
Region bounded by 2 surfaces (1)

Problem: Find the volume bounded by
Paraboloid z = x

2 + y
2

Cone z = 2 ≠
Ô

x2 + y 2
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Region bounded by 2 surfaces (2)

Expression as an integral: We have

V =
⁄ ⁄

R

3
2 ≠

Ò
x2 + y 2 ≠

1
x

2 + y
2
24

dA,

Integration region: The region R is defined as

R © region with boundary C

given as intersection of paraboloid and cone
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Region bounded by 2 surfaces (3)

Definition of C : Write

x
2 + y

2 = 2 ≠
Ò

x2 + y 2

In polar coordinates in the plane, this gives

r
2 + r ≠ 2 = 0

Physical solution to the equation: Circle in the xy -plane,

x
2 + y

2 = 1
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Region bounded by 2 surfaces (4)

Volume in polar coordinates: We have

V =
⁄ ⁄

R

3
2 ≠

Ò
x2 + y 2 ≠

1
x

2 + y
2
24

dA

=
⁄ 2fi

0

⁄ 1

0

1
2 ≠ r ≠ r

2
2

r drd◊

=
⁄ 2fi

0

3
r

2 ≠ 1
3r

3 ≠ 1
4r

4
4 ----

1

0

Thus

V = 5fi

6
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Outline

1 Double integrals over rectangular regions

2 Double integrals over general regions

3 Double integrals in polar coordinates

4 Triple integrals

5 Triple integrals in cylindrical and spherical coordinates

6 Integrals for mass calculations
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Triple integral approximation (1)

Aim: For w = f (x , y , z), compute
Òæ The integral of f on a domain D µ R3

Approximation:
Divide D into boxes centered at (xú

k
, y

ú
k
, z

ú
k
)

Area of each box: �Vk = �xk�yk�zk

Then we obtain the integral as a limit
⁄ ⁄ ⁄

D

f (x , y , z) dV =
nÿ

k=1
f (xú

k
, y

ú
k
, z

ú
k
) �Vk
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Triple integral approximation (2)
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Choosing the order of integration

Let
f continuous function on R3

D domain of the form

D =
;

(x , y , z); a Æ x Æ b, g(x) Æ y Æ h(x),

G(x , y) Æ z Æ H(x , y)
<

Then we have
⁄ ⁄ ⁄

D

f (x , y , z) dV =
⁄

b

a

⁄
h(x)

g(x)

⁄
H(x ,y)

G(x ,y)
f (x , y , z) dzdydx

Theorem 3.
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Volume of a prism (1)

Problem: Compute the volume of a prism D

In the first octant
Bounded by planes y = 4 ≠ 2x and z = 6
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Volume of a prism (2)

Strategy of integration:
1 Upper surface: y = 4 ≠ 2x

2 Base: y = 0, 0 Æ x Æ 2, 0 Æ z Æ 6
Òæ We get a rectangle (easy surface)

Conclusion: an easy way to integrate is in this order,

dy dx dz
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Volume of a prism (3)

Integral computation: We get

V =
⁄ 6

0

⁄ 2

0

⁄ 4≠2x

0
dy dx dz

=
⁄ 6

0

⁄ 2

0
(4 ≠ 2x) dx dz

Thus we get

V = 24
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Volume of a wedge (1)

Problem:
Compute the volume of the cylinder C : x

2 + y
2 = 1 delimited by

xy -plane z = 0
Plane z = y
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