J () o (), (84)
plus an application of [4, Theorem 2.27]. See also the end of the proof of [4, Proposition 4.10].
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With those relations in mind, our main Theorem 3.1 covers the analysis of y given as the
solution to a rough differential equation.

3.2.3. Rough differential equations with drift and other possible extensions

The reader might wonder if Theorem 3.1 encompasses new cases of application, beyond
the aforementioned Refs. [4,15]. An easy step in this direction is given by rough differential
equations with drift, of the form

dy, = b(y)dr + o (y,)dx,, (85)

where we assume that » and o are C°°-bounded vector fields. In this case the main conditions
in Theorem 3.1 are verified as follows:

(i) The bound ]E[||y||f,7var; (0.77] < 00 stems directly from [3, Theorem 7.2].

(i) The relation
ELDoY 113 —varsgo.79] + EUDYIZ_jo.72] < 00 (86)

also holds for Eq. (85). Indeed, identity (84) still holds true for the rough differential equation
with drift. In addition, the p-variation ||J*|| ,—var;{0,7] has finite n-moment for all n > 0 (see [12,
Proposition 2.26] and [5, Theorem 6.5]). This easily yields (86).

In conclusion, Theorem 3.1 also covers the case of rough differential equations with drift.

Let us briefly comment on other possible extensions. As mentioned in the introduction, we
firmly believe that our general methodology based on controlled paths with Malliavin calculus
conditions (plus convergence of weighted sums of processes with finite chaos expansions) can
be applied to a wider variety of contexts. To name a few, our framework can be extended to
delay equations [19], Volterra equations [6,7,14] and even to rough PDEs. However, this kind of
extension would require some significant additional effort. Indeed, the controlled path structure
as well as the building blocks of the rough path are quite different in the cases mentioned above.
A detailed analysis would thus be in order. We leave this kind of development to a subsequent
publication for the sake of conciseness.
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