
Outline

1 Graphs and level curves

2 Limits and continuity

3 Partial derivatives

4 The chain rule

5 Directional derivatives and the gradient

6 Tangent plane and linear approximation

7 Maximum and minimum problems

8 Lagrange multipliers
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Global aim

Objective function:
f = f (x , y)

Constraint: We are moving on a curve of the form

g(x , y) = 0

Optimization problem: Find

max f (x , y), subject to g(x , y) = 0
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Optimization problem: illustration
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Lagrange multipliers intuition (1)
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Lagrange multipliers intuition (2)
Some observations from the picture:

1 P(a, b) on the level curve of f
=∆ Tangent to level curve ‹ Òf (a, b)

2 P(a, b) gives a maximum of f on curve C
=∆ Tangent to level curve Î Tangent to constraint curve

3 Constraint is g(x , y) = 0
=∆ Tangent to constraint curve ‹ Òg(a, b)

Conclusion (Lagrange’s idea):
At the maximum under constraint we have

Òf (a, b) Î Òg(a, b)
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Lagrange multipliers procedure

Optimization problem: Find

max f (x , y), subject to g(x , y) = 0

Recipe:
1 Find the values of x , y and ⁄ such that

Òf (x , y) = ⁄Òg(x , y), and g(x , y) = 0

2 Select the largest and smallest corresponding function values.
Òæ We get absolute max and min values of f s.t constraint.
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Example of Lagrange multipliers (1)

Optimization problem: Find

max f (x , y), with f (x , y) = x2 + y 2 + 2,

subject to the constraint

g(x , y) = x2 + xy + y 2 ≠ 4 = 0

Samy T. Several variables Multivariate calculus 133 / 145
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Example of Lagrange multipliers (2)

Computing the gradients: We get

Òf (x , y) = È2x , 2yÍ , Òg(x , y) = È2x + y , x + 2yÍ

Lagrange constraint 1:

fx = ⁄gx ≈∆ 2x = ⁄ (2x + y) (1)

Lagrange constraint 2:

fy = ⁄gy ≈∆ 2y = ⁄ (x + 2y) (2)
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Example of Lagrange multipliers (3)

System for x , y : Gathering (1) and (2), we get

2(⁄ ≠ 1)x + ⁄y = 0, ⁄x + 2(⁄ ≠ 1)y = 0

This has solution (0, 0) unless

⁄ = 2, or ⁄ = 2
3
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Example of Lagrange multipliers (4)

Case ⁄ = 2: We get x = ≠y . The constraint

x2 + xy + y 2 ≠ 4 = 0

becomes
x2 ≠ 4 = 0

Solutions:
x = 2, and x = ≠2

Corresponding values of f : We have

f (2, ≠2) = f (≠2, 2) = 10
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Example of Lagrange multipliers (5)
Case ⁄ = 2

3 : We get x = y . The constraint

x2 + xy + y 2 ≠ 4 = 0

becomes
3x2 ≠ 4 = 0

Solutions:
x = 2Ô

3
, and x = ≠ 2Ô

3

Corresponding values of f : We have

f
A

2Ô
3

,
2Ô
3

B

= f
A

≠ 2Ô
3

, ≠ 2Ô
3

B

= 14
3
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Example of Lagrange multipliers (6)

Absolute maximum:
For function f on the curve C defined by g = 0,

Maximum = 10, obtained for (2, ≠2) , (≠2, 2)

Absolute minimum:
For function f on the curve C defined by g = 0,

Minimum = 14
3 , obtained for

A
2Ô
3

,
2Ô
3

B

,

A

≠ 2Ô
3

, ≠ 2Ô
3

B
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Example of Lagrange multipliers (7)
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