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Problem 1. We consider a random walk X on Z2. Namely X, = (0,0), and for n > 1

we have .
Xn - Z Zk: 3
k=1

where {Z; k > 1} is a sequence of independent and identically distributed random vari-
ables with

P (Z, = (~1,0) =P (Z = (1,0) = P (Z = (0, —1)) = P (Z, = (0,1)) = }I

Since both X,, and Z; take values in Z?, we will write
X, = (Xp, X2), and Z,=(Z,27).

1.1. For a given k > 1, prove that Z} and Z? are not independent.
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1.2. For a given k > 1, we set

Yi=2+27} and Y?=Z -7}
Prove that (Y}!, V) is a couple of independent random variables such that for j = 1,2 we
have

P(Y,g:—l):P(Y,gzl):%.

Table The {oloune bl
Summaeizes He  dohibukn

of
together.  with  He  values of
Vi'= 2+ &F  and

2y

)

Q\ﬁf - O ;
-
- O '/4 O

0O ,%’—I O 1/41
| O i | O




Table {4 Yy,  Fom He pevioul
wble. we  deduce e bl du vy :

YN Vo | -1 l Mong Vi
ol o | % %
' “Z < Z

Fom the luble we xe Hal
P( Y= (03))= W% -7) PO%f),
o all vy € §-115. Hene

Yy AL %P




1.3. We now set
U,=X, + X2, and V,=X}— X2

Show that U = {U,; n > 1} and V = {V,;; n > 1} are two independent symmetric random

walks starting at 0.
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1.4. Let 77 be the random time defined by
B =inf'{a > L U= L.
Prove that the probability generating function GGy of T} has the expression

(] — g2 1/2
Gl(S) = L (1 o ) .

One cannot use directly the result from class, the above formula has to be carefully proven.
However, one can resort to the following identity: if 75 = inf{n > 1; U,, = 2}, and we set

A =P(Ti=n), foln) =P(Th=n), Fi(s)=3 fM)s", Fs) = foln)s",

then we have

Fy(s) = (Fy(s))*.

Solution:
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1.5. Let D; be the line
Dy =inf{(z,y) eR* z+y=1}.
We wish to get some information about the random time
T =inf{n>1; X,, € D1}.

Prove that 71 = T}, and deduce an expression for the probability generating function Gy
of the random variable 77.
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1.6. Show that 7} is a finite random variable, namely
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Problem 2. Let {U,; n > 1} be a sequence representing successive dice rolls. That is the
U,’s are independent uniform random variables in {1,..., 6}. Prove that the following
processes are Markov chains and specify their transition matrix.

2.1. X,, = largest roll U; shown up to n-th roll.
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2.2. Y,, = Number of sixes in the first n rolls.
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