
Outline

1 Vector-valued functions

2 Calculus of vector-valued functions

3 Motion in space

4 Length of curves

5 Curvature and normal vector
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Functions with values in R3

Scalar-valued functions: We are used to functions like

f (t) = 3t
2 + 5 =∆ f (1) = 8 œ R

Vector-valued functions: In this course we consider

r(t) = Èx(t), y(t), z(t)Í =∆ r(t) œ R3
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Lines as vector-valued functions (1)

Problem: Consider the line passing through

P(1, 2, 3) and Q(4, 5, 6)

Find a vector-valued function for this line
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Lines as vector-valued functions (2)

Parallel vector:

v = (3, 3, 3), simplified as v = (1, 1, 1)

Equation for the line:

r(t) = È1 + t, 2 + t, 3 + tÍ

Examples of points:

r(0) = È1, 2, 3Í , r(1) = È2, 3, 4Í , r(2) = È3, 4, 5Í
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Spiral (1)

Problem: Graph the curve defined by

r(t) =
=

4 cos(t), sin(t), t

2fi

>
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Spiral (2)

Projection on xy -plane: Set z = 0. We get

È4 cos(t), sin(t)Í

This is an ellipse, counterclockwise, starts at (4, 0, 0)

Related surface: We have

x
2

4 + y
2 = 1

Thus curve lies on an elliptic cylinder

Upward direction: The z-component is t
2fi

Òæ Spiral on the cylinder
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Spiral (3)
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Domain of vector-valued functions

Definition: The domain of t ‘æ r(t) is
Òæ The intersection of the domains for each component

Example: If

r(t) =
KÔ

1 ≠ t2,
Ô

t,
1Ô

5 + t

L

,

then the domain of r is
[0, 1]
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Limits and continuity (1)

Function: We define

r(t) =
e
cos(fi t), sin(fi t), e

≠t
f

Questions:
1 Graph r
2 Evaluate limtæ2 r(t)
3 Evaluate limtæŒ r(t)
4 At what points is r continuous?
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Limits and continuity (2)

Answers
1 limtæ2 r(t) = È1, 0, e

≠2Í
2 No limit. As t æ Œ

Òæ r(t) approaches the unit circle in xy -plane
3 r is continuous everywhere
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