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Example of steepest descent (6)

z=4+x>+3)?

z=16

No change in z
along this
curve
Level curve

along which
z=16

X

/ VfG. 1)\
Direction of

Direction of
zero change in z zero change in z
=] 5 = E DAy
Samy T. Several variables



Gradient and level curves

~ Theorem 8. N

Let
e f differentiable function at (x,y)
@ Hypothesis: Vf(a,b) #0

Then:

The line tangent to the level curve of f at (a, b)
is
orthogonal to V£ (a, b)

Samy T. Several variables Multivariate calculus 81 /145



Hyperboloid example (1)

Function:
z="f(x,y) = \/m
We hnw that from T §.
Questions: We jus uant” I veu./;’ o Wm, My emmfpc
@ \Verify that the gradient at (1,1) is orthogonal to the)j
corresponding level curve at that point.

@ Find an equation of the line tangent to the level curve at (1,1)

Samy T. Several variables Multivariate calculus 82 /145
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Hyperboloid example (2)

‘t-Vf=0

SEIAN

Vfis orthogonal to level curves.

|

Several variables




Hyperboloid example (3)

Point on surface:
Given by (1,1,2) = On level curve z =2

Equation for level curve: Ellipse of the form

1+2x°+y? =4 <= 2x*+y?’=3

Implicit derivative:
dy £ 2x

dx Fy, y
Thus
dy

dx(l) -2

Samy T. Several variables Multivariate calculus 84 /145



Hyperboloid example (4)

Tangent vector: Proportional to
t=(1,-2)

Gradient of f:
2
w(x,y):< - y >

V1I+2x24+y?" T+ 2x2+ y2

Thus

VA(L1) = <1, %>

Orthogonality: We have
t-VF(1,1)=0

Samy T. Several variables Multivariate calculus 85 /145



Hyperboloid example (5)

Tangent line to level curve: At point (1,1) we get
F(LL)(x — 1)+ (L 1)(y — 1) =0,

that is
y=-2x+3

Samy T. Several variables Multivariate calculus 86 /145



Generalization to 3 variables
Situation:

@ We have a function w = f(x,y, z)
@ Each wy results in a level surface

f(x,y,z) = w
Gradient on level surface:

Will be L to level surface

[Gradiem vector at (a, b, ¢) i

s
orthogonal to level surface. }
z

Vf(a, b, c)

y
=] & = E DA
SEIAN Several variables



Example of tangent plane (1)

Function:
f(x,y,z) = xyz
Gradient:
Vf(x,y,z) = (yz,xz,xy)
Thus

V£(1,2,3) = (6,3,2)

Samy T. Several variables Multivariate calculus 88 /145



Example of tangent plane (2)

Plane tangent to level surface:
6,3,2) - (x—1,y—2,z—3) =0

We get
6x + 3y +2z =18

Samy T. Several variables Multivariate calculus 89 /145



Outline

@ Tangent plane and linear approximation

=] & = E DA
SEIAN Several variables



Linear approximation for functions of 1 variable
Situation: We have

° y=f(x)

Tangent vector at a:

t=(1,f(a)

Linear approximation: Near a we have

Fx) = (a) + Fa)(x — ) 12ms

o.mgx(mahln
, (1% aded )
5= {0) : (@.f@)
.

X

Samy T. Several variables Multivariate calculus 91 /145
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Tangent plane for F(x,y,z) =0

— Definition 9. | \
Let F(x,y,z) be such that
e F differentiable at P(a, b, c)
e VF#0
@ S is the surface F(x,y,z) =0

Then the tangent plane at (a, b, ¢) is given by

Fi(a, b, c)(x —a) + F,(a,b,c)(y — b) + F.(a,b,c)(z—c) =0

M we can allo wicle the eq o YE ¢ nawal
VF(a6c) - <xay-b 2-c¢> =0 bpztncmqmr

Samy T. Several variables Multivariate calculus 92 /145
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Interpretation of tangent plane

Tangent plane as collection of tangent vectors: If
@ S is the surface F(x,y,z) =0
@ ris a curve passing through (a, b, ¢) at time t
Then r'(t) € tangent plane

VE(P, VF(P,) normal to tangent plane

" € lugedrvlane
4

F(x,y,2)=0 F(x,y,2)=0
e Tangent vector r'(f) N
~
p Cr@ = &), y0), 20)
0

/
( Vector tangent to C ] ( Tangent plane formed
at P is orthogonal by tangent vectors for

| to VF(R). all curves C on the

| surface passing through P,

Samy T. Several variables Multivariate calculus 93 /145
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Samy T. Several variables

Example of tangent plane (1)

Surface: Ellipsoid of the form

2 2
F(X7y7z):%+%+22_1:0
chech: F(9 & ¥5) =O

Questions: 7
© Tangent plane at (0,4, 3)
@ What tangent planes to S are horizontal?

Multivariate calculus

94 /145
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VF(xy,z) = (Z%/ 25+ 22 (5041
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& e &= ij + 152 = 25
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Example of tangent plane (2)

Gradient: We have

VF(x,y,z) = <2X 2 2z>

925’

Thus 3 8 6
F(0,4, =) = - =
VF(©, ’5) <O’25’5>

Tangent plane:
4y + 15z =25

SEIAN Several variables

Multivariate calculus
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Example of tangent plane (3)

X

3
2 2
x
F(x,y,2) = 3+%'5 2Z—-1=0
or <3 = T 9ace



Example of tangent plane (4)

Horizontal plane: When the normal vector is of the form

n=(0,0,c), with c#0

Horizontal tangent plane: When the normal vector VF is of the form

VF(x,y,z) =(0,0,c) <= F,=0, F,=0, F,#0

Solutions: Horizontal tangent plane for

(0,0,1) and (0,0,—1)
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