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Definition of independence zi . En
both take values in 1-1

, 13. Hence

Zi E

(E)

P((i,4)= (2
,j)) = P(zG = i) Plt4 = 2),

for all it ECO, 1



Mlarginals of Ei , En We have

P(ti = 1) = P(Zn = (1
,
0)) =

P(ty = - 1) = P(zu = (1
,
0)) = T

P(ti = 0) = P(tk = (0, - )) + ((Zn = (0,11) =+
We also find

P(t2 = - 1) = P(t2 = 1)=
P(ty = 0 )= t

Independence we have fu instance

P(zk = 0
, Eq =0) = 0

P(ti =0) P(Z4 = 0)=
Thu)

P(En =0 , E =0) + P(th =0 ) P(zk = 0)

and Za Z



TableThe followingtable
summarizes the distribution of Er
together with the values of
T = Eith and Y = Zi - Zu

zilz - I O I

- 1 O
- I

O
4 - I

O ↳
- I

O - I

I - I

I
I O + I

O



Table for Yk From the previous
raole we deduce therable fu Yk :

YeY - I I Many Y

- I Y t ↳

I - ↳ t

ManyY te t

From therable we see that

P(Yu = (i,) = P(Y = i) ((Y=E),

Alh all vis E 4-1, 13. Hence

Ya H Y



Expression in terms of Y We have

Un = X + X

= Zi + ze

- (zk +z)

= & Y
k=1

U is a symmetric ru From the

merious table , Yo' is such that

P(V =
-1) = I(Y = 1) =t

The Yi's one 1. Hence U

is a symmetric random walk.



Result fr V Similarly to U
,
we

have

Vi = , x
Hence V is a symmetric nu.
Furthermane

,
since Y'IY we

get

UH V



conditioning on X. Fu n > I we have

f(n) = P(T1 = 1)
= 0 if n> !

=
P(T

,
= 1 /X

, = 1) + t M(π,
=k(X, = - 1)

= fz(n-K

Mneover
, Alk = P(X, =

1) = #



summing over n FU SECO, 1) We

have

F()= f, (n) -" = Es + An
= Es + & 2 f(n-1) Sn

= Es + 25 fe(m)
= es(1 + E(b))

Equation fu F, We have seen

F() = 2S)1 + E(b)).
since we are given the relation
E() = E, (b), we get

s(F() - 2F, (b) + S = 0



solving for F() Fi is solution
of the quadratic equation

sx -2x + 1 = 0

We get roots with the quadratic
fumula :
1 = 4 - 48= 4(1- 52

x = 2 = 2(1-x)t
26

We pick the root which

converges as > > 0
.

We obtain

F
,
(6)= 1 - 4-62jt

S



Expression with Un We have

T = inf(K21 ; Xn E D, &

= inf4R1 ; xit x d

-inf (nz1; Un = 1)

= T
,

Identity fu G. Since Ti = T
,

in particular we have
T, F
,

i.e T
. & T, have the came

pmf . Therefue
&Ti = F,



We have

P(F
,
(8) = ll)

= F, (1)

= 1 - (62jt
S s = 1

- I

Thes

P(π, =0) = 0



Dynamics fuX We have

Xn = Max (Uj ; 'I-N4

Thus

Xnx = McK /Xn
, Unus

Xna = 4) Xn
,
Unas),

where (Uninzis ind in [1.... 63
and

y(x , u) = ma4x, u)

Thus

X Markov chain

state space : S = (1, ... 63



Transitio matrix We have

Pij = ((y(i, U, ) = j)

= P(ma(i , U, ) = j)

Hence In it d 1
. ... of we can

only have ↓ E (i..,6) such
that Pir >0. Next since

(

U
,
~ 21451....63

we get

Pii = P(ma (i,V, ) = i)

Pic = P)U, -i)

Pic -

i ( =1ifi =6)
6

and fu [E) inl ... 6) , and i 15

Pij = P) ma (i, U)= j) = P(U,
=j)

Rij = !



Dynamics fr X We have

Ynu = Yu + 1(n =6)
Ynx = 4 (Yn ,Unn),

where

4(x,u) = x + 14=6)
Thus

X Markov chainOn 1 = IN

Transition matrix We have

Pij = M) 4 (2 , U, ) = 2)

= P(i + 14=b) = 6)

-() 14 =61 = j
- i)

pij = 1= in) + 1=/


