Vector field:
F={(-y,x, 2

Surface: Part of a paraboloid within another paraboloid

S: z=4-x"-3y* ) {223x2+y2},
with n pointing upward

Corresponding curve:
Intersection of the 2 paraboloids

Problem: In order to avoid a parametrization of S
— Evaluate [ [ Curl(F) - ndS as a line integral
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Stokes theorem for a surface integral (2)

Outward normal
vector for

Example 3a
z=4—x2— 3?2

Inward normal
vector for
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Outward norma
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Stokes theorem for a surface integral (3)

Equation for C: For the intersection of the paraboloids we get
4—x* -3y =3x"+y* = x*+y’=1
Parametric equation for x, y: We choose
x = cos(t), y =sin(t), 0<t<2n,
which is compatible with the orientation of S

Parametric equation for C: Writing z = 3x2 + y? we get

r(t) = <cos(t), sin(t), 3 cos*(t) + sinz(t)>
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Stokes theorem for a surface integral (4)

Parametric equation for F: Along C we have

F=(-y,x,z)= <—sin(t),cos(t), 3cos’(t) + sinz(t)>
Dot product: We have

F(t)-r'(t) = <— sin(t), cos(t), 3 cos?(t) + sin2(t)>
- (—sin(t), cos(t), —4 cos(t) sin(t))

We get

F(t)-r(t) =1 —12cos’(t)sin(t) — 4sin’(t) cos(t)
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Stokes theorem for a surface integral (5)

Line integral:
%F‘Id ——]{Ft-’tdt
c * c (8)-r()

27
:/dt
0

fcr(t) F(t)dt = 27

Thus we get
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Stokes theorem for a surface integral (6)

Computation of the surface integral: We have
//curl(F)-ndszjf F.dr=2r
s c

Remark:
We get a positive flux (normal is oriented like Curl(F))
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Outline

© Divergence theorem

=] & = E DA
Samy T. Vector calculus



The main theorem

r—[Theorem 24.] \
Consider

@ A simply connected region D in R3

@ D is enclosed by an oriented surface S
o F=(f, g, h) vector field in R3

o Div(F) =V -F = Lt gyt 4,

Then we have

//SF-ndS: ///DDiv(F)dV

Samy T. Vector calculus Multivariate calculus 183 / 196
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From Green to divergence
From 2-d to 3-d:

Green’s Theorem:

éﬁF-nds=£fdideA

SEIAN

C A n
S
Flux form of

Divergence Theorem:

ﬂl«“-ndﬁfﬂdivwv

Vector calculus
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Verifying divergence theorem (1)
Vector field:

F=(xy,z)
Surface: Sphere S of the form

S: X+y 4+ =2

Corresponding domain: Ball of the form

B = {x2+y2—|—22 < 32}
SFldJeSg () Compule Iz diE dy

Pro_blem_: - (cc) Gnpute J) F wd
Verify divergence theorem in this context
(i) Check (¢) = (cc)

Samy T. Vector calculus Multivariate calculus 185 / 196
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Verifying divergence theorem (2)

Expression for Div(F): We have

Div(F) = V-F

Computation: We find
Div(F) =3
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Verifying divergence theorem (3)

Volume integral: We have

///DDiv(F)dV - 3///dV

= 3Vol(D

///DDiV(F)dV:47ra3

Thus
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Verifying divergence theorem (4)

Parametrization of S: We take
r(u,v) = (asin(u) cos(v), asin(u)sin(v),acos(u)), (u,v) € R,

with
R={0<u<m0<v<2r}
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Verifying divergence theorem (5)

Normal vector: We have

t, = (acos(u)cos(v), acos(u)sin(v),—asin(u)),

t, = (—asin(u)sin(v), asin(u)cos(v),0),
Thus

t, xt, = <a2 sin?(u) cos(v), a?sin®(u)sin(v), a® cos(u) sin(u)>
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Verifying divergence theorem (6)

Surface integral: We get

[ [F-nas= [ [F-(t,xt)aa
- /027T /(;r(asin(u)cos(v), asin(u)sin(v), acos(u))

-<32 sin?(u) cos(v), a?sin?(u)sin(v), a* cos(u) sin(u)> dudv

2n
= 33/ / sin(u) dudv
o Jo
We get

//F-nd5:47ra3
S
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Verifying divergence theorem (7)

Verification: We have found

//SF-ndS:///DDiv(F)dV:47ra3
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