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Abstract In this note, we provide a nontrivial example of a differential equation
driven by a fractional Brownian motion with Hurst parameter 1/3 < H < 1/2 whose
solution admits a smooth density with respect to Lebesgue measure. The result is
obtained through the use of an explicit representation of the solution when the vec-
tor fields of the equation are nilpotent, plus a Norris-type lemma in the rough paths
context.
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1 Introduction

Let B = (B!,..., B%) be a d-dimensional fractional Brownian motion with Hurst
parameter 1/3 < H < 1/2, defined on a complete probability space (£2, F, P). Recall
that this means that all the components B’ of B are independent centered Gaussian
processes with covariance

Ry(t,s) :=E[B! Bj]:%(s“fﬂ”’— It —s27). 1)
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In particular, the paths of B are y-Holder continuous for all y € (0, H). This paper
is concerned with a class of R™-valued stochastic differential equations driven by B,
of the form

d
dy,=) Viy)dB}, t€[0,T],  y=a, )
i=1
where T > 0 is a fixed time horizon, a € R™ stands for a given initial condition, and
V1, ..., Vy) is a family of smooth vector fields of R™.

Stochastic differential systems driven by fractional Brownian motion have been
the object of intensive studies during the past decade, both for their theoretical inter-
est and for the wide range of applications they open, covering, for instance, finance
[13, 30] or biophysics [20, 28] situations. The first aim in the theory has thus been
to settle some reasonable tools allowing one to solve equations of type (2). This has
been achieved, when the Hurst parameter H of the underlying fBm is >1/2, thanks
to methods of fractional integration [26, 32], or simply by means of Young-type inte-
gration (see, e.g., [14]). When one moves to more irregular cases, namely H < 1/2,
the standard method by now in order to solve equations like (2) relies on rough paths
considerations, as explained, for instance, in [12, 14, 21].

A second natural step in the study of fractional differential systems consists in es-
tablishing some properties about their probability law. Some substitute for the semi-
group property governing L£(y;) in the Markovian case (namely where H = 1/2) has
been given in [2, 23], in terms of asymptotic expansions in a neighborhood of ¢ = 0.
Some considerable efforts have also been made in order to analyze the density of
L(y;) with respect to Lebesgue measure. To that respect, in the regular case H > 1/2
the situation is rather clear: the existence of a density is shown in [27] under some
standard nondegeneracy conditions, the smoothness of the density is established in
[19] under elliptic conditions on the coefficients, and this result is extended to the
hypoelliptic case in [3]. In all, this set of results replicates what has been obtained for
the usual Brownian motion, at the price of huge technical complications.

In the irregular case H < 1/2, the picture is far from being so complete. Indeed,
the existence part of the density results have been thoroughly studied under elliptic
and Hormander conditions (see [6, 12] for a complete review). However, when one
wishes to establish the smoothness of the density, some strong moment assumptions
on the inverse of the Malliavin derivative of y, are usually required. These moment
estimates are still an important open question in the field, as well as the smoothness
of density for random variables like y;.

The current paper proposes to make a step in this direction, and we wish to prove
that £(y;) can be decomposed as p;(z) dz for a smooth function p; in some special
nontrivial examples of (2). Namely, we will handle in the sequel the case of nilpotent
vector fields Vi, ..., Vy (see Hypothesis 4.1 for a precise description), and in this
context we shall derive the following density result:

Theorem 1.1 Suppose that the vector fields Vi, 1 =1,2,...,d, are smooth with all
derivatives bounded and that they are n-nilpotent in the sense that their Lie brackets
of order n vanish for some positive integer n. We also assume that V1, ..., Vg satisfy
Hormander’s hypoelliptic condition (their Lie brackets generate R™ at any point
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x € R™) and that all the Lie brackets of order greater than or equal to 2 are constant.
Then for all t > 0, the probability law of the random variable y; defined by (2) admits
a smooth density with respect to Lebesgue measure.

Notice that the hypoelliptic assumption is quite natural in our context. Indeed,
it would certainly be too restrictive to consider a family of vector fields Vi,..., Vg
being nilpotent and elliptic at the same time. Moreover, some interesting examples
of equations satisfying our standing assumptions will be given below. It should be
stressed however that the basic aim of this article is to prove that smoothness of
density results can be obtained for rough differential equations driven by a fractional
Brownian motion in some specific situations, even if the general hypoelliptic case
is still an important open problem. We refer to [4] for another case, based on skew-
symmetric properties, where a similar theorem holds.

In order to prove Theorem 1.1, two main ingredients have to be highlighted:

(i) Working under the nilpotent assumptions described above enables us to use a
Strichartz-type representation for the solution to our equation, given in terms of
a finite chaos expansion. This allows us to derive some bounds for the moments
of both y, and its Malliavin derivative, which is the main missing tool on the way
to smoothness-of-density results for rough differential equations in the general
case.

(i) With the integrability of Malliavin derivative in hand, we shall follow the stan-
dard probabilistic way to prove the smoothness of density under Hormander’s
conditions, for which we refer to [16, 22, 24]. To this purpose, the second main
ingredient is a Norris-type lemma, which has to be extended (in the rough path
context) to controlled processes. It should be mentioned at this point that a simi-
lar result has been proven recently (and independently) in [17].

These two ingredients will be developed in the remainder of the article.

Here is how our article is structured: Some preliminaries on rough differential
equations and fractional Brownian motion are given in Sect. 2. Section 3 is devoted
to the proof of our Norris-type lemma for controlled processes in the sense of [14]. Fi-
nally, Malliavin calculus tools and their application to density results for the random
variable y; are presented at Sect. 4.

Notation In the remainder of the article, c, ¢, c» will stand for generic positive con-
stants which may change from line to line. We also write a < b (resp. a < b) when
a < cb (resp. a = cb) for a universal constant c.

2 Rough Differential Equations and Fractional Brownian Motion

Generalized integrals will be needed in the sequel in order to define and solve equa-
tions of the form (2) and also to get an equivalent of Norris lemma in our context.
Though all those elements might be obtained within the landmark of usual rough
paths setting [12, 21], we have chosen here to work with the algebraic integration
framework, which (from our point of view) is more amenable to handy calculations.
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In this section, we recall thus the main concepts of algebraic integration. Namely,
we state the definition of the spaces of increments of the operator § and its inverse
called A (or sewing map). We also recall some elementary but useful algebraic rela-
tions on the spaces of increments. The interested reader is sent to [14] for a complete
account on the topic or to [8, 15] for a more detailed summary.

2.1 Increments

The extended integral we deal with is based on the notion of increments, together
with an elementary operator § acting on them.

The notion of increment can be introduced in the following way: for two arbitrary
real numbers £, > €1 > 0, a vector space V, and an integer k > 1, we denote by
Cr([£1, £2]; V) the set of continuous functions g : [£, 2,1F — V such that 8ty =0
whenever t; = t;41 for some i € {0,...,k — 1}. Such a function will be called a
(k — 1)-increment, and we will set Cy([£1, £2]; V) = Uy Ck([€1, €2]; V). To sim-
plify the notation, we will write Ci (V) if there is no ambiéuity about [£1, £>2].

The operator § is an operator acting on k-increments and is defined as follows on
Cr(V):

k+1
§:C(V) = Gt (V). 0 = (=18 o 3)

i=1

where 7; means that this particular argument is omitted. Then a fundamental property
of 8, which is easily verified, is that §6 = 0, where 86 is considered as an operator
from Ci (V) to Cx42(V). We will denote ZC(V) = Cx(V) N Ker§ and BCy (V) =
Cr(V)NImé.

Some simple examples of actions of §, which will be the ones we will really use
throughout the article, are obtained by letting g € C;(V) and h € C2(V). Then, for
any t,u,s € [€1, 2], we have

(Sg)st =8t — 8s and (8h)sut =hg — hsy — hys. (4)
Our future discussions will mainly rely on k-increments with k = 2 or k = 3, for

which we will use some analytical assumptions. Namely, we measure the size of these
increments by Holder norms defined in the following way: for f € C2(V), let

| fur
Ifll,= sup =

w T A G ={feGWyiflu <o) 6
s,telly,£2 -

Using this notation, we define in a natural way Ci‘(V) ={feCi(V); I8l < oo}.
In the sequel, we also handle norms, including supremums, of the form

1 oo =1 F 1+ 1 flloor  and  CI0V) = {f €CLOV): [ fllpioe <00} (6)
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In the same way, for h € C3(V), we set

1P s
Ihlly.,=  sup

—9
s e[l o] [ — S|V |t —ul?

™
1Al =inf{2 Whillprupih = hi 0 < pi < u}
i i

where the last infimum is taken over all sequences {h;,i € N} C C3(V) such that
h =7 h; and over all choices of the numbers p; € (0, ). Then || - ||, is easily seen
to be a norm on C3(V'), and we define

CY (V) :={h €C3(V); ||kl < o0}.

Eventually, let C31+(V) =U us1 C? (V), and note that the same kind of norms can be
considered on the spaces ZC3(V), leading to the definition of the spaces ZCé‘ V)
and ZC31+(V). In order to avoid ambiguities, we sometimes denote in the following
by N[ C}f] the «-Holder norm on the space C; for j =1,2,3. For ¢ € C;(V), we

also set N'[¢; CY(V)] = supyeqe, ey 1451y
The invertibility of 6 under Holder regularity conditions is an essential tool for the
construction of our generalized integrals and can be summarized as follows:

Theorem 2.1 (The sewing map) Let u > 1. For any h € ZC4 (V), there exists a
unique Ah € Cg(V) such that 6 (Ah) = h. Furthermore,

1
eI
4kl < 5 Nt ], @®)
This gives rise to a continuous linear map A : ZC?(V) — Cg(V) such that §A =

Proof The original proof of this result can be found in [14]. We refer to [8, 15] for
two simplified versions. O

The sewing map creates a first link between the structures we just introduced and
the problem of integration of irregular functions:

Corollary 2.2 (Integration of small increments) For any 1-increment g € Co(V) such
that 8g € C3T, set h = (id— A8)g. Then, there exists f € C{(V) such that h = §f and

n

1) t = lim Z titivls
fs [y, |—0 iiogl i+1

where the limit is over any partition Il = {ty = s, ..., t, =t} of [s, t] whose mesh
tends to zero. The 1-increment 8f is the indefinite integral of the 1-increment g.
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We also need some product rules for the operator §. For this, recall the follow-
ing convention: for g € C,([£1, £2]; Rb?) and h € Gy ([£1, £2]; REP), let gh be the
element of Cyym—1([£1, £2]; REP) defined by

(gh)tl ~~~~~ ntn—1 = gtlvm’tnhtn vvvvv Im4n—1 (9)

for t1, ..., tmyn—1 € [£1, £2]. With this notation, the following elementary rule holds:

Proposition 2.3 Let g € Co([€1, £2]; RYY) and h € Ci([41, £2]; RY). Then gh is an
element of Co([£1, £2]; Rl) and 5(gh) = 38gh — géh.

2.2 Random Differential Equations

One of the main appeals of the algebraic integration theory is that differential equa-
tions driven by a y-Holder signal x can be defined and solved rather quickly in this
setting. In the case of an Holder exponent y > 1/3, the required structures are just
the notion of controlled processes and the Lévy area based on x.

Indeed, recall that we wish to consider an equation of the form

d
dy, =Y Vi(y)dx{, tel0,T], yo=a, (10)

i=1

where a is a given initial condition in R™, x is an element of Ci’([O, TI; Rd), and
(V1,...,Vy) is a family of smooth vector fields of R™. Then it is natural that the
increments of a candidate for a solution to (10) should be controlled by the increments
of x in the following way:

Definition 2.4 Let z be a path in C’f (R™) with 1/3 < k <y, and set §x := x1. We
say that z is a weakly controlled path based on x if zgp = a with a € R™ and if 6z €
C5 (R™) has a decomposition 6z = ;xl + r, that is, for any s, ¢ € [0, T'],

1
8zs = é‘vj X”] + 71, (11)

where we have used the summation over repeated indices convention, and with
o tte Cy(R™),as wellas r € C%"(Rm).

The space of weakly controlled paths will be denoted by Qy ,(R™), and a process
z € Qy ,(R™) can be considered in fact as a couple (z, ¢). The space Qy ,(R™) is
endowed with a natural seminorm given by

d
Nz Qo ®R™)] =Nz CF (R")] + 3 N[e/: P (R")] + Vs G5 (R™)],
j=1
(12)
where the quantities M[g; C; ] have been defined in Sect. 2.1. For the Lévy area as-
sociated to x, we assume the following structure:
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Hypothesis 2.5 The path x : [0, T]1 — RY is y-Hélder continuous with % <y <l

and admits a so-called Lévy area, that is, a process x2 e C;y (Rd’d), which satisfies
sx? =x! @xl, namely

o =[x, [x],,

forany s,u,t €[0,T])andi, je{l,...,d}.

To illustrate the idea behind the construction of the generalized integral, assume
that the paths x and z are smooth and also for simplicity that d = m = 1. Then the
Riemann-Stieltjes integral of z with respect to x is well defined, and we have

t t t
/ Zydxy = z5(x; — x5) + / (zu — 25) dxy = 2,X, +/ (82)su dxy
N N s
for £1 <s <t <{;. If z admits the decomposition (11), we obtain
t t 1 t 1 t
f 6D sudxy = / (gsxsu + psu) dx, = CY/ X5y dxy +/ Psu dxy. (13)
N N N N
Moreover, if we set
t
X5, = / xl,dx,, i<s<t<b,
N
then it is quickly verified that x? is the Lévy area associated to x. Hence we can write

t 13
1 2
/ Zudx, = 25Xy, + Cs X5 + / Psu dxy.
s s

Now recast this equation as

t t
/ Psu dxy = / Zudx, — st‘zt — & Xft (14)
s s

and apply the increment operator § to both sides of this equation. For smooth paths z

and x, we have
5(fzdx> =0,  8(xx!)=—d8zx",

by Proposition 2.3 (recall also our convention (9) on products of increments). Hence,
applying these relations to the right-hand side of (14) and using decomposition (11),
the properties of the Lévy area, and again Proposition 2.3, we obtain

|:8 (/ pdx>:| = 8Z51,¢X}tt + (sé‘su Xit — & ngm
sut

1 1 1 2 1 1
= gsxsu Xut + Psu Xyt + (S{SMXW - gsxsu Xyt

1 2
= PsuXy; T 8¢su X
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Summarizing, we have derived the representation

|:8 </ ,odx>:| = ,Oqu;, + 8¢5y xﬁt.
sut

As we are dealing with smooth paths, we have that §( | p dx) lies in the space ZC31+
and thus belongs to the domain of A due to Proposition 2.1. (Recall that 6§ = 0.)
Hence, it follows that

t
/ Psudxy = Ag; (p x'+ 8¢ XZ),
s

and inserting this identity into (13), we end up with

t
/ Zydxy =275 Xit + & X?; + AA‘I(IOXI +5§X2)
s

Since in addition
,ox1 + 8¢ X2 = —8(zx1 + ;xz),

we can also write this as
/zu dx, = (id — A8)(zx" + ¢ x?).

Thus we have expressed the Riemann—Stieltjes integral of z with respect to x in terms
of the sewing map A, the couple (xl, xz), and of increments of z. This can now be
generalized to the nonsmooth case. Note that Corollary 2.2 justifies the use of the
notion of integral.

Proposition 2.6 For fixed % <k <y, let x be a path satisfying Hypothesis 2.5 on

an arbitrary interval [0, T]. Furthermore, let z € Qy ,([£1, €2]; R?) be such that the
increments of z are given by (11). Define Z by Z¢, = & with & € R and

825 = [(id —A8) ('x" + ¢IIxB)] (15)

forly <s <t <{p.Then J(z*dx) :=Z is a well-defined element on" & (L1, &2 R)
and coincides with the usual Riemann integral whenever z and x are smooth func-
tions.

Moreover, the Holder norm of 7 (z*dx) can be estimated in terms of the Holder
norm of the integrator z. (For this and also for a proof of the above proposition, see,
e.g., [14].) This allows us to use a fixed-point argument to obtain the existence of a
unique solution for rough differential equations.

Theorem 2.7 For ﬁxed <k <y, let x be a path satisfying Hypothesis 2.5 on
an arbitrary interval [0, T] Consider a given initial condition a in R™ and a fam-
ily (Vi,...,Vy) of C3 vector fields of R™, bounded with bounded derivatives. Let
| fllu,00 =l flloo + 6f 1l be the usual Holder norm of a path f € Ci([0, T1; R).
Then we have:
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(1) Equation (10) admits a unique solution y in Qy ([0, T]; R™) forany T > 0, and
there exists a polynomial Pr : R* — R such that

Ny @ (0. T R™)] < Pr(|[x']

2
o 12,). (16)
(2) Let F :R™ x CT([O, T1; RY) x ng([O, T]; R™™M) — C%’ ([0, T1; R™) be the map-
ping defined by

F(a, xl, xz) =y,

where y is the unique solution of (10). This mapping is locally Lipschitz continu-
ous in the following sense: Let X be another driving rough path with correspond-
ing Lévy area X%, and a be another initial condition. Moreover denote by ¥ the
unique solution of the corresponding differential equation. Then, there exists an
increasing function K1 : R* — R such that

'l

Iy = 3lly.cor <Kr([x'],. |%'],-

X2 ||2y’ iz ”2)/)

< lla—al+ =R, 4 [ -],). an

y9

The theorem above is borrowed from [12, 14, 21], and we send the reader to these
references for more details on the topic.

2.3 Fractional Brownian Motion

We shall recall here how the abstract Theorem 2.7 applies to fractional Brownian
motion. We will also give some basic notions on stochastic analysis with respect to
fBm, mainly borrowed from [25], which will turn out to be useful in the sequel.

As already mentioned in the introduction, on a finite interval [0, T'] and for some
fixed H € (1/3,1/2), we consider the canonical probability space (£2, F,P) as-
sociated with fractional Brownian motion with Hurst parameter H. That is, 2 =
Co([0, T1; RY) is the Banach space of continuous functions vanishing at 0 equipped
with the supremum norm, F is the Borel sigma-algebra, and P is the unique prob-
ability measure on §2 such that the canonical process B = {B;, t € [0, T]} is a d-
dimensional fractional Brownian motion with Hurst parameter H. Specifically, B
has d independent coordinates, each one being a centered Gaussian process with co-
variance given by (1).

2.3.1 Functional Spaces
Let & be the set of the space of d-dimensional elementary functions on [0, T']:
nj,]
_ _ Cf 1.
E=1f=U1 f0): fi= ZO all
1=

0=z0<t{<-.-<z,{j_l<z,{j=T, forj=1,....d}. (18)

@ Springer



J Theor Probab (2013) 26:722-749 731

We call H the completion of £ with respect to the semiinner product
d
(f.8)m = (fi-8)1,. where (Ljo1. Ljo,s)7, = R(s. ). 5.1 €[0,T].
i=1

Then, one constructs an isometry K7, : H — L2([0, 11; Rd) such that

Ki Aoy - LoD = Qo Ku @, ), - Yo, 1 Ku (ta, ),

where the kernel Ky is given by

u 3-H 1
KH(ta“)ZCH[<?> (t—uw)f—2

1

t
+ (E — H) u%iH‘/\ UHf%(U — M)Hf% dU:Il{O<u<l}» (19)
u

with a strictly positive constant ¢y, whose exact value is irrelevant for our purpose.
Notice that this kernel verifies Ry (¢, s) = th Ky, r)Ky(s,r)dr. Moreover, ob-
serve that K7, can be represented in the following form: for ¢ = (¢1,...,¢q) € H,

we have
Kyo=(Khe' ... Kj9?).

where [K};¢'], =du tl/Z*H[D;/_Z_H(u*(]/Z*H)(pi)]t

for a strictly positive constant dg . In particular, each H; is a fractional integral space

of the form Z,/>~" (L2((0, T1)) and ;"> (10, T]) c H;.

2.3.2 Malliavin Derivatives

Let us start by defining the Wiener integral with respect to B: for any element f in £
whose expression is given as in (18), we define the Wiener integral of f with respect
to B as

d nj—l

B(f):=y. Y al(B), —B)).

j=1i=0

We also denote this integral as fOT f () dB;,, since it coincides with a pathwise integral
with respect to B.

For6:R — Rand j €{l,...,d}, denote by O] the function with values in R¥
having all the coordinates equal to zero except the jth coordinate that equals to 6. It
is readily seen that

E[B(17)) Bl =6/ 4Res.

This definition can be extended by linearity and closure to elements of H, and we
obtain the relation

E[B(f)B(®)] = (f. &),
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valid for any couple (f, g) € H?>. In particular, B(-) defines an isometric map from H
into a subspace of L2($2). It should be pointed out that (§2, H, P) defines an abstract
Wiener space, on which chaos decompositions can be settled. We do not develop this
aspect of the theory for sake of conciseness, but we will use later the fact that all L?
norms are equivalent on finite chaos.

We can now proceed to the definition of Malliavin derivatives, for which we need
an additional notation:

Notation 2.8 For n, p > 1, a function f € CP(R";R) and any tuple (i1,...ip) €
{1,...,d}P, we set 81-1“,ipf for 22f

0x;...0xp "

With this notation in hand, let S be the family of smooth functionals F' of the form
F = f(B(h),.... B(hy)), (20)

where hy,...,h, € H,n > 1, and f is a smooth function with polynomial growth,
together with all its derivatives. Then, the Malliavin derivative of such a functional F
is the H-valued random variable defined by

DF =Y "0 f(B(h1)..... B(hy))h;.

i=1

For all p > 1, it is known that the operator D is closable from L” (§2) into L? (£2; H)
(see, e.g., [25, Chap. 1]). We will still denote by D the closure of this operator, whose
domain is usually denoted by D'? and is defined as the completion of S with respect
to the norm

IFllsp = (E(FI”) + E(IDFIIL)) 7.

It should also be noticed that partial Malliavin derivatives with respect to each com-
ponent B/ of B will be invoked: they are defined, for a functional F of the form (20)
and j=1,...,d,as

DIF=Y "9 f(Bh),.... Bhy)h

i=1

and then extended by closure arguments again. We refer to [25, Chap. 1] again for
the definition of higher derivatives and Sobolev spaces D7 for k > 1.

2.3.3 Levy Area of fBm

There are many ways to define the Levy area B? associated to fBm, and the reader
is referred to [12, Chap. 15] for a complete review of these. The recent paper [11] is
however of special interest for us, since it enables a direct definition of B2 by Wiener
chaos techniques. It can be summarized in the following way:
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Proposition 2.9 Let 1/3 < H < 1/2 be a fixed Hurst parameter. Then the fBm B
belongs almost surely to any space Cf fory < H, and it gives raise to an increment

B% ¢ ng which satisfies Hypothesis 2.5. Furthermore, for any 0 <s <t <T, B%t is
an element of the second chaos associated to B, and

E[[B)| ] <c, ¢ =97, p=1.

Moreover, the iterated integrals of B can be obtained as limits of Riemann-type
integrals. Indeed, for k > 1 and 0 <s < < T, consider the simplex

Sk([s,t])z{(ul,...,uk);s§u1<-~-<uk§t}. 21

For a given partition IT of [0, T'], we also denote by B! the linearization of B based
on I1. Combining the results of [11, 12], the following proposition holds:

Proposition 2.10 Let k > 1, and for a sequence of partitions (I1,),>1, set B" :=
B ForO0<s<t<T and (i1y..., i) €{1, ...,d}k, we consider then

B = / dBy "By,
Si(Is,11)

understood in the Riemann sense. Then there exists a sequence of partitions (I1,),>1
. . . k
such that B&™ 10 copverges almost surely and in L*, as an element 0fC2y for any

y < H, to an element called BXitik When k = 1, we obtain the increment 8 B of
our fBm. When k = 2, the limit corresponds to the increment B® of Proposition 2.9.

As a corollary of the previous considerations, we have the following:

Proposition 2.11 Assume that 1/3 < H < 1/2. Then Theorem 2.7 applies almost
surely to the fBm paths, enhanced with the Levy area B2. We are thus able to solve
the equation

d
dy =Y Vip)dB], te[0,T]. yo=a, (22)

i=1

under the conditions of Theorem 2.7.

3 A Norris-Type Lemma

Norris’ lemma [24] is one of the basic ingredients in order to obtain the smoothness
of densities for solutions to stochastic differential equations under hypoelliptic con-
ditions and was already extended to fBm with Hurst parameter H > 1/2 in [3]. We
shall extend in the current section this lemma to the rough paths context. A prelimi-
nary step along this direction consists of proving the following elementary lemma:
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Lemma 3.1 Let O <« < p < 1, and consider b € C([0, T]). Then forany 0 <n < 1,
we have

1Blla,00 < Cap[n1B115,00 + 1~ /P~ bl ], (23)
where we recall that ||b|| .o has been defined by (6).

Proof Recall that ||b]| has been defined by (5). Thus, for 0 <« < p < 1, we have

18bs,| \ 7 e e o 1-% &
||b||a=SuP|:< = 18bse| 7 | <27 2 1bllos " 10115 -
5,1

|t —s]?
Thus, for an arbitrary constant > 0, we have

18lla < Cap (1l + 1~ 77 [1Blloo),

thanks to Young’s inequality. Invoke now the interpolation inequality [3, formula
(3.17)] in order to get

__a .
16lle < Ca,p(nllbllp + 0~ 7= [y 161, + ¥~ = [1b]lL,])
= Ca o[l + 0711, ],

where we have chosen y = nPaT‘Y. Invoking again [3, formula (3.17)] in order to go
from || - |lo to || - ||o.00 NOrms, and this finishes our proof. O

We can now turn to the announced Norris-type lemma, whose proof is an adapta-
tion of [3] to the case of controlled processes.

Proposition 3.2 Assume that B is a fractional Brownian motion with H > 1/3. Let
z be a controlled path in Qf (R™), with decomposition

82l = ¢l By 4ol (24)

We assume that 1/3 < o <y < H and that the quantity E[N?[z; Qf (R™)]] is finite
for all p > 1. Set 8y;s = J(z*dB) according to Proposition 2.6. Then there exists
q > 0 such that, for every p > 0, we can find a strictly positive constant cp, such that

P(”y”y,oo <e¢, and ||zl ¢,00 > 8(1) <Cp el.

Proof In order to avoid cumbersome indices, we shall prove our result in the case of
one-dimensional processes. Generalization to the multidimensional setting is a matter
of trivial considerations. We also work on the interval [0, 1] instead of [0, T'] for the
sake of notational simplicity. As a last preliminary observation, note that if z admits
the decomposition (24), then according to (15), we have

Sy=zBl+¢B2 )", where y¥ = A(r B! + 57 B?).
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Similarly to what is done in [3], we consider two time scales § < A < 1. We
assume moreover that A /6 =r with r € N. We use a partition {t,; n < 1/8} of [0, 1]
with t, = né, so that ty, = NA. Some increments below will then be frozen on
the time scale A, in order to take advantage of some averaging properties of the
process B.

Step 1: Coarse Graining on Increments Consider then n such that (N — 1)r <n <
Nr —1,sothat (N — 1)A <t, < NA —§. According to (15), we have

— i
(Syt"t"Jrl - Zt’l Btntn+1 + Ct’l tn[n+1 + ytntn-H

_ . 1 it
=INA Btntn+1 8Zt”’NA B[ntn-H + gt’l lntn+1 + ytntn+l ’
. . . 3
where ytI 1S an increment in Czy. Thus,
B =5 +5 Bl ! 25)
iNA Inlp41 — yt”t”Jrl Zl”‘NA Intpt1 Ct" tntn+1 ytntn-H :
Nr—1 1/4
Setnow Xy =) " (N—1Dyr ”Btntn+1 |4 and Yy = . Then
Nr—1
4 1 4
leval'lXnl= > |evaBl,. |

n=(N—-1r
Furthermore, invoking relation (25), we get
anaBl [ S IV1y87 4 12l 1Blly 8 A7 + 1 lloo [ B2, 8 + 1713, 6% .

Raising this inequality to power 4 and summing over (N — 1)r <n < Nr — 1, we
obtain

— 4

|2 a X <8 A(IY I, + Dzl 1Bl A7 + 118 llos | B2, 87 + 11¥113,877)",
and therefore

lenvalYy <87 AV Iyl + 1zl 1Bl A7 4 18 oo | B2, 87 + 11¥¥113,877).

Sum now over N (recall that 1 < N < 1/A) in order to get

1/A

> lanalYy
N=1

<87 ATyl + 11zl 1By A7 + 12 oo B, 87 + 157113,67). (26)

Step 2: Behavior of a 4th-Order Variation Throughout the proof we shall use the
notations <, < given in the introduction. For K > 1, set Xk = Zn 1 IBL. % We
shall prove that

ntpt1

E[Xx] =< Ks*, and Var(Xg) <K%, 27)
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Indeed a s1mple scaling argument shows that Xx = 84H Xk with Xgx =
Z |B; nt l| Introduce now the kth Hermite polynomlal Hj (see [25] for a def-

inition and propertles of these objects) and notice in particular that H>(x) = x?—1
and Hy(x) = x* — 6x2 + 3. This enables to decompose X K as

K
Z n n+1 + 6H2(Bn n—H)] +3K. (28)

Recall now that for a centered Gaussian vector (U, V) in R2 such that E[U 2] =
E[Vz] =1, we have

E[H (V)] =0, and E[Hy(U) H/(V)] =k!/(E[U V1) L. (29)

Plugging this identity into (28), this immediately yields E[Xx]= 3K, which is our
first assertion in (27). In addition, the second part of (29) entails

K
Var(Xg) =2 Z (120, ., + o ) =25k,

ny,np=1
where we have set

_ 1 1
anl’nZ - E[Bnl ni+l1 an,nz-‘rl]

1
= S ln2 =m0 g =y = 12 =24y — g P7].
Summarizing, we have obtained that
Var(Xg) = 8% Var(Xx) = 2687 sx. (30

We will now prove that Sy < K. Indeed, write first

SK = Z (120[31’"1 +Ol,%1’n1) +2 Z (120[,11 nyp +al%1 nz) = SK +2SK

1<n1 <K 1<ni<n,<K

Then, since oy, », = 1, it is readily checked that S} < K. Moreover, the term S% can
be decomposed into

S[2< = Z (lzail,nﬁrl +a21,n1+1)

1<n;<K-1

+ Z (12anl naz +a'2” n2) S + S%(2

1<ny,n2<K,np—n;>2

Notice now that &y, p,+1 = —[1 — 2-2(H=1/2)] which easily yields S%(I <cyKk.
As far as S%g is concerned, write, for np —ny; > 2,

1
oenlm:H(2H—1)/ dr }(nz—n1)+u]”’ * du,
0
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which immediately yields o, », S (2 —n1) — 112272, Thus,

2/\

- K
D S
1=1ny=n1+2

A
||M\

since Y > m is finite whenever H < 3/4.

Gathering our bounds on S}, S%(I, and S%(Z, we obtain Sk < K, and plugging this
bound into (30), we end up with Var(f( k) SK 88 which is our claim. This finishes
the proof of (27).

4H—4

Step 3: Concentration Inequalities for Yy  Let us recall that Xy is in the 4th chaos
of the fBm B. Hence, a result by Borell [5] entails

| XN — E[XN]| s u) <eeen” uso.
[Var(Xy)]!/2

for two universal constant ¢y, ¢; > 0. With (27) in hand, this yields
ul/2

P(|Xy — 34871 > AV2§4H=12)) < o727y > 0. 31)

We now wish to produce a concentration inequality for Yy = X 11\,/4. Since Xy is a
small random quantity of order A§*~1 let us use the inequality

|bl/4 —a1/4| §§_3/4|b —al|, where&e(anb,avb).
Apply this with & = 3 A8* = in order to get
P(|vy _31/4A1/45H71/4| 2cA*3/48*3(4H*1)/4A1/284H*1/2u) <A+4Ar (32)
with

3
A= P(|XN —3A8M T 2 e AV2SHE2y Xy > §A54H‘1>,

3
Ay = P(XN < §A54H1>.

Furthermore, a straightforward application of (31) gives
A < cle_cz"l/2 and A; < cle_CZ(A/5)]/4.

Plugging these inequalities into (32), we end up with the following concentration
inequality for Yy:

P(}YN _31/4A1/48H—1/4‘ > CA—1/45H+1/4M) qu—czul/z _i_cle—cz(A/S)l/“' (33)
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We shall thus retain the fact that Yy is a random quantity of order 31/ Al/4§H—1/4
with fluctuations of order A~!/4gH+1/4.

|YN_31/4A1/48H7]/4|%5H+1/4A7]/4' (34)

Step 4: Use of the Interpolation Inequality Start again from (26). One would like
to have an approximation of the L! norm of z appearing on the left-hand side of this
inequality, that is, one would like to replace Yy by A. To this purpose, replace first
Yy by its approximation A'/487=1/% from the last step. This yields an inequality of
the form

1/A 1/A
N=1 N=1

+ 874 AT 4 Iyl + lizlly 1B, AY

+ ¢ lloo B2, 87 + 11¥113, 877 ).

Rescale this inequality in order to get A multiplying on the left-hand side, which
gives:

1/A
AY lzval < lzllo Rs.a +8~F 7 (Iylly + Izl 1 BIl, A7
N=1
+ ¢ lloo [ B2, 87 + 15511367 ), (35)
where
1/A
Rs.p =8~ HTUD AN " yy — 314 AVAGH1A|, (36)
N=1
Furthermore, it is well known that | A Zzlv/il lzval = llzllpt] < llzlly A7, so that we

can recast (35) into

Izl < llzlly AY + lizlloo Rs,a

+37 Iyl + Nzlly 1Bl A7 + 1€ lloo [B2[5,, 87 + 15113, 6%7).
(37)

Recall that we take 0 < ¢ <y < H and set vy := 1/(y — «). According to (23),
we have

Izlle,00 S nllzlly,00 + 0~ llzllL,
for any (small enough) constant 7, and plugging (37) into this last relation, we obtain
Izlla,co S 0" AV zlly,00 + 17" zlloo R, a + nllzlly,00

+ 07 (I1ylly,008~ 7 + 1zl o0l Blly 8~ H -1 AY
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+11¢ oo | B2, 82 + 1157113, 87 1)
Defining € as € = H — y, we get

Izlle,00 S0 AV NIzlly 00 + 07 llzlloc Rs,a +nllzlly,00
+ 17 (15 lly,008 ¢ + llzlly, 0l BIl, 8¢ A
12 lloo [ B2 5,877 + 111138 ). (38)
Step 5: Tuning the Parameters Recall that we have chosen 0 K § K A <« 1. We
express this fact in terms of powers of ¢ by taking § = ¢* and A = & with u > A > 0.

We also choose n of the form n = £™/VH  We shall now see how to choose A, w, T
conveniently: write (38) as

—T4A —
Izllaco S lzlly.0o + & lzlloo Rs,a + €7 Izl .00
—r—¢ —T—Eutr
+ 1ylly,008 """ + lizlly 00| Bllyg T E# Y

+ 15 oo B2 [, e 77O 1y l5, e T TO (39)

In order to be able to bound z when y is assumed to satisfy ||y, 00 < &, the coeffi-
cients in the right-hand side of (39) should fulfill the following conditions:

e The coefficient in front of ||y||, oo should be smaller than e L

e The other coefficients should be « 1.

Looking at the exponents in (39), assuming that € is arbitrarily small, and letting for
the moment Rs 4 apart, this imposes the following relations:

Ay>t and O<rt<l. 40)

Let us go back now to the evaluation of R; a, given by expression (36), with the
order of magnitude of |Yy — AV/AgH=1/4) given by (34). Therefore,

R p ~ 5~ H=1/H p3/4 =1 HH/8 p=1/4 _ 5172 y=1/2.

Expressing this in terms of powers of ¢, we end up with

—A
N V" Rs A~ e withe = MT - 1.

If we wish this remainder term to be small, this adds the condition

w—Ar>2t, 41)

which can be fulfilled easily. From now on, we shall assume that both (40) and (41)
are satisfied.
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Step 6: Conclusion Recall that we wish to study the probability P(||y|l, « < &, and
Izlle,00 > €7). This quantity is obviously bounded by Bj + B, where

Bi =P(Ilylly.00 <& Izllao0 > €9, [Rs 4l < c ATVAHT4 (A /5)F),
By =P(|Rs 4l = c ATVASHFA (A 18)F),

where & is an arbitrary small positive constant. Furthermore, inequalities (33) and
(36) yield, for any p > 1,

_ g2 _ 1/4
By <cie” @A e < P,

where we have used the fact that §/A = g,
We can now bound Bj: notice that according to (39), if we are working on

(IRs,al < c ATVASHFA(A 1)) N (1 lly.00 < &),
then there exists a p > 0 such that
l2llaoo < £7[1+N2[z: QF(R™)] + I1BI2 + |B2[3, ].

Moreover, recall that A[z; Qf (R™)] is assumed to be an L” random variable for all

r > 1, while || B||,, and IIBZHZ}, are also elements of L", since they can be bounded by
a finite chaos random variable. Thus, the Chebyshev inequality can be applied here,
which entails

B 5 (1-+ BV (s OF )] + 1812 + [B2 3 el

for an arbitrary [ > 1. It is now sufficient to choose ¢ < p and / large enough so that
I(p — q) = p to conclude the proof by putting together our bounds on B; and B,.
d

4 Malliavin Calculus for Solutions to Fractional SDEs

This section is the core of our paper, where we derive the smoothness of density
for the solution to (22). We first recall some classical notions on representations of
solutions to SDEs and then move to Malliavin calculus considerations.

4.1 Representation of Solutions to SDEs

The first representation results for solutions to SDEs in terms of the driving vector
fields can be traced back to the seminal work of Chen [7]. They have then been
deeply analyzed in [18, 29] and also lie at the basis of the rough path theory [21]. We
have chosen here to present these formulas according to [1], which is a recent and
didactically useful account on the topic.

Recall that we are considering a d-dimensional fBm B with 1/3 < H < 1/2. Ac-
cording to Sect. 2.3, this allows us to construct some increments B¥ out of B which
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can be seen as limits of Riemann iterated integrals over the simplex S ([s, t]), as re-
called in Proposition 2.10. Furthermore, one can solve (22) under the conditions of
Theorem 2.7.

Let us introduce some additional notation: let }V be the space of smooth bounded
vector fields over R™. Given V € V, we use exp(V) to denote the exponential map,
which maps a vector to another vector and is defined by the relation [exp(V)](§) =
w1 (&), where {¥;(£); t > 0} is a solution to the ordinary differential equation

W (&) =V (¥ (), Yo(§) =§. (42)

The aim of the Chen—Strichartz formula is to express the solution y, to (22), for an
arbitrary ¢ € [0, T'], as y; = [exp(Z;)](a) for a certain Z; € V.

To this purpose, let us give some more classical notations on vector fields: if
V, W €V, then the vector field [V, W] € V (called Lie bracket of V and W) is defined
by

(v, Wl =viag,wi —wla, v’
Notice that this notion is usually introduced through the interpretation of V as a set

of first-order differential operators. A Lie bracket of order k can also be defined in-
ductively for k > 2 by setting

[(Uy - Ukl =[[U; -+ Ug—11, Ug]

for Uy ...Ui € V. With this notation in hand, our main assumption on the vector
fields Vi, ..., V4 governing (22) is the following:

Hypothesis 4.1 The vector fields Vi, ..., Vi are n-nilpotent for some given positive
integer n. Namely, for any (i1, ...,i,) € {1,...,d}", we have [V}, --- V;,] =0.

We are now ready to state our formulation of Strichartz’ identity, for which we
need two last notations: for k > 1, we call & the set of permutations of {1, ..., k}.
Moreover, for o € &y, write e(o) for the quantity Card({j € {1,...,k — 1}; 0(j) >
o (j + 1)}). Then the following formula is proven, e.g., in [1, 18, 29]:

Proposition 4.2 Under the hypothesis of Theorem 2.7, let y be the solution to (22).
Assume Hypothesis 4.1 holds true, and consider t € [0, T]. Then y; = [exp(Z;)](a),
where Z; can be expressed as follows:

n—1 d e(o)
seensig . iseesi (=1 K,iz(1)sensleh)
Zi=) o Y Vi with gt =y s By T,
k=liy,....ix=1 ceGy (e(a))
where we have set T = o~ and Viio.oiv = Vi, -+ - Vi 1 in the formula above.

As a warmup to the computations below, we prove now that one can extend our in-
equality (16) thanks to the Strichartz representation, covering the case of unbounded
vector fields with bounded derivatives:
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Proposition 4.3 Suppose that Hypothesis 4.1 holds and that the smooth vector fields
Vi,i=1,2,...,d, have bounded derivative. Assume moreover that all the Lie brack-
ets of order greater than or equal to 2 are bounded vector fields. Then the solution y
of (22) admits moments of any order. Namely, for any m > 1 and any T € (0, 00),

E[ sup |y/|"] < o0. (43)
0<t<T

Proof One can restate Proposition 4.2 as follows: for any # < T, the random variable
y: can be expressed as y; = qbi , where ¢ := ¢ : R? — R4 satisfies (for 7 fixed)

n—1 d
dpe= D YTV @), 0=s<1,  go=a.

Let us separate the first-order integrals in this equation, in order to get

Oseps = Z Vi(¢s) B] + Z Z YR (@), go=a. (44)
k=2iy,..., ir=1
Since V;,i =1,2,...,d, have bounded derivatives and since all the Lie brackets of

order greater than or equal to 2 are bounded, we see that

|a¢v|<Z|v,(¢)||B|+Z Z i Vi i (@)

k=2i,...,ix=1

S0 SETALTET S DA

k=11iy,...ix= l

Thus by Gronwall’s lemma, we have

|¢s|<02<z Z Sup |1/f1 """ ”‘|>exp{clz sup |B} |}

This inequality holds for all 0 <s < 1. Thus,

d
sup |y,|<cz(z Z sup |1ﬂ "”‘|)exp{clzosup |B;|}
i=10=1=T

O=t=T k=1 i1,..mrig=10
which implies (43) by the theorem of Fernique [10]. g
4.2 Malliavin Derivative

This subsection is devoted to enhancing our Proposition 4.3, and proving that the
Malliavin derivative of y; has also bounded moments of any order in our particular
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nilpotent situation. Notice once again that the boundedness of moments of the Malli-
avin derivative is still an open problem for rough differential equations in the general
case. We refer to Sect. 2.3.2 for notations on Malliavin calculus.

Theorem 4.4 Let the vector fields V;, 1 = 1,2, ...,d, be smooth with all derivatives
bounded, satisfying Hypothesis 4.1. Assume that all the Lie brackets of order greater
than or equal to 2 are constants. Then the Malliavin derivative of y; has moments of
any order. More precisely, for any g > 1 and T € (0, 00),

E[ sup [|Dyyl?] <oc. (45)

O<u<t<T

Proof Go back to our representation (44), which can easily be differentiated in the
Malliavin calculus sense in order to obtain

n—1

Dy = Zvv,(¢s)BD¢s+Z Z UiV i (65) Duds

k=2iy,..., ir=1
n—1
+ZV(¢9>1[0»(“>+Z Z Dy Vi i (@),
i=1 k=2iy,..., ir=1

where we have set VV;, _; for the (matrix-valued) gradient of V;, _; , and where

.....

we recall that the notation 1[0] » has been introduced in Sect. 2.3.2.
Since we assume that all the Lie brackets of order greater than or equal to 2 of the
vector fields V; are constant vector fields, it is easily checked that

35 Dugps = ZVV(@)B Dus +ZV(¢>S)1[0 5 ()

i=1 i=1

+Z Z D" Vi (). (46)

Therefore there exist two positive constants ¢y, ¢2 such that

d
|0y Dudps| < 1Y | B} || Duchy|

i=1
d

+ea ) [1+1esl]1; )<u>+2 Z Dy [Viy i (9]
i=1 k=2iy,..., ir=1

By Gronwall’s lemma we obtain

sup | Dups |

0<s<1,0<u<t<T
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d d
<czexp{clz sup |B,|} {Z 1+ sup |¢Y]
| 0<t=<T — 0<s<l1
n—1 d ) )
x<l+ sup » Z sup | Dt || Vi ik(¢s)|)}.
0<t<T ,_ 0<s<1,0<u<t<T
k=21iy,...,ix=1
Thus,
sup | Dy yi|
O<u<t<T

d
<ocfar ) s [2]
d n—1 ' '
X {Z[l+ sup |yl <1+Z Z sup |Duw;l ..... tk|)}7
i=1

0<t<T k=2 i1.ip= 10=s=1,0=<u=r<T

which ends the proof easily by the boundedness of moments for y;, Dutjffl""’i"
and B;. O

Example 4.5 A classical example of nilpotent vector fields in R? is due to Yamato
[31]. Let us check that this example fulfils our standing assumptions. Indeed, the
example provided in [31] is the following:

d d d d
A1 =0, Ay = — +2xp—, d A3=— —2x1—.
! 2 3x1+ x28X3 an 3 0x2 o 0x3
Then
ad
[A2, A3] = —4E, [[A2, A3], A2] =[[A2, A3], A3] =0.

It is thus readily checked that the conditions of Theorem 4.4 are met for these vector
fields. Moreover, in this particular case the solution to (22) is explicit, and we have

2,32 2,23
yi=yi+B.  y=w+B. y=y3+2(B;" -B;")

if the solution starts from the initial condition (yi, yz, ¥3). Interestingly enough,
though the solution is explicit here, the smoothness of the density of y; is not im-
mediate, and we recover here the results of [9].

4.3 Stochastic Flows
The probabilistic proof of the smoothness of density for diffusion processes origi-
nally given by Malliavin [22] heavily relies on stochastic flows methods and their

relationship with stochastic derivatives. We now establish those relations for SDEs
driven by a fractional Brownian motion.
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To this aim, denote by y*¢ the solution to (22) starting from the initial condition
ys =a at time s:

d
dy;* =Y "Vi(y")dB], tels, T,  y“=a. 47)
i=1

The above equation gives rise to a family of smooth nonlinear mappings @; ; : R” —
R™ 0 <s <t <T, determined by @ ,(a) :=y,"*, and the family {@;,;0 <s <
t < T} has the following flow property (we refer, e.g., to [12] for the properties of
flows driven by rough paths quoted below):

cDs,tZCDu,to®s,u» O<s<u=<r<T.

Let J;; denote the gradient of the nonlinear mapping @, ; with respect to the
initial condition. Then the family {Js;; <s <t < T} also satisfies the relation
Js.o = JytJsy for 0 <s <u <t <T. In addition, the map J,, is invertible, and
we have J; ; = JOJJ()_, sl The equation followed by Jy ; is obtained by differentiating
formally (47) with respect to the initial value a, which yields

d
dJos=)_ VVib)JosdBl, Joo=1I.

i=1

By applying the rules of differential calculus for rough paths, we also get that Jo_zl is
solution to the following equation:

d
i} ==Y VVio g Bl g =1. 48)
i=1

We have thus ended up with two linear equations for the derivatives of the flow. In
our nilpotent case, we are thus able to bound these derivatives along the same lines
as for Theorem 4.4:

Theorem 4.6 Let the vector fields V;, 1 =1,2,...,d, be smooth with all derivatives
bounded and satisfy Hypothesis 4.1. Assume that all the Lie brackets of order greater
than or equal to 2 are constant. Then the Jacobian Jo,, and its inverse J tl have
moments of any order: for any g > 1 and T € (0, 00),

E[ sup |Jo,t|q] <00, and E[ sup |J0_Jl|‘7] < o0. (49)

0<t<T 0<t<T
Proof As mentioned in the proof of Proposition 4.3, one can write d~>o,,(a) =

exp(Z;)(a) = ¢1(a), where ¢i(a) satisfies (44). Thus, if we introduce J; = Vs,
then Jo; = J; where J; satisfies

d n—1 d
0Js =Y BIVVi@) s+ D ¥V @0, Jo=1.

i=1 k=2iy,..., ir=1
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The first part of (49) is thus proved following the steps of Proposition 4.3. B
As far as the second part of (49) is concerned, observe that J(; tl = Ji, where J; is

inverse of fs It is clear that J; satisfies

n—1

d —
o5 Js ==Y VVis)Js B —
i=1 k=2iy,..., ir=1

Once again, the methodology of Proposition 4.3 easily yields our claim. (|

Corollary 4.7 Under the same assumptions as in Theorem 4.6, the following holds:

(1) Forany 0 <y < H and g > 1, we have
E[IDyl1}.00] + E[I1 o, 15,00] + E[[ I 7 ] < e (50)

for a finite constant c7 4.

(ii) As a consequence, inequality (50) also holds when the || - ||, o norms are re-
placed by norms in 'H, where H has been defined in Sect. 2.3.1.

(iii) For any smooth bounded vector field U on R™ and t € [0, T], set ZtU =

{(Jo., IIU (1), n). Then ZY is a controlled process and satisfies the inequality
E[NYI[ZY; QY (R™)]] < cr,q for any g > 1 and a finite constant cr 4.

Proof Going back to (46), it is readily checked that all the terms u — D, w,i T

multiple integrals with respect to B. Moreover, we have
i1yenlk |9
E[[ Dyy" "] ] < o0

.....

of Gronwall’s lemma, as in the proof of Theorem 4.4.

Our second assertion stems from the fact that one can choose 1/2— H <y < H,
since H > 1/3. For such y, we have Ci’ C 'H, which ends the proof.

Finally, our claim (iii) derives from the fact that the equation governing ZY is of
the following form:

YA
Z,U=(n,U(a))+Z/O z; " dBi. (51)
j=1

The process ZY can thus be decomposed as a controlled process as in Sect. 2.2, and
since we already have estimates for J(; [1 and y,, the bound on E[NY[Z U. 97 (R™)]]
follows easily. 0

4.4 Proof of Theorem 1.1

As mentioned in the introduction, once we have shown the integrability of the Malli-
avin derivative and proved a Norris-type lemma, the proof of our main theorem goes
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along classical lines. We have chosen to follow here the exposition of [16], to which
we refer for further details.

Step 1: Reduction to a Lower Bound on Holder Norms Recall that the process ZY
has been defined for any smooth vector field U in Corollary 4.7. For any p > 1, our
first goal is to reduce our problem to the existence of a constant ¢, such that

P(|Z%], o <€) <cpe” (52)

forl <k <d,agivena € (1/3,1/2), and all € € (0, 1), and where we observe that
all the norms below are understood as norms on [0, T].

Indeed, according to [16, Relation (4.9)], the smoothness of density can be ob-
tained from the estimate

P(|Z% ], =) < cpe”.
where we recall that H has been defined in Sect. 2.3.1. Furthermore, we have
P(|2% ]y = &) =P(|2"] 2 =€) =P(|2"] 1 = ).
It is thus sufficient for our purposes to check that
P(|2%] s ) = cpe?. (53)

In order to go from (53) to (52), let us use our interpolation bound (23) in the
following form: forany 0 <n <1 and 0 <« < p < H, we have

15121 = 0" (1blla,00 — Capn 111 9,00)-

Take now & € (0, 1) to be fixed later on and nl(/’_“) =¢!79 thatis, n= glo—a)(1-8)
Then

1
P(|12"%] 1 = &) <P(|12%] 40 = 26") + R, where R :P<||ZV" [0 = 4cgv>’

(54
with v=p —a — (1 + (0 — «))8. Choose now § small enough, so that v > 0.
Since || Z V¥ || p,00 admits moments of any order according to Corollary 4.7, it is easily
checked that R can be made smaller than any quantity of the form c,&?. It is thus
sufficient to prove (52) in order to get the smoothness of density for y;.

Step 2: An Iterative Procedure Forl > 1 and x € R™, let V;(x) be the vector space
generated by the Lie brackets of order [ of our vector fields Vi, ..., V; at point x:

Vi) = Span{[Vi, -+ Vi, 1(x); j <1, 1 <ki,... k; <d).

We assume that the vector fields are £-hypoelliptic for a given £ > 0, which can be
read as Vg (x) = R™ for any x € R™. In order to start our induction procedure, we set
o] = «, so that we have to prove that P(||Zz" llar,00 <€) <cpe?.
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Recall that Z* satisfies the relation

= (. V@) + Z/ 2V g

j=1

Thus Proposition 3.2 asserts that for any 1/3 < oy < @1 < H, there exists g > 0
such that

d
Pl(12% oy =) 0 (121", oo = 2) | | < cpe?
j=1
Relation (52) is thus implied by
d
(| z" lay 0o =€) ﬂ(||lekakzl”a2m <e?) )] <cpe”.
j=1

Iterating this procedure, we end up with the following claim to prove: By (¢g) < cpe”
for all € € (0, 1), with

Bie =P 2% ], <o |2, < 2, <),

Ol]OO— 0,00 —

where the intersection above extends to all possible combinations 1 <k, ..., k; <d,
and where 1/3 <oy <--- <oy < H.

Going back now to the very definition of ZY as Z, u (JO ,U(r), m), itis readily
checked that

Be(e) <P((n, Vi, (@) < &,.... (0, [Vi; -+ Vi ) @) < &7).

Owing to the fact that V; (a) = R, we thus have B, (¢) = 0 for ¢ small enough, which
ends the proof.
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