e Paraboloid z = x2 + 2

Region bounded by 2 surfaces (1)

Problem: Find the volume bounded by

o Conez=2—+/x2+y?

ZI
Intersection 2
curve C /) R
y. i
& e
i
i
i
i

x { Projection of C onto
SEIAN

xy-plane: r = 1

Several variables
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Region bounded by 2 surfaces (2)

Expression as an integral: We have
v:/'/<2_ 2+ 2 — (x? 2>dA,
J e By = (4 57)

Integration region: The region R is defined as

R = region with boundary C
given as intersection of paraboloid and cone

Samy T. Several variables Multivariate calculus 44 / 99



Region bounded by 2 surfaces (3)

Definition of C: Write

X2 y?=2—/x24+y2
In polar coordinates in the plane, this gives

P+r—2=0

Physical solution to the equation: Circle in the xy-plane,

X2+_y2:1

Samy T. Several variables Multivariate calculus 45 / 99



Region bounded by 2 surfaces (4)

Volume in polar coordinates: We have

o e () o
= /%/ 2—r—r rdrdf
e

0

Thus

Samy T. Several variables Multivariate calculus 46 / 99



Outline

@ Triple integrals

=] & = E DA
SEIAN Several variables



Triple integral approximation (1)

Aim: For w = f(x,y, z), compute
< The integral of f on a domain D C R3

Approximation:
e Divide D into boxes centered at (x;, y;, z;)
@ Area of each box: AV, = Ax AyAz

Then we obtain the integral as a limit

/// (x,y.z fok>Yk7Zk)AVk
[m

N

Samy T. Several variables Multivariate calculus
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Triple integral approximation (2)

|

To twmpule volume:

Volume (D)= J, 4 dzdy de

xF Y520
Az !
Ax
k
Ay,
' - D AV, = Ax, Ay, Az,
y
/ g v 2
X
=] & = E E DA
Samy T. Several variables
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Choosing the order of integration

—~ Theorem 3.

Let
e f continuous function on R3

@ D domain of the form {ixcd boundy

= {(X,y,Z);@®g(X) <y < h(x),

G(x,y)<z< H(Xd’)}

Then we have

/// X, y,2)dV = / /h(X)/ f(x,y,z)dzdydx

J

Samy T. Several variables Multivariate calculus
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Volume of a prism (1)
Problem: Compute the volume of a prism D
ot ocant +20450 40 Bk T xe
@ In the first octant *29, 920 + 2 we ficed, we

@ Bounded by planes y =4 —2x and z =6 have
Ocy ¢ 42z

Zﬂ z=6 RML

x+- Mace
% pma_ OVEL By

- {ocxee,
2 o€z £6)
=L 1) e by
|~ &q 43 4- (e

4 y
2) (-2x =0
2 = x=2

X
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Volume of a prism (2)

Strategy of integration:
@ Upper surface: y =4 — 2x

Q@ Base: y=0,0<x<2,0<2z<6
— We get a rectangle (easy surface)

Conclusion: an easy way to integrate is in this order,

dy dxdz

Samy T. Several variables Multivariate calculus 52 /99



Volume of a prism (3)

Integral computation: We get

6 2 [4—2x
V = / / / dy dx dz
o Jo Jo

= /06/02(4—2x)dxdz

Thus we get

Samy T. Several variables Multivariate calculus 53 /99



Volume of a wedge (1)

Problem:
Compute the volume of the cylinder C : x> 4 y? = 1 delimited by

@ xy-plane z =0
@ Planez =y
. 220

Bk 1f 2y

mcﬁum

hew we wixder
Of2 £y

In puhicolu,
yzo

xy- hace d dyc
zﬁfél
wdﬂho
ha(l dok -
.’.@ {~1¢x <\,

y o¢y ¢ (127 )
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	Triple integrals

