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Tail o-field
— Definition 9. | \

We consider

e {X,; n> 1} sequence of random variables
o F =0 (X k>n)

We set
T=N7F

n>1

| The o-field 7 is called Tail o-field

Interpretation: We have

A € T if changing a finite number of X,,'s
does not change the occurence of A.
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Examples of events in T

General setting: We consider

e {X,;, n> 1} sequence of random variables

e S, =>7_.X
= = r{cmup Ap ,wth An= (04>0)

Then we have /7
Q@ (X,>0i0)eT
lim, 00 S, exists) € T
imsup,_,oo Xo >0) €T
I|msupn_>005 >0)¢T
limsup,_, 5 L1S,>0)e Tiflim, o a, =

o (
Q (i
0 (
o (
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Kolmogorov's 0-1 law

r—[Theorem 10.}

We consider

e {X,; n> 1} sequence of independent random variables

o The tail o-field T RAuk : Reverred B-C iy
Then 7 is trivial, that is: special e with A= binuphe

Q If Ac T we have
P(A) €{0,1}
@ If Y € T, there exists k € [—00, o0] such that

P(Y=k) =1

\ J
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Shaley - Toued o He L of He
Jequence Xn .

Clam : T4 A €€ , ren
Al A
Then
RA) = PLANA) - P4
= A= A1)
=> [A) € 40,15
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Recalling m-systems and \-systems

m-system: Let P family of subsets of 2. P is a m-system if:

ABeP = ANBEeP

A-system: Let £ family of subsets of Q2. L is a A-system if:
Q Qecl
Q@ IfAc L, then A€ L
© If for j > 1 we have:
> Aj eL
s ANA =2 ifj£i
Then Ui 1A € £
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Recalling Dynkin's -\ lemma

,—{Proposition 11.]
Let P et L such that:
@ P is a m-system

@ L is a A-system
e PCL
Then o(P) C L
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Proof of Theorem 10 (1)

Strategy: For Ac T,
@ We will prove A 1L A
Q@ If A1L A, then

P(A)? = P(A), thus P(A) < {0,1}
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Proof of Theorem 10 (2)

Step 1: We will prove that

Ac O'(Xl, ,Xk), B e O'(Xk+1,

)

— AlB
o = = E DA
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Proof of Theorem 10 (3)

Proof of Step 1: We have
o Let K = o(Xks1,. .-, Xksj). Then U5y is a m-system

o Let Ac o(Xy,...,Xk) and
L={B; P(AnB)=P(A)P(B)}
Then L is a A-system such that £ D (Uj>0Kx )

Thus
LDo (szoleJ) = O’(Xk+1, .. )
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Proof of Theorem 10 (4)

Step 2: We will prove that

Aco(Xy,...), and BeT = AlB

Conclusion: If A € T we have

Aco(Xy,...), and Ac€T. Thus AL A
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Proof of Theorem 10 (5)

Proof of Step 2: We have
o Let Fy = o(Xi,...,Xk). Then Uy>1Fy is a m-system

o Let Ac T and
L={B; P(AnB)=P(A)P(B)}
Then L is a A-system such that £ D (Ux>1F%)

Thus
LD O'(szolc_,') = O'(Xl, .. )

Proof that £ D (Ux>1Fx): If B€ Fx and A€ T, then

A€ Kky1, andthus A1l B
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Application to law of large numbers
r—[Theorem 12.]

We consider

e {X,; n> 1} sequence of independent random variables
0 S, =" X =% L- measurable

/\
e Z; = lim mf,Hoo@ and Z, = limsup,,_, n5
Then the following holds true:
@ There exists ki, ky € [—00, 00| such that
Zl = kl, and 22 = k2 a.S

Q If A= (limy_ 1S, exists), we have

P(A) € {0,1}

\ J
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Outline

© Laws of large numbers

=] & = E DA
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Statement of the problem

General problem: We consider
e {X,; n> 1} sequence of random variables
o Sn - 27:1 Xi

Then we wish to investigate a convergence of the form

5 _ a, — S
n
To be specified:
@ Constants a,, b,
© Random variable S
© Mode of convergence
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Reviewing old results

,—{Proposition 13.]

We consider
e {X,; n> 1} sequence of i.i. d random variables
e E[Xi] = p and Var(X;) =
0 S, =", X and X, = %5

Then
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