Reviewing old results
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,—{Proposition 13.]

We consider
e {X,; n> 1} sequence of i.i. d random variables
e E[Xi] = p and Var(X;) =
0 S, =", X and X, = %5

Then
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Proof of Proposition 13 (1)

Characteristic functions: For t, u € R set

o(u) = E[exp (euXy)], and ¢,(t) = [exp( tX )} ,

o= o (8)]

Expansion for ¢,: We get

Gn(t) = (1+zu—|—o(,17>)n

Then we have
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Proof of Proposition 13 (2)

Limit for ¢,: By Taylor expansions arguments, for all t € R we have

lim én(t) = exp (11t)
Conclusion: By characteristic function method,

X, 2

Method for CLT part:
— Expansions of order 2 for characteristic functions
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A first improvement: weak LLN

,—{Proposition 14.]

We consider
e {X,; n> 1} sequence of i.i.d random variables
e Hyp: X; € L}(Q) and E[X;] = p
° S, =YY", X and X, =15,

Then B
X, < M
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Proof of Proposition 14

Quick proof: The result stems from
o X, %

@ /i is a constant

o = = £ DA
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Strong LLN under L? conditions

,—[Proposition 15.}

We consider
e {X,; n> 1} sequence of i.i.d random variables
e Hyp: X; € L?(Q) and E[X;] = p, Var(X;) = o2
° S, =YY", X and X, =15,

Then B o,
X, 22, and X, - p
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Proof of Proposition 15 (1)

L2 convergence: We compute

E [()?,,—u)z] .

Conclusion:
lim E | (X, — u)°| =0
n—o0 n /J/ o
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Proof of Proposition 15 (2)

, v P
General result for a subsequence: Since X, — u, we have:

There exists a subsequence {ny; k > 1} such that X, —= u
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Proof of Proposition 15 (3)

A more concrete subsequence: Set n, = k? and

Ae) = {1 %, i > <}

Then by Chebyshev,

E [(sz - ”)2] _ Var(X)
— k2€2

P (Ak(e)) <

e2

Almost sure convergence: We have

Z ) < oo foralle >0, and thus X2 =5 11
k=1
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Proof of Proposition 15 (4)

Case of a positive sequence: If X, > 0, then if k> < n < (k + 1)2

Sie <5, < Sy

Skz < S < 5(k+1)2
(k+1p == "R
Taking n — oo we get B
X, 22 1
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Proof of Proposition 15 (5)

Signed sequence case: For a general X, we argue as follows:
Q@ Write X, = X" — X~

@ Apply positive sequence case to both X and X

@ This is allowed since X,© i.i.d with Var(X{") < oo

Conclusion: We still have
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Outline

© The strong law
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The strong law

r—[Theorem 16.} \

We consider
e {X,; n> 1} sequence of i.i.d random variables
° S, =YY", X and X, =15,

Then
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Nsc for weak convergence

r—[Theorem 17.}

We consider
e {X,; n> 1} sequence of i.i.d random variables
° S, =YY", X and X, =15,

Then
X, = <= Condition (2) or (3) holds,

with 45: C'{' Oﬁ X\

lim nP (1Xa| > n) =0, and lim E [X; Lx<n)| = p
¢ differentiable at 0, and ¢'(0) = p

\

(2)
(3)

J
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Example of WLLN without SLLN

a(azme(e, i u/(o,0%)

,—{Proposition 18.} R

We consider

e {X,; n > 1} sequence of i.i.d random variables

S, =", X and X, = %5,, X; JYrme b 0‘#

cf(' * )= of(xr )
><‘| (.g)’xl

@ Common cdf satisfies 1 — F(x) ~ ﬁ(x) as X — 00

@ X; symmetric random variable

Then

X, LN 0, but X, does not converge a.s
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