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Objective

General 2nd order di�erential equation:

d
2
y

dx2 = F

A

x , y ,
dy

dx

B

Aim: See cases of 2nd order di�erential equations
Òæ which can be solved with 1st order techniques
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2nd order eq. with missing dependent variable

Case 1: Equation of the form

d
2
y

dx2 = F

A

x ,
dy

dx

B

Method for case 1: the function v = y
Õ solves

dv

dx
= F (x , v) .

Then compute y =
s

v(x) dx .
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Example (1)

Equation:
d

2
y

dx2 = 1
x

A
dy

dx
+ x

2 cos(x)
B

, x > 0.
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Example (2)

Change of variable: v = y
Õ solves the linear equation

v
Õ ≠ x

≠1
v = x cos(x)

Integrating factor:

I(x) = exp
3⁄

x
≠1

dx

4
= x

≠1

Solving for v :
v = x sin(x) + cx

Solving for y :

y =
⁄

v = ≠x cos(x) + sin(x) + c1x
2 + c2
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2nd order eq. with missing independent variable

Case 2: Equation of the form

d
2
y

dx2 = F

A

y ,
dy

dx

B

Method for case 2: We set v = dy
dx . Then observe that

d
2
y

dx2 = dv

dx
= dv

dy

dy

dx
= v

dv

dy

Thus v solves the 1st order equation

v
dv

dy
= F (y , v).
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Example(1)

Equation:
d

2
y

dx2 = ≠ 2
1 ≠ y

A
dy

dx

B2
.
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Example (2)

Change of variable: v = y
Õ solves the 1st order separable equation

v
dv

dy
= ≠ 2

1 ≠ y
v

2

Solving for v :
v(y) = c1(1 ≠ y)2
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Example (3)

Separable equation for y :

dy

dx
= c1(1 ≠ y)2

Solving for y :
y = c1x + (c2 ≠ 1)

c1x + c2
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