Birth process as Markov process

,—[Proposition 18.] \

Let
@ N birth process
@ Intensities {\;; j > —1}, with A_; =0

Then

N is a Markov process
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Proof of Proposition 18 (1)

Setting: Consider
@55 <5, <s<t
(] i1,...,in,j€5

Aim: Prove
P(N(t) =/ N(s1) =i1,...,N(s,) =in, N(s) =1)
=P (N(t) = j| N(s) = i)
Equivalent statement: Prove that

P(N(t) = N(s) =j—i|N(s1) = ir, ..., N(sn) = i, N(s) = /)
=P (N(t) = N(s) = j — i N(s) = i)
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Proof of Proposition 18 (2)

Recall: We wish to prove

P (N(t) — N(s) = j — i| N(s1) = i1, ..., N(sp) = i, N(5) = i)

=P (N(t) — N(s) = — i N(s) = i)

Defining some sets: Consider
@ A= (N(t) — N(s)=j—1)

Rephrasing our claim: Now we wish to prove

P (A5t| le,...,s,, N Cs) =P (Ast‘ Cs)
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Proof of Proposition 18 (3)

General formula: We have

P (A N By

-----

77777

Conditional independence: In Definition 5 we had the assumption
Conditional on N(s), N(t) — N(s) LL values of N on [0, s]
This reads

P (Ast N 851 5n| CS) =P (Ast| CS) P (851 ,,,,, 5n| CS) (5)

Conclusion: Combining (4) and (5) we end up with

P(As|Bs,...s, N C) = P (Ag| )
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Transition probabilities

~ Definition 19. )
Let X be a continuous-time Markov chain. Then

© The transition probabilities are given by

pii(s,t) =P (X(t) =j| X(s)=1i) for s<t, i, jes
st
@ X is homogeneous if for all g, i, we have

pi(s. t) = pj(0,t — s) = p;(t — s)

\

,—[Hypothesis 20.]

In the chapter we always assume that X is homogeneous

Samy T. (Purdue) Continuous Markov chains Stochastic processes

73 /114



Transitions for the Poisson process

,—[Proposition 21.] \

Let
@ N Poisson process
@ Intensity A

Then N is homogeneous and

(A(E—s)"
U=t

pi(s, t) = pj(t — s) = exp(=A(t — s))
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